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3   hook  will  not  enahle  tin-  student  of   i  1    Mechanics 

to  dispense  \\ith  I  'f  other  tg  mechanics  in 

uli nary  manner.     If  it  did,  it  mi.^ht  IK-  entitled  •  Kn^in 
Mechanics   developed  Graphically  ;  '    hut  in   this  case  it 
M  have  been  necessary  to  include  in  t 

<1« -al  that    \\ould  he  i:  :  ion  of  what 

n  well-kiioun  hooks,  and  the  author  would  1 
op,  n  to  th<  accusation  of  'mere  book-making.'     On  the 

;hc  reader  a  familiar 

iaintanc-c  with  all  tin  .atiral   d<\.  l.-pments 

of  mechanical  science,  and  m.  r.  ly  showed  how  to  use  graphic  al 

these  results  to  pi 

would  lose  iniu-h  of  its  most  important  and  le-itimatr  utility. 
It   i     intended  to  enable  ;  ledge  of 

mentary  mechanics  to  advance  that  knowledge  to  any  degree 
•ughness  they  may  find  useful,  and  to  apply  that  kuow- 
ms  of  engineering  science,  with- 
out  the  aid  of  the  mon-  complicated  portions  of  nl;rhraiY 
mathematics  or  of    the  dill. -ivntial   and 
ulus.     Many   hi'  taste  or   faculty    for   this 

[  mathemati  ii"t  the  time  Deeded 

in  its  use  ;  and, again,  it  i-  undeniahly 
that  the  solution  of  many  a  prohlem  h.  OOmi  il»l«- 

in  point  of  time  and  6ft8(  hie  method  \\hich  would 

.  ahly  tediuii.-  and  dillicult  without  its  aid. 


vi  GRAPHICS 

It  seems  to  be  one  advantage  of  the  graphic  method  that 
it  requires  a  more  intimate  knowledge  of  the  physical  natures 
of  the  quantities  dealt  with  than  does  the  algebraic  method, 
whose  essence  is  that  it  proves  certain  propositions  regarding 
x,  y,  and  z,  without  the  smallest  reference  to  what  is  meant 
by  x,  y,  and  z.  This  thorough  understanding  of  fundamen- 
tals is  particularly  insisted  on  throughout  this  book ;  and 
the  reading  of  Chapter  VII.,  on  Vector  and  Eotor  Addition, 
is  intended  to  assist  in  the  clear  comprehension  of  some 
mechanical  principles  which  are  too  much  slurred  over  in 
ordinary  teaching.  In  Chapter  VIII.,  too,  the  explanations 
that  are  given  regarding  Moments  and  the  limited  sense  in 
which  Eesultants  may  be  taken  as  equivalents  for  their  Com- 
ponents, should  help  in  the  same  direction. 

On  reference  to  Chapter  II.,  it  will  be  seen  that  the  whole 
subject  is  divided  into  eight  heads.  Of  these,  only  two — namely, 
Arithmetic  and  Statics — have  been  dealt  with  in  previous  books 
on  Graphics.  The  introduction  of  Algebra  and  Trigonometry 
treated  graphically  is  a  novelty.  It  is  hoped  these  chapters 
will  be  found  interesting  and  useful,  but  it  has  not  been 
deemed  desirable  to  devote  very  much  space  to  them.  A  good 
deal  also  of  Chapter  III.,  on  Graph- Arithmetic,  is  believed  to 
be  now  for  the  first  time  published.  The  Kinematics  of  Kigid- 
Bar  Mechanisms  was  first  dealt  with  on  the  present  system 
in  a  paper  by  the  author,  written  in  1884,  and  read  before  the 
Koyal  Society  of  Edinburgh  in  January  1885. 

In  the  application  of  Graphics  to  the  Statics  of  engineering 
structures,  the  stress-diagrams  for  linkages  containing  beams 
and  those  for  linkages  built  in  three  dimensions — i.e.  for  solid 
structures — are  both  new.  The  latter  especially  seems  to  be  an 
important  development  of  stress- diagram  construction,  seeing 
that  all  structures,  if  rationally  investigated,  must  of  necessity 
be  treated  as  solid. 

Again,  the  author  has  not  found  in  other  books  on  Graphics 
any  directions  as  to  how  to  deal  with  structures  containing  no 
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joints  where  only  two  lini  -u  which  the 

loads  act  at  interim!  joints;   or  with  oil:  rin-   similar 

difficulties.  Nor  does  he  liiul  that  the  Cyclic  Order  of  pro- 
cedure in  stress-diagram  c<>i  n  is  any\\here  else  ex- 
plained, miu-h  li  it  ou^ht  to  be  in  view  of  the 
fact  that  this  is  the  whole  and  sole  key  to  the  nnravelment  of 
difficult!  D  and  in  >n. 

Indeterminate  Abutment-thrusts  is  another  fully 

explained  in  thi-  h  unfortunately  lost  sii;ht  of 

in  most  I  ks. 

ral  shorthand  syml-  i  introdiiei-.l,  and.  it  is 

hoped,  will  be  found  Me  in  ofiuvs  \\lieiv  graphic   \\ork 

he  symbols ';  |  ble  one 

to  write  out  >n-tniruons  in  oiu --t»  nth  <>f  tin- 

1  if  uiu 
i,   and   the   d  888   and 

coinprehi -11-ibility  as  well  as  in  mere  conciM-nesB. 
The  Locor  and  Rotor  have  been  adnptt-,1  and  fn  .  ly 

in  a  Borneo  t  sense  to  that  em- 

i  1.     Th.    words  were  very  greatly 
led,  and  ly  iinally  ohoaen  lengihj  . 

ration    and    •  ions. 

Tin-  n  is  another  new  t  wliieli  in\. 

nnirli  d.  n.     At  •  author  inclined 

the  Jell;1  hir .  'pli- 

i.-d   In  n  .  the   pn-ft-n-m-e  was 

iinally  ^i\vn  t«>  •  p.  n.'  A-^ain,  th'  l-'i«-ld  in  \\hich  a  motion  «T 
oth  be  a  con 

These  and  the  symbols  $=  and  =ftr~  ot  III(1 

e.pialit;  fchor,  as  he  hop.  s,  to  avoid  much 

ditt'u-  ;(,n. 

A  <  >  of  all  tl  mbolfi 

nr   not   «jiiit«-  commonly  un-i 
is  given  a  prominent  pla  inning  of  the  h.,ok. 
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It  is  hoped  that  the  Index  to  the  Engravings,  giving  page 
references  to  the  text  for  each  figure,  will  be  found  specially 
convenient. 

It  may  be  useful  to  insert  here  a  word  of  warning  to  ordi- 
nary readers  and  of  appeal  for  consideration  to  critics,  to  the 
effect  that  it  is  not  intended  that  the  text  should  everywhere  be 
comprehensible  without  reference  to  the  diagrams,  or  that  the 
diagrams  should  be  always  capable  of  interpretation  without 
reference  to  the  text. 

If  the  present  volume  meet  with  a  favourable  reception, 
and  no  unforeseen  obstacle  arise,  Part  II.  will  be  issued  at  an 
early  date.  In  this  second  part  it  is  intended  that  the  subjects 
dealt  with  should  include  '  The  Distribution  of  Stress  and 
Strain ; '  '  The  Strength,  Stiffness,  and  Design  of  Beams  and 
of  Struts ; '  '  Economy  of  Weight  in  Structures  ; '  '  Stresses  in 
Kedundant  Structures ;  '  '  The  Statics  and  Dynamics  of  Ma- 
chines ; '  '  Frictional  Efficiency ; ' '  Governors ; '  '  Fly-wheels ; ' 
'  Valve  Gears ; '  '  The  Practical  Thermodynamics  of  Furnaces, 
Boilers,  and  Engines,'  including  series  of  curves  facilitating  the 
calculation  and  design  of  boilers  and  steam  and  gas  engines ; 
*  The  Hydrostatics  and  Hydrokinetics  of  Ships  and  Hydraulic 
Machines.'  Generally  speaking,  Part  II.  will  deal  mainly  with 
synthetic  problems,  and  aim  more  at  the  design  of  structures 
and  machines  than  does  Part  L,  which  is  chiefly  analytic. 

MASON  COLLEGE  :  October,  1888. 
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GLOSSARY   OF    SPECIAL   TEH  MS 
AND    SYMBOLS. 


Square  plate  of  cardboar  r  u  K  d 

with  small  squares,  used  for  Multij'lu-atioi.  ion. 

•2.  i                          ites  not  only  the  lie  of  a  lin«  :he  sense  al 

•  li« .     A  lim  lias  two  possible  exa  -s  it 
cd  to  have  one                 -ose  two. 

:    a  quantity  having  the  two  pr  M-ijnitmle  and 

-  r :  A  qua .  ng  the  three  properties,  Magnitude,  Direction, 

and  Position. 

>r:  A  quantity  whirh,  not  being  a  Vector  or  Locor,  is  y.  t  rapal.!.- 
of  accurate  graphic  representation  by  a  Vector  or  Lot 
a  rotation  or  a  forc< 

6.  =  means  Qu»  or  Numerical  Equality. 

7.  =|=  means  Quantitative  or  Numerical  Equality,  couilun.  .1    \\iili 

rence  to  Direct  use. 

8.  t^r  means  F<  - 

9.  ^  means  Qu  or  Numerical  Equality  and  Parallel** 
of  opposite  direction*. 

0.  -Uj-  means  Locor  or  Rotor  Equal 

1.  jfr  indicates  Locor  Oppo»itcne*»  \  i.e.  quantitative  equality.  i<l<ntitv 

siti..n  and  of  opposite  directions. 

l'.i.  '  '/  '/•  •/"  1      nnet  Area  or  Mast:  OH  i.-*  tin- 

s  of  all  the  individual  or  part  \    1  .        .  areas,  or 
masses  considered,  the  average  being  taken  with  regard  t«>  thrir  m 


.  T-  >'ofLocor»:  The  line  whose  position  is  the  ;  tin 

positions  of  all  tl.  red,  taken  with  n-^ml  t<>  tin  ir 

1  1.   i'"*itive  sign  (•/  n  is  used  \vhrn  the  rotation  is  ;•/'// 

ul  almi«,'  tin 

ti«>n.      If  the  inotioii  of  a  screw  through  its  n  Stl  relation 

i  the  thread  be  ri^ht  hai. 
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15.  Field  of  a  body,  or  of  a  group  of  bodies  maintaining  their  relative 
positions  among  themselves  invariable,  means  the  space  geometrically 
attached  to  the  body  or  bodies,  or  the  space  denned,  and  measured  in, 
relatively  to  the  body  or  bodies.     The  field  of  a  body  moves  along  with 
the  body  when  this  latter  is  displaced  through  the  field  of  any  other 
body.     The  field  includes  the  space  both  inside  and  outside  the  body 
itself. 

16.  '  Through  '  a  field  means  relatively  to  the  field  specified.      '  Past,1 
'  Over,'  or  '  Round '  a  body  or  point  means  relatively  to  the  body  or 
point  specified. 

17.  Integral  Area,    Volume,   or  Mass  Displacement,   means  the  area, 
volume,  or  mass,  multiplied  by  the  displacement  of  the  centre  of  area 
or  of  volume,  or  of  mass. 

18.  Axis  of  Rotational  Displacement  is  the  axis  round  which  the  actual 
displacement  of  a  body  may  be  produced  by  pure  rotation  without 
translation. 

19.  Axis  of  Screw  Displacement  is  the  axis  round  and  along  which  the 
actual  displacement  of  a  body  may  be  produced  by  pure  uniform  screw 
motion. 

20.  A  space  completely  surrounded,  or  *  closed,'  by  lines  or  surfaces,  by 
bars  or  plates,  is  termed  a  Pen. 

21.  Two  contiguous  superficial  spaces,  being  called  A  and  B,  the  dividing 
line  between  them  is  called  A  B.     This  line  is  common  to  both  spaces, 
and  is  in  this  book  frequently  called  the  'joint  between  the  spaces.1 

22.  Similarly,  the  straight  line  joining  two   points  is  called  the  'joint 
betiveen  the  points ; '  the  intersection  of  two  lines  is  called  the  'joint  of 
the  two  lines  ;  '  the  surface  between  two  volume-spaces,  and  common 
to  both,  is  the  'joint  of  the  volumes.' 

23.  Any  space  P  being  bounded  by,  and  separated  from  other  spaces  by, 
the  straight  lines  PA,  PB,  PC,  PD,  &c.,  and  being  open  on  one  side 
to  infinite  space,  the  polygon  so  formed  is  called  (P)  ABCD  &c.  GO. 
When  the  polygon  is  closed  it  is  termed  a  '  pen  '  and  the  sign  oo  at  the 
end  of  the  name  is  omitted,  thereby  indicating  that  the  space  has  no 
side  of  it  open  to  infinite  space  ;  thus  (P)  A  B  G  D  a  pen  of  four  sides.   In 
this  name  the  letters  must  be  placed  in  the  order  of  the  sides  consecu- 
tively, taken  either  right-  or  left-handedly  ;  thus  the  above  may  be  called 
(P)  AD  C  B.     The  pen  may  often  for  simplicity's  sake  be  called  simply 
P — i.e.  by  the  letter  placed  in  the  space — when  no  ambiguity  arises 
through  thus  naming  it. 

24.  The  joint  of  two  lines  A  B,  B  C  is  called  (A  B  C).     When  several  lines 
A  B,  B  C,  C  D,  D  E  have  one  common  joint,  i.e.  meet  in  one  point,  their 
joint  is  called  (ABCD  E).     This  is  the  joint  of  four  lines  ;  but  if  the 
spaces  E  and  A  have  a  common  boundary,  it  is  the  joint  of  five  lines, 
the  fifth  line  being  E  A.     The  letters  must  be  placed  consecutively  in 
this  name  in  the  order  in  which  the  spaces  are  arranged  round  the 
joint,  either  right-  or  left-handedly ;  thus  the  above  joint  may  be  also 
called  (E  D  C  B  A).     The  joint  of  more  than  three  lines  may,  however, 


^ 
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be  more  shortly  ami  quite  explicitly  e\piv»,  d  liy  naming  three  only  of 
the  spaces,  a- 

7).  When  the  joints  oft:  A  !'-(.'  1>  11.  AC.,  have  one  common  joint 

(A  15  (.'  1>  Ki,  this  latter  is  u  point  common  to  all  the  spaces  ami  may  be 

called  the  '  jn-int-joint '  of  tlic  spaces.     When   tlu  VBCDE 

npletely  surround  a  pen  P,  the  pen  (P)  ABCDE  may  be  called  the 

.t  '  of  thf* 

'.   \\'hen  a  number  of  lines 7-  .  Ac.,  radiate  from  one  point  j>,  the 

j>  'int  i>  is  e.dled  the  y«/f,  and  the  pencil  of  lines  is  symbolised  eollec- 

!y  by  lyi 

.    I  istance  of  a  point/)  from  a  straight  line  </ 1>  is  in 

this  book  ui  i  ;md   l>   may    i  It   A   and    li 

be  ;-t  ndicular  di>tancc  of  th.  from  line  A  1'.  may 

still  Sometimes,  for  sake  of  clearness,  this  \\ill  be 

written  j>  \>t  /-I  IT  j>  i.l  />').   The  moment  of  a  li»  mul  an  a 

15'  jFo  i 

uv»  equal  and  opposite  locors  or  rotors  A  1>  and 
ultf 


9.   {*  means  right-handed  cyclical  order  in  stress-diagrams,  and   Q 

means  Itj 

0.  The  tension  stress  is  c  compressive  stress  — . 

elongation  strain  is  counted  +  ;  the  c<>  n  -. 

2.  Shear  stresses  and  strains,  w  iring  to  b.  a  sign 

analogous  to  +  and  — ,  are  given  the  signatu 

>  c  means  '  draw  from  the  known  points  a  and  6  parallel 

»ns  PQ  and  II  S  two  lines,  and  mark  tin  ir  int.  r- 
Usually  ac  is  understood  to  be  drawn  part 
iu-l'j  named  known  line  AC,  and  be  to  the  similarly  named  line  BC; 

i  this  case  the  complete  symbol    ^  /» r  h 

1.  'a  $  b  ||  PQ'  means  'fin  ni  the  known  p.. mi  ./ 

no  parallel  to  the  known  line   1' o.  and  by  : 
1(  >wn wards  on  t  <    from  the  kn<  /.  m  •  I  \ 

Usual!  a  6  is  understood  to  be  drawn  parallel  to  the  sin 

named  known  line  AB,  a  plete  symbol  is  con- 

tracted to  *  a  %  I.'      1  r so  process  of  finding  a  p< 

iv   ii|  M    from   its  already  known    plan    is   indicated    l>v 

0'  means  that,  ih-    length  ./  //  \«-in^  found  •  .  :  it.    point 

to  be  mark'  -/<•/// with  ;  .///'/point-/. 

'».   In  linkages  for  which  -tress-diagrams  ar.  drawn,  the  //,/// 
.  and  thick  lines  represent  struts. 
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INTRODUCTION. 

Tin:  principles  according  to  which  stress -diagram-  are  drawn 
nit  are  stated  in  a  very  complete  and  general  manm  r  in  a 
iprocal  Figures  and  Stiff  Frames,'  hy  Clerk 
'!,   in   Y"l.   \\vii.  of  the   /'//>/ 

>ut  this   pap.  r  i>  .piite   u- '  the  ordinary  t  n-hieer  who 

fishes  to  know  how  to  apply  tin  s<-  principl.  thcoreti- 

al  «lt  \.  I'  •;  is  chirtly  due  to  Cremona,  an 

talian,  and   to  Cnlmami,  a   (irnnan.      A   v»  ry  ^n  at  nxlvance 
n  adaj  i  to  practical  r.  .|iiii-.  DMltte,  and  in  -ini- 

tin-  c.>nipr.  liciision  an<i  uctioii  of  tl; 

mad«-  1'v  tin  introduction  of  the  elegant  syetem  of  mark- 
tin-   diagrams,  roiunmnly  known  as  Bow's  Notati 

i  of  \\lnrh  is,  however,  also  ascril>«  d  to  Pro- 
ML 

that  nmn-  of  tin-  hocks  puhlislu-il  on  tin-  suhj<'ct 
a  the  Kn-lNi  lanj^jage  is  well  adapted  to  tin  f  tin* 

•  \\li.i  \\ishes  to  iit  hini.^-lf  for  tin;  use  of 
'?e    method   in   hu  it   has   h.  . n   thought  well 

>  attempt  to  supply  th:  c<< .  d  in  doing  so 

i  is  absolutely 

plicahility  hy  examples  worked  out  in  acciirat*  Iv 
rawn  diagrams;  and  this  will  accordingly  be  done.  It  is 
ist  as  essential  for  tin-  .-tud.-nt  who  wi.-lies  to  profit  by  the 

D 
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study  of  this  book  to  draw  out  for  himself  similar  examples 
as  accurately  and  carefully  as  he  can.  There  is  no  subject 
in  which  it  is  more  easy  to  imagine  that  one  understands 
a  problem  or  theorem,  and  to  find,  when  one  comes  to  the 
practical  application  of  it,  unexpected  difficulties  cropping  up 
which  bar  progress  even  at  the  outset.  These  difficulties  are 
found  out  only  by  experience  in  the  art.  The  way  out  of 
such  difficulties  will  as  far  as  possible  be  pointed  out  in  the 
course  of  the  present  volume. 

1.  Advantages  and  Disadvantages  of  the  Method. — The  great 
importance  and  convenience  to  engineers  of  this  method  of 
calculation   have   become   very   generally  recognised  of  late 
years,  but  it  may  be  well  to  make  clear  what  are  the  grounds 
upon  which,  and  in  what  respects,  it  can  claim  superiority 
to   the    more   time-honoured    algebraic,   trigonometric,   and 
arithmetric    methods.      The    following   advantages   may   be 
easily  recognised  : — All  the  things  that  engineers  deal  with 
have  magnitudes,  or  quantities,  which  vary  '  continuously  '- 
that  is,  one  magnitude  may  differ  from  another  by  an  indefi- 
nitely small  quantity.     Designers  who  never  mark  on  their 

Continu-  drawings  dimensions  involving  a  fraction  of  y1^-  in.  may  be  apt 
quantity  ^°  ^orge*  this,  but  the  workman  who  has  to  file  down  the  -piece 
to  the  exact  TV  to  which  it  has  been  designed  is  in  no  danger 
of  forgetting  it.  But  numerical  representation  of  continuous 
increase  of  magnitude  is  impossible  ;  to  represent  a  very  small 
difference  a  very  long  decimal  fraction  must  be  used,  and  to 
represent  an  excessively  minute  difference  is  practically  im- 
possible by  numbers.  A  line,  however,  is  continuous  in  mag- 
nitude in  the  same  way  as  all  the  quantities  to  be  calculated 
are — the  difference  between  two  lines  may  be  indefinitely 
small.  It  is,  therefore,  a  very  suitable  vehicle  upon  which  to 
mark  off  the  magnitudes  to  be  dealt  with. 

2.  Again,  the  graphic  method  brings  into  strong  promi- 
Scaies         nence  before  the  mind  the  important  fact  that  all  *  scales  '  are 

essentially  artificial,  and  that  no  two  scales  for  quantities  of 
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different  kinds  can  be  alike  in  any  respect.     The  magnitudes 
of  all  sorts  of  things  of  different  kinds  are  plotted  off  along  lines. 

Sometimt  s  an  inch  length  along  tin-  line  means  so  many  tons, 
or  pounds,  or  kilogrammes;  sometimes  so  many  cubic  feet; 
-oiuetinies  a  quantity  <>f  energy,  or  of  momentum,  or  a  linear 
velocity  ;  it  may  even  mean  so  many  degrees  of  angular  space, 
<>r,  IK  Thaps,  an  angular  velocity.  No  confusion  of  mind  is 
more  common  than  that  of  thinking  that  a  quantity  of  one  of 
-  kind-  may  b,  in  some  sense  equal  to  a  quantity  of  another 
kind,  and  that  both  may  be  represented  to  the  sime  si-air. 
At  Jii>t  Mght  tin-  habit  of  marking  otY  all  such  quantities  as  Scalei 
length.-  along  lines  might  seem  to  tend  to  confirm  this  confu- 


Mon  of  mind.     No  numimiHT  mistake  is  made  by  learner 


tin-   thiv.-hold  of  the   Hibject  than  to  a-k  if  they  should   mark 
off  moment-,  l>i  example,  i«  the  same  scale  as  they  have  em- 
ployed  for  fora  9,  oz  f"iv,  s  to  the  same  scale  as  has  been  used 
Hut  they  cannot  work  out  thoroughly  to  the  ind 
!.m   in   u'ruj'hir   calculation  \\ithoiit   having   thU 
d  id* .:   \.  iv  much  weakened  in  its  hold  on  their  minds, 
and  it  will  bv  driven  entirely  upl.  t«  d 

lalf  a 

5.  Al.-M,  ;  ;racy  of   tin  •  inents  that  can   l»- 

nade  in  thi>  method  is  in  a  certain  sense  proportion. .  1  t<>  t 

lly   attainable    in    quantitati\e    knowledge   of   facts.     It 

tnnt   to   the    calculator    that   absoh 

accuracy  in  1  ;s  is  imj^ssible,  and  he  becomes  familiar 

\\ith  the  true  and  im;  idea  that  all  «-ngineering  calcula- 

-  and,  ind.ed,  all   phy.-i«-al  calculations — possess  only  a   Degree  of 
ertain  degree  of  accuracy,  and  are  burdened  with  a  certain 
i  nount  of  unavoidable  pr-.babl.-  «  ArOT.      Nothing  is  more  silly 
ihan    the    statements    we    often   unfortunately  meet   \\ith   in 
report!  from  ho  ought  to  know  better,  of  results 

•alculated   to   a   nicety   sometime*    a    thousand,    or   even 
hundred   thousand,   times  greater   than  is  at  all    pos.sibl.-   in 

ii  of  a  material  may  be  -tated  fco  : 
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Degree  of 
approxi- 
mation 


Vectors 


Minute 
accuracy 
unattain- 
able 


or  six  figures,  when  actually  it  is  not  known  within  5  per 
cent.  The  breaking  strength  of  a  girder  may  be  stated  by 
three  or  four  figures,  when  it  really  cannot  be  certainly 
known  within  10  per  cent.  The  horse-power  of  an  engine 
may  be  stated  to  within  TVth  per  cent,  when  it  has  been  cal- 
culated from  half  a  dozen  measurements,  each  of  which  may 
be  subject  to  a  probable  error  of  from  ^  per  cent,  to  5  per 
cent.  Such  mistaken  exactitude  in  calculation  is  in  the  first 
place  purely  deceptive,  and  thereby  injurious,  and  in  the 
second  place  it  most  surely  reveals  the  calculator  in  a  most 
ridiculous  light  to  the  eyes  of  those  who  know  better. 

4.  Fourthly,  a  very   large   proportion  of  the    quantities 
engineers  have  to  calculate  are  quantities  having  direction, 
and  if  these  are  represented  by  lines  which  have  correspond- 
ing directions  as  well  as  magnitudes,  the  comprehension  of 
the  relations  among  the  different   elements  of  the  problem 
becomes  much  more  natural  and  easy.     The  word  '  graphic  ' 
etymologically  means  '  byline  drawing,'  and  it  is  in  this  sense 
that  it  is  used  in  the  title  that  has  been  given  by  common 
consent  to  this  art;  but  in  its  popular  sense  of  'peculiarly 
representative  and  calculated  to  assist  the  imagination '  the 
word  '  graphic  '  may,  for  the  above  reason  also,  be  considered 
particularly  appropriate   and   descriptive.     To  such  directed 
quantities  the  general  name  '  vector  '  has  been  given.     Ex- 
amples are : — Distances  between  two  positions,  i.e.  ordinary 
dimensions,  motions,  velocities,  momenta,  forces. 

5.  These   are   general    considerations    in    favour   of   the 
graphic  method,  but  so  far  as  business  utility  is  concerned 
they  might  easily,  and  in  fact  are  frequently,  overbalanced  by 
more  practical  necessities,  such  as,  for  example,  rapidity  and 
accuracy.     Absolute   accuracy,  as   has  been  already  said,  is 
never  attainable,  and  the  pretence  of  it  is   in  most   cases 
ridiculous ;    but   in   many  special   circumstances  it  may  be 
essential  to  obtain  as  high  a  degree  of  accuracy  as  is  by  any 
means  possible.     In  such  special  circumstances  it  not  infre- 
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tpiently  happens  that  the  capability  of  ordinary  arithmetic  for 
tlii-  attaiiiiiu-nt  of  exactitude  quite  outdoes  that  of  any  graphic 
nit-tlmd.  It  is.  tin  refore,  a  mistake  to  suppose  that  in  every 

the  graphic  method  is  neeessarilv  the  best.     AVitli  skilful   Minute 

accuracy 
draughtsmanship,  however  —  the  special  points   to  he  attended    unattain- 

to  will  he  mentioned  hereafter     an  accuracy  of  -^  per  eent.   a  1( 


I 


in  nearly  all  cases,  and  vi-ry  frequently  of  jj-0  per  cent.,  may 
be  ohtaii 

»'..     I  llts  exaet  drawii.  iful.  and    Training 

to  exacti- 
udeavoiir  after  ti  kttode  is  in  itself  a  g«»t»d  training  tude 

engineer  of  \\hate\vr  class. 

7.  llru'ard:  iracy,  als  important 
advantage  the  graphic-  nu-tliod  possesses  —  namely,  that  in  a 

llemi  the  drawing  al\\ays   Automatic 

furnishes  a  very  easy  test  of  its  own  accuracy,  so  that  it  lu 
s  absolutely  impossible  to  make  a  large  mistake  \\ithout 
it-  being  dia 

8.  As  regards  rapidity,  graphic  caKuhition  is  in  a  great 
nuiuher  of  cases  the  most  rapid  nu-tl.  ran  he  ad.-| 

tin  nhvioos  conditions  are  fulfilled.     These  are 
that  th>  lor  has  his  drawi  per, 

p«  nril.  ainl   ink  always  at  hand  and   in  good  condition  ready 
f..r  imiiM  di  ite  m  .     It'  he  takes  half  an  h-ur  t,,  •/,  :  -ru- 

men: to  make  a  small  calculation  \\lnVh  \\hen 

preparations  have  been  completed  takes  ten  mini/ 

more  to  tini.^h,  he  mu^t  not  be  sin  arithmetical  or   ^n"11.11* 

conditious 

•id  competitor  has  beaten  him  as  regard>  time, 
and  he  i  1.1,  inn-  the  method  :  want  of  success. 

Ai  paper,  drawing-board,  and  in  tnnd  ai 

ready  at  hand,  thi>  i>oints  to  a  class  of  calculations  for  which 
the   graphic  method  offers  no  sort  of  advantage—  namely, 

asy   calculations.      We   have   heard  of  the  product 
4  x  5  being  found  with  the  help  of  logarithms.     \\V  do  nut 

admire  tin-  method,  although  tin  fully  convinced  nf  the 

ntages  obtained   fr«»m   u  rithms.     If  to 
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make  a  single  multiplication,  say  (347 j)2  x  *7854,  there  is 
no  utility  in  putting  down  a  piece  of  paper  on  a  board, 
sharpening  a  pencil,  and  getting  out  one's  scale,  in  order  to 
find  the  product.  It  may  be  found  by  ordinary  arithmetic,  or 
by  reference  to  a  table  of  areas  of  circles,  in  the  time  that 
must  be  spent  in  sharpening  the  pencil.  If,  however,  fifty  or 
a  hundred  multiplications  of  odd  factors  have  to  be  performed, 
it  may  be  worth  while  to  spend  the  time  necessary  for  the 
above  preparations. 

9.  In  these  last  hundred  calculations  it  is  also  an  impor- 
tant consideration  that  they  involve  much  less  mental  fatigue 
when  performed  graphically  than  by  any  other  method.  This 
is  one  of  the  greatest,  if  not  the  greatest,  advantage  offered 
by  graphics.  In  scientific  designing,  and,  indeed,  in  nearly 
all  engineers'  head-work,  a  large  amount  of  wear  and  tear  of 
brain  power  occurs  through  the  need  of  performing  lengthy 
and  laborious  calculations  that  are,  to  a  large  extent,  mere 
mental  drudgery.  Nothing  is  more  fatiguing  to  the  eyes,  and 
through  the  eyes  to  the  brain,  than  dealing  with  interminable 
arrays  of  figures.  Graphic  calculation  does  away  with  such 
fatigue  to  a  very  great  extent,  and  in  fact  a  moderate  amount 
of  such  exercise  is  felt  to  be  pleasant  and  enjoyable — merits 
which  few  will  venture  to  ascribe  to  numerical  arithmetic. 
No  universal  superiority,  then,  can  be  ascribed  to  this  art 
over  its  rivals.  It  should  be  used  in  such  circumstances  as 
bring  into  prominence  its  peculiar  advantages.  Adherence  to 
it  under  all  conditions,  and  to  the  entire  exclusion  of  assist- 
ance from  other  modes  of  reckoning,  is  to  be  avoided  as 
dogmatic  and  irrational,  while  a  denial  to  it  of  very  great 
superiority  in  innumerable  practical  problems  would  show 
equally  unreasonable  prejudice. 
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1.  Ii  i-  «.nly  with  scrupulously  exact  drawing  tliat  tin- 
rally  useful  degree  of  accuracy  can  he  ohtained  in  ^rapine 
ilations.  It  is,  therefore,  of  the  highest  importance  that 

Iall  tlie  iiistrum.  nt-  u-ed  .-hould  he  true. 
2.  The  Scale  is  of   the  first  imp  It    -houM    he 

Me-di\ided.      No  'Material    can    he   ch«»srn    for   the 

than  lx>xwood.     Cardboard   scales  are  not    Mirtiei.-ntly 
exact   f<»r  this  class  of  \\«»rk.     The  oval   section,  u>eful   a 
may  he  for  ordinary  working  drawings  of  details  of  machinery 
tu res,  is  unsuitable  for  graphic  calculation   heran.-e 
of  the  in  steadiness  with  which  a  scale  of  this  form  rests  on 
the  paper.     Lonn  lines  have  to  be  marked  off,  and  meamn.  d 
\\ith  exactitude;  and  as  one  cannot  look  fairly  at  hoth  end- 
of  a  lon^  line  at  once,  one  must  be  able  to  hold   i 
lirndy    on    the    pap.  r.    secure   against   the  •    .^lij.pin^,    scales 

while  one  moves  from  end  to  <  nd.      The  flat  section   >ho\vn  in 
>re  the  best,  offering  as  it  does   the    full,  -t 
amount   of    frictional    resistance  to  slipping  over   the   paper. 
The   Hat   und'-r.-ide   >hoiild  he  plain,  \\ithoiit  markings  of  any 

(i     The  two  bevel  edges  may  conveniently   he  divided  in 
inche.-  and  in  millimetre-.      It  s  important    that   the  division 
dd    he  decimal.     Fig.   2  shows    a   small    portion   of   the 
;h  of  the  scale  used  in  the-   engineering  classes   of   the 
College.       The    numherin.^   of  the  divisions 
proceed.^  in  one  direction  only,  from   left  to  ri-ht.      For  each 
Jlerent  line^  of  numh.-r.-.     The  iirst   >«-ries  on 
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the  inch  edge  reads  inches,  or  ^  or  1 J-^,  or  TT7Vo  of  an  inch, 
or  any  submultiple  of  tenths  of  an  inch.  The  second  series 
is  for  reading  to  ^in.,  or  Births,  or  -g-^ths,  &c.,  of  an  inch. 
The  third  is  for  |th,  or  -^ihs,  or  -g-^j-ths,  &c.,  of  an  inch. 
The  millimetre  edge  has  two  similar  series  of  numberings. 
The  minute  division  to  half  millimetres  and  to  fiftieth-inches 
Scales  is  placed  at  both  ends  beyond  the  end  line  of  the  scale,  and 
also  on  each  side  of  the  middle  line  of  the  scale.  The  length 
of  the  scale  should  not  be  less  than  20  in.  Long  lines,  such 
as  frequently  occur  in  the  diagrams,  ought  not  to  be  measured 
in  sections.  The  scale  should  stretch  the  whole  length  of 
the  line,  otherwise  inaccuracies  will  accumulate,  and  much 
unnecessary  loss  of  time  will  occur.  A  scale  30  in.  long  is 
often  useful. 

3.  T-squares  are  used  in  the  same  manner  as  in  ordinary 
T-squares   mechanical  drawing.     The   straightness   of    the   edge  is   of 

special  importance. 

4.  Next  to  the  scale  the  straight-edges  and  set-squares  are 
straight-    of  greatest  importance.    Two  straight-edges — one  about  18  in. 

long,  the  other  3  ft.  6  in.  or  4  ft.  long — are  convenient.  The 
longer  one  cannot  be  dispensed  with.  Mahogany  is  a  good 
material,  giving  a  good  edge  without  special  edging.  If  these 
are  edged  with  ebony,  the  exactness  and  smoothness  of  the 
edge  are  greatly  improved.  It  is  essential  that  the  straight- 
edges be  kept  dead  true.  They  should,  therefore,  be  fre- 
quently examined,  and  trued-up  with  scrupulous  care,  if  they 
be  found  to  have  bent  or  warped  in  the  least  degree.  The 
same  remarks  apply  to  the  set- squares — their  edges  must  be 
kept  accurately  straight.  The  right  angle  of  the  set-square 
should  be  exactly  correct.  The  accuracy  of  the  60°,  30°, 
or  45°  angle  is  seldom  of  any  importance,  but  they  should 
never  be  used  to  set  off  these  angles  with  unless  they  are 

Set-  known  to  be  correct.     Six  set-squares  should   be  provided : 

squares        Qne    g^   Qf     ^  in>   Qr    -^^    length    Qf    gide  .     Qne    ^   Qf 

about    9  in.  or    10  in.  side ;    and  one   75°,  of   similar   size. 
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Three  small  set-squares  about  4  in.  to  ."i  in.  side,  and  with  the 
above  angles,  viz.  GO0,  45°,  and  7">  .  are  very  useful.  Frank1 
set-squares  of  mahogany  e«Lr«-d  with  eb..ny  are  the  best,  but  Set- 
simple  pt  ar-wood  set-squares  keep  their  shape  and  straight- 
ness  of  ed;_v  very  well  if  a  number  of  round  or  oval  holes  he 
cut  out  of  the  central  portion. 

5.  In  graphic  calculation  lines  have  constantly  to  be  drawn 
trail  ly  parallel  to  each  other,  and  frequently  at  a  consider- 
able dist  :rt.     Parallel   n;1  v-  ry   inaccurate   in 
<loin«j  this  work.     The  only  accurate  and  convenient   method 
is  to  slide  a  set-square  along  a  straight -ed.^e  -which  may  be 
an   ed_v  ,»f  another  set-square,  if  this  he  of  sullicieiit   length. 
In   performing  the   t:                 :'  the  direction   aCTOU   the  paper 
important   to  m                 >]M -ration  as  simple  as  possible. 
In  nearly  all  cases  it  is  possible  to  complete  the  transfer  in 
-lidin-4  operation.     It  is  at  first  sometimes  rather  con- 
fusing to  see  in  what  way  the  set-square  and  straight-. 
to  he  arranged   for  th:               06,  and  a  beginner  has  fivqu.  nt 
to  a  tortuous  policy  of  many  successive   slidiu ••<  of 
-(mare  over  the  other.    This  is  seldom  necessary, 

the  long  Stl  'e    should    be    Drawing 

on    the  pajHjr  always   in    ti  'ion    of   the   desired  * 

1  as  close  as  convenient   to  the  po^itimm  of  the 
line  he  already  drawn  line  to  which  i 

to  he  parallel.     Then  this  last  line  is  found  to  make  with  tip- 

ht-edge  some  angle  lying  between  0   and  ''<>  .     The  set- 

E^le  is  now  to  he  chosen  which  most  cln^-ly  a]»pro\i- 
tes  to  this  angle  between  the  straight-edge  and  tin  line  to 
drawn  i.e.  :i  the  desired  direction  of  tran-f.  r  and 

lie  direction   to  be  With   the  two  UO'and 

:iXrlt 
60°  set-squa  I   30°,  60°,  and    !>()  ;    the  45°  set- 

nd    1)0°.     By  laying    tb.  I    one  B6t-0qiUUre 

!  dit-edj^e,  and  tb-  the  otb-  ,  iare 

•    th-     hypotenuse  of    the    J:  there    are 
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obtained  the  two  angles  15°  and  75°;  because  30°  +  45°  =  75°, 
and  45°  -  30°  =  15° ;  or  600-45°  =  150.  These  last  arrange- 
ments are  shown  in  Fig.  3.  The  single  set- square  with  angles 
75°  and  15°  is,  however,  very  greatly  to  be  preferred  to  this 
combination  of  the  two  60°  and  45°  squares.  Putting  a  set- 
square  edge  along  the  line  to  be  transferred,  we  may  thus  place 
the  straight-edge  inclined  to  it  by  any  of  the  six  angles  15°, 
30°,  45°,  60°,  75°,  and  90°,  which  angles  increase  by  a  differ- 
ence of  15°.  Thus  the  setting  of  the  straight-edge  need  never 
deviate  from  the  exact  desired  direction  of  transfer  across  the 
paper  by  an  angle  of  more  than  7J°  at  the  most.  This  will 
throw  the  position  of  the  line  to  be  drawn  further  from  or 
nearer  to  the  straight-edge  than  that  of  the  line  to  which  it 
is  to  be  drawn  parallel.  Since  the  sine  of  7J0  is  about  J,  the 
maximum  amount  by  which  it  may  be  thus  thrown  to  one 
side  is  about  one-eighth  the  distance  of  transfer.  The  excess 
Drawing  of  the  length  of  the  edge  of  the  set- square  over  that  of  the 
para  j.^  ^  ^e  drawn  wiH  generally  cover  this  deviation  of  the 

straight-edge  from  the  exact  desired  direction  of  transfer.  If 
it  does  not  do  so  the  line  of  the  edge  of  the  set-square  may 
be  extended  by  laying  another  set-square  against  it. 

Sometimes  the  direction  of  the  parallel  lines  nearly  co- 
incides with  that  of  the  transfer.  In  this  case  the  straight- 
edge is  simply  laid  along  the  given  line  ;  then  near  the  posi- 
tion of  the  desired  parallel,  a  side  of  a  set- square  is  laid 
against  the  straight-edge.  Finally,  a  second  set-square  is 
laid  against  this  first,  and  the  first  is  slid  along  the  second 
into  the  required  position.  When  a  long  line  has  to  be  drawn 
through  a  given  point  and  parallel  to  another  given  long  line, 
and  at  no  great  distance  from  this  latter,  the  best  procedure 
is  to  take  with  the  pencil  compass  the  distance  of  the  point 
from  the  given  line  ;  with  this  as  radius  strike  an  arc  with 
centre  in  the  given  line  as  far  away  as  possible  from  the  given 
point,  and  to  draw  a  tangent  to  this  arc  from  the  given  point. 
6.  In  marking  off  lengths  upon  lines  in  the  diagram,  it  is 
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HHUry,  in  order   to  secure  exactitude,  to   prick  them   off 
with  a  net-die  point.     An  ordinary  fine  sewing  needle,  stuck 
in  a  small  piece  of  wood  to  serve  as  handle,  is  a  very  much 
better  instrument   for  this  purpose  than  the  prickers  usually 
sold  with  mathematical  instruments.      If  intcr>eetions  of  lines   Needle- 
an-  prieked  otY  with  this  needle  point  they  become  much  more   Pncker 
sharply  defined.     The  dividers  should  ne\vr  be   u>«-d   to  take 
dimensions  from  the  scale  with  ;  n«r  should  the  points  of  bowfl 
or  compasses  ever.  1"  placed  on  the  scale. 

7.  Tli.-  pencil  point-  <>f  the  hows  and  com  passes  used  should 
be  filed   flat,  with  a  rounded   profile.     Thi>  rounded   prolile  is 
best  ohtained  hy  tiling  one  side  of  the  pencil  quite  flat,  and 
tin  -other  to  a  rounded  conical   form.     The   flat  must   he  per- 
pendicular to  the  line  b«  tween  the  two  points  of  t lie  compasses. 
It'  this  is  not  attended  to,  and  if  the  profile  |.r  not  \\ell  rounded, 

>m passes  or  bows  will  draw  "f  slightly  ditTerent  Pencils 

radii  a<  <  oiding  as  they  lean  to  the  paper  on  one  side  or  the 
other.  The.,  instruments  should  lia\«  >harp  point-  and  >titV, 
intlexil.K-  legs.  T\\o  p.  ncils  are  desirable — one  for  dra\\ 

r  f..r  marking  and  lettering  the  diagrams.     The 
r  may  be  a  No.  4  Faber's,  and  is  given  a  round  point. 
Tlie  former  may  best  be  a  No.  5,  and  its  point  should  he  ill,  ,1 
t  and  hroad,  and  kept  always  perfectly  sharp. 

8.  In  many  <»f  the   mon    complex  graphic   calculations 

to  be  drawn.    A  set  of  pear- wood  cun. 
tly  in  this  work.    Of  these,  what  are  called  ' French ' 
rves   are   frequently    useful,   hut    '.-hip'   curves  are   nioiv 
nerally  applicable.      A  good  curve    for   this    kind   of  work 

the  same  character  that  a  *  ship '  curve  ought  to  curves 
,mely,  the  curvature  -hoiild   ch.i  (dually  and 

continuously  from  point  to  point.     It  is  surprising  what  a 
may   he   fairly  drawn  out    with    the   help  of 
only  three  or  four  wooden  templates  of  this  sort  it'  tin-,.  h;lVe 
-kilfully  shaped.     Thechane  hap.-  of  any  portion 

of  a  cur.e  d<  i" -nd-  upon  the  rate  at  which  its  curvature  vai 
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from  point  to  point.     It  may  be  very  conveniently  stated  by 
specifying  the  change  in  the  length  of  the  radius  of  curvature 
per  unit  length  of  arc.     Thus  the  rate  of  change  of  radius  of 
curvature  might  be  J  in.  per  1  in.  length  of  arc.    If  one  curve 
be  derived  from  another  by  diminishing  the  lengths  of  suc- 
cessive small  arcs,  all  in  the  same  ratio,  and  at  the  same  time 
diminishing  in  the  same  ratio  the  radii  of  curvature  of  these 
successive  small  arcs,  the  two  curves  will  differ  simply  in  the 
second  being  drawn  to  a  smaller  scale  than  the  first — they 
will  have  the  same  general  shape.   It  would  be  very  convenient 
if  the  radii  of  curvature  were  marked  in  figures  at  the  different 
points  of  the  edges  of  wooden  template-curves.    A  very  useful 
description  of  curve  is  obtained  by  keeping  the  above  rate  of 
change  of  radius  of  curvature  per  unit  length  of  arc  uniform 
throughout  the  length  of  the  curve.     Take,  for  instance,  the 
above  given  example  of  J  in.  change  of  radius  per  1  in.  length 
of  arc,  and  suppose  this  rate  maintained  uniform  from  point 
Carves        to  point.     Let  the  radius  of  curvature  at  point  A  be  12  in. ; 
let  B  C  D  E  F  be  points  in  the  curve  whose  distances  from  A 
measured  along  the  arc  are  £  in.,  ^  in.,  f  in.,  1  in.,  and  1£  in. 
Call  the  radius  of  curvature  p  ;  for  instance,  at  A,  pa— 12  in. ; 
then  /5ft=12J  in.;   />C=12J  in.;   pd=12j}    in.;   pe=12i   in.; 
^=12|  in.,    &c.     Let  the  point  K  be  distant  from  A  24  in. 
measured  along  the  arc.     Here  pk=pa+  2^4  =  12 +  12  =  24  in. 
=  2/v      Take  now  on  the  curve  points  L  M  N  0  P  distant 
from  K  by  arcs  of  lengths  ^  in.,  1  in.,  1^  in.,  2  in.,  and  2^  in. ; 
that  is,  at  distances  apart  double  those  between  BCD,  &c. 
We  then  have  p  =  pk  +  ±x%  =  24:±  in.  =  2/>6;  />m=24i  in.  =  2/>c; 
pn  =  24f  in.  =  2/>d ;    p0  =  25  in.  =  2/>e ;   and   pp  =  25 J  in.  =  2^. 
Thus  this  latter  portion  of  the  curve  differs  from  the  first  only 
in  that  it  is  drawn  double  size.     It  is  clear,  therefore,  that 
the  different  portions  of  the  curve  have  all  the  same  '  shape ' 
as  defined  above,  and  differ  only  in  size  or  scale ;  each  portion 
is  simply  a  repetition  of  any  other  portion  drawn  to  a  larger  or 
smaller  scale.    With  a  set  of  curve-templates  designed  on  this 
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piinciple  and  drawn  to  a  suital»ly  graduated  series  of  '  rates 
of  change  of  radius  of  curvature  per  unit  length  of  arc,'  a 

•  irally  inexhaustihle  varii  1  y  of  curves  may  he  fairly  dra\vn, 
whether  they  be  required  to  he  drawn  to  a  laruv  or  a  small 
M-al»-.  F<>r  instance,  the  series  may  In-  the  following:  Tem- 
plate No.  1,  rate  of  change  of  radius  of  curvature  ]  in.  per 
1  in.  length  of  HIT  :  template  No.  'J,  .1  in.  per  1  in.  length  of  arc  ; 
trni]  :l,  J  in.  per  1  in.  length  of  arc;  template  No.  1, 

1  in.  per  1  in.  1.  n-th  of  arc  ;  template  No.  f>,  H  in.  per  1  in. 

S,  -  in.  per  1  in.  length  of  an-  ; 

template  No.  7,  '2\  in.  per  1  in.  length  of  an-  ;  template  No.  8, 
'.\  in.  per  1  in.  length  of  arc;  h-mplate  No.  !>,  :U  in.  p.  r  1  in.  Curves 

h   "f  iio  .    lo,    l    in.   p,  r    1    in.  Instil   of 

Fig.  4   B)  exaniph-s  of  tliese  eurves  accural.lv 

n.      A  I  :M  lies  is  divided  off  on  the  (  d^e,  and  the 

is  of  eunature  figin  Dale 


he  marked  on  both  >id«  *   t'-r   e..n\eiii»  ncc    in  dra\\ 

il  figures.    To  ensure  j>< 

of  the  second  side  with  the  iir>t,  it   is  only  n<    •          .   ;., 
otTtw..  points,  and  laybetwec'ii  them  the  r.  tly 

tie  aa  has  been  used  h<t\ 
the  corn  >p<>!  .  points  of  the  lir.st 

n   with  the  help  of  splines 
of  lancewood.     If  these  are  well  made  and  in  good  condition 

iii.swi  r  the  purpM.r  \,  ry  \\»  11,  hut  if  hy  warping  or  other-    Splines 
wise  the   ,-pline   has  become  irregularly   h.  nt,  lln-n    it 
dirticiilt   to  h.  nd  it  80  as  tn  d-  .-ur\es,  the  local  natural 

h<  nd  or  t  \si.-t  in  tin  rod  always  being  reproduced  to  a 

1  Hi.  <-i|iiation  representing  the  above  kind  of  curve  is  — 

-l_dj/ 
Radius  of  curvature  p  =  «  c-  ~  c'  Un       ax 

is  the  radius  at  where  the  curve  has  i  m  }\c\^t 

ixis  of  x  (  rely  showing  the  position   in   which  the 

)ii  the  paper),  and  c,  depends  on  the  '  shape  '  as  dciii 
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or  less  extent  in  its  artificially  bent  condition.  It  is  difficult 
to  preserve  splines,  even  if  made  of  the  best  wood  and  perfectly 
straight  and  regular  at  first,  so  as  to  avoid  comparatively 
speedy  injury  by  local  bending.  This  is  partly  produced  by 
the  use  of  the  spline,  whereby,  owing  to  the  imperfect  elas- 
ticity of  the  wood,  severe  permanent  set  is  produced  in  special 
Splines  places.  Carefully  made  splines  of  slightly  hardened  steel  of 
small  section  would  not  be  subject  to  this  disadvantage,  but 
it  would  be  difficult  to  harden  them  as  much  as  would  be 
necessary  to  avoid  permanent  set,  arising  through  their  con- 
tinued use,  without  twisting  and  bending  them  in  the  harden- 
ing. Pieces  of  watch  and  clock  spring  of  different  strengths 
are  often  very  useful. 
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U1A1TKR   II. 

MV1MON    OF    THE    SUIJJEi 

i  n«s  may  be  divided  in  c< >rrespondence  with  the  ordi- 
narily n -cognised  ditTerent  methods  and  subjects  of  calcula- 
tion. These  are: — OM  Aritl  M.^.hra,  mo- 

Tahulation  and  Analysis  of  K\JM  ri- 
Mathematiral  II,  Milt.-.    A  few  words  of  explanation 
ig  each  <>f  these  sections  of  the  subject  maybe  usi-ful 
;fore  proceeding  to  the  detail  d  tnatnn  nt. 

1.  Gfi  .     Aritlinutie   shows  how  to  lind  in- 

creased or  decreased  quantities  when  they  are  alt.  i.  d  l>\  groan 
amounts  or  in  given  ratios.    As  the  solution  oi  ia(ti<al 

].r«.l,lrni  invnh. •>.  and,  in  Q   a 

iii-re  or  less  complex  series  of  such  operations,  tlu    iul<s  of  Anthme- 
arit):       '          •    a|. ph. d  .•Mntinually  tlirnii-lmut  all  graphic  c«, n-    l 
j-tnictinii>.     It  is  thus  of  great  importance  to  be  thnnui;'.hly 
familiar  \\itli   tin  in,  and   with   the  Special  suitahility  of  t  ac  h 
rule  t  viuiistances  to  whidi  it  is  nio>t  adapted. 

•J.   Qi    :'  is  in   tin-  solution  of  r«iuati«ms  hy 

drav  n'^lit    lines   and   curves.     The    u>«  fiilm •->    of    the 

method  in  solving  e.juation-,  which  would    I...  \,  ry  ditVicult  or   Algebra 
iinpo.-'il'l*'    to   solve   hy   other   means,   will   he    illustrated    hy 
examples. 

8.    (ini]>h»-tri'i»n"iii'  //•//  is   the  •  -.lutioii  '  of  triangles   and 
other  nctilinear  '  iie  calculation  of  unmeasured    Trigono- 

.  and  areas  from  the  .sides  and  uncles,  that  1 
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been  measured.    Applications  to  surveying  measurements  will 
be  given. 

4.  Grapho-dynamics. — Dynamics  may  be  considered  under 
three  heads  : — Kinematics,  or  the  pure  geometry  of  motion  ; 
kinetics,  or  the  laws  of  motion  as  dependent  on  the  masses  of 

Dynamics  the  bodies  moving ;  and  statics,  that  special  branch  of  kinetics 
dealing  with  cases  in  which  the  motions  are  zero,  and  the 
forces  in  equilibrium.  Some  simple  constructions  which  apply 
equally  to  all  three  sections  of  dynamics  will  first  be  illus- 
trated. 

5.  There  is  great  practical  convenience  in  treating  statics 
separately  from  kinetics  ;  and  since  the  bulk  of  the  interesting 
engineering  problems  to  which  the  graphic  method  has  been 
applied  belongs  to  statics — ^e.g.  applications   to  bridge  and 
roofwork — this  portion  of  the  subject  will  be  taken  before  the 
more  difficult  problems  of  the  kinetics  of  moving  masses. 

6.  The  plan  of  separating  kinematics  from  kinetics  has 
been  followed  in  many  modern  text-books  of  high  authority. 
This   plan   is  specially  convenient  for  engineering   students 
because  it  is  frequently  desired  to  study  the  relative  displace- 
ments, velocities,  and  accelerations  of  velocity  of  the  various 
parts  of  a  mechanism  without  references  to  the  masses  of  the 
moving  parts  or  to  the  driving  and  resisting  forces. 

A  special  chapter  will  therefore  be  devoted  to  the  Kine- 
matics of  Eigid  Bar  Mechanisms. 

7.  Experimental  Tabulation. — The  results  of  a  series  of 
experiments — for  example,  on  the  relation  between  the  speed 
of  a  vessel  and  the  horse-power  indicated  by  its  engine,  or  on 
the  relation  between  the  pressure  and  temperature  of  steam — 
are  best  made  clear  by  plotting  them  graphically,  i.e.  draw- 
ing a  curve,  the  rectangular  ordinates  to  which  are  the  values 
of  the  quantities  whose  relation  is  to  be  investigated.     This 
assists  in  the  elimination  of  experimental  errors ;  it  shows  the 
relation  found  in  a  very  clear  manner  to  the  eye,  and  through 
it  to  the  mind ;  and  if  a  formula  is  desired  to  represent  the 
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variation,  the  curve  can  be  analysed  as  to  its  geometrical  pro- 
perties. 

8.  M<itJn-m«tirnl  T<ilnl,iti»n. — The  hest  and  most  accurate 

formula  hy  which  t«>  design  some  dimension  is  often  compli- 

i  and  i.  (lions  in  its  application  to  each  special  c;t>.  .    This 

i  practical  life  where  men  an-  busy  and  have 

led  hy  the  difficulty 

of  understanding  the  general  meaning  or  the  effect  of  SO  com-   Mathema- 
plex-  a  rule.     Tlusi-  diHiculties  are  entirely  done  away  with  if  J^I^ 
the  results  of  the  formula  are  represented  by  a  curve,  and  the   tabulation 
application  of  a  dilVu-ult  and  cumbrous  formula  becomes  abso- 
lutely as  easy  as  that  of  the  most  simple.   These  curves  ought 
6  drawn  on  square  sectional  paper,  the  divisions  of  which 
1    usual!;.  Mi.-tl.     Thi-   plotting   out  of  experi- 

mental and  mathematical  results  may  be  called  graphic  tabu- 
lation. 
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CHAPTEK   III. 

GRAPH-ARITHMETIC. 

1.  SIMPLE  addition  and  subtraction  can  seldom  be  performed 
by  graphic  means  with  any  advantage,  so  far  as  ease  and 
rapidity  are  concerned.  Suppose  two  or  more  quantities  known, 
and  that  they  are  to  be  added  together.  The  sum  can  be  found 
by  ordinary  numerical  addition  much  more  easily  and  quickly 
than  can  be  completed  the  process  of  plotting  off  the  magni- 
tudes to  a  certain  scale  along  a  straight  line,  each  successive 

Addition  length  plotted  having  its  left-hand  end  at  the  right-hand  end 
of  the  preceding  one,  and  then  reading  off  to  scale  the  length 
of  the  line  made  up  of  these  separate  parts.  This  is  evidently 
the  only  possible  graphic  process  of  arithmetical  addition.  If 
any  of  the  magnitudes  are  to  be  subtracted,  they  are  to  be 
measured  off  in  the  opposite  direction  to  that  of  the  others — 
that  is,  backwards  along  the  line  on  which  these  others  have 
already  been  plotted  off.  This  graphic  method  of  addition  is, 
nevertheless,  often  convenient  as  a  step  in  a  more  lengthy  and 
complex  graphic  calculation.  Suppose  that  by  graphic  means 
we  have  obtained  lines  the  lengths  of  which  represent  to  a 

Subtrac-     certain  scale  certain  magnitudes.      These  magnitudes  taken 

tiou 

separately  may  be  of  no  interest,  but  their  sum  may  be  the 
final  object  of  the  calculation,  or  may  be  needed  in  order  to 
continue  the  calculation  to  its  completion.  It  would  cause 
more  trouble,  use  more  time,  and  be  less  accurate  to  read 
off  each  of  these  parts  to  scale  and  add  the  scaled  lengths 
numerically  than  to  add  them  graphically  by  careful  use  of 
the  dividers,  or  otherwise,  and  to  read  off  to  scale  only  the 
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'ting  sum  of  the  lengths.  The  scale  cannot  be  read  to 
such  minuteness  and  accuracy  as  the  dividers  can  be  set  to, 
and  the  sum  of  the  errors  in  reading  the  different  quantities 
to  scale  is  tb  always  probably  greater  than  that  of  the 

errors  due  to  inexact  setting  of  the  dividers.      Moreover,  the 
error  in  reading  to  scale   is   nearly  always   in  the  same  dir 
lion — either  always  a  little  too  much  or  else  always  slightly  Addition 
too  small,  th.-   direction    ,.f  th,    error  depending  on  the  pecu- 
liarity  of  the   eyesight  of  the   draughtsman.       The    error   in 
setting  the  di\id«rs  has  not  the  same  invariable  character; 
i   positive  as   negative,  and  the  chances  are  that 
numerous   errors   of    this    sort  will   not  accumulate,    but    will 
more   probably   neiitrali.se  each   other   to  so  great    an    extent 
that   tht-  sum  of  a   large  numb.  'Tors    will     b.     by    no 

ponding! 

'inetim.  s  a  .piantity  can  only  be  found  by  adding  up 
long  series  of  very  small  parts.     The  magnitude  of 
small  part  in  the  series  may  be  d.  (•  rmim  d   1.  l..i.  hand, 
but  not   infiv.piently  it  cannot  be  found  until  the  sum  of  all 
ti  the  series  has  been   calculat.  d.     Tbi- 

kind  of  addr  ill.-l   integration.     Sometimes,  when    tb.- 

law  determining  of  the  small  parts  is  a 

simple  math'  ho  process  of  int<  ",i;i«ii   i    \.ry 

much  simplili.  d  by  mathematical  calculation,  as  explained  in 
the  Int.  gral  and  iMtT-  <         ibis.     To  attain  a  mod, 

approximation  to  accuracy,  t'  require  t<>  be  taken  \ 

-mall  and  Co  !\   num.  r.-u.-.      Thus   to  integrate   by 

'rdinary  numerical  addition   is  an   immensely  tedious  Op 

The  same  process,  however,  may  be  carried  out  much 
i>ore  rapidly,  and  \\ith  much  i-hic   met 

;M   t!  of  thi-  book,  \vln  n  \\e  d.  al  \\ith  soiu. -what 

oinplirated  constructions,  we  shall  have  many  illustration 

phlO    integration.      As    illustrations    of   the    b.  nrlicial 

uipl  -f  graphic  integration   occur  only  in   these  BOme- 

dillicult    problems,  \\.     ma\  -pa.-.-   by  th.     mbjed    f-.r   the 
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tion 


present,  promising  to  return  to  it  when  its  utility  will  have 
become  more  evident  and  its  interest,  therefore,  greater. 

The  graphic  addition  and  integration  of  areas  will  be  dealt 
with  under  Trigonometry,  Chap.  V. 

3.  Graphic  Multiplication. — The  problem  is  to  find  the  pro- 
duct of  two  or  more  known  quantities. 

Let  a  and  b  be  the  quantities ;  x  =  a  b  is  to  be  found.    This 
may  be  thrown  into  one  of  the  two  forms — 

x      b 


and — 


Multipli- 
cation 


Choice  of 
unit 


The  graphic  construction  is  to  draw  two  similar  triangles,  in 
one  of  which  two  sides  are  made  1  and  b  (or  1  and  a) ,  and  in 
the  other  of  which  the  two  similar  sides  are  a  and  x  (or  b  and 
x).  This  will  give  us  a  line  x,  the  length  of  which  to  the 
proper  scale  represents  the  product  a  b.  The  pair  of  triangles 
may  be  formed  in  the  two  ways  represented  in  Fig.  5. 

4.  In  the  first  of  the  Figs.  5,  b  is  associated  with  1 
in  the  one  triangle  and  x  with  a  in  the  other,  1  and  a  being 
marked  off  along  the  same  straight  line — or  parallels — and  x 
and  b  lying  along  the  other  side  of  the  angle — or  parallel  sides. 
The  two  lines  on  which  bxal  are  marked  may  stand  inclined 
to  each  other  at  any  angle. 

In  the  figures  the  heavy  lines  indicate  the  data.  The 
light  full  lines  indicate  the  lines  that  require  to  be  actually 
drawn  on  the  paper.  The  dotted  lines  (ml  and  m2)  do  not 
need  to  be  drawn,  except  at  the  extremity  of  m2,  where  the 
intersection  has  to  be  marked  by  drawing  a  short  portion  of 
w2  across  the  other  line.  After  marking  off  b  a  and  1  the 
edge  of  a  set-square  is  laid  across  the  end  points  of  b  and  1 
in  the  first  figure,  or  of  a  and  1  in  the  second  figure ;  then 
the  set- square  is  slid  on  another  straight-edge  until  its  edge 
passes  through  the  end  point  of  a  in  the  first  figure,  or  of  b 
in  the  second  figure ;  finally,  in  this  position  the  intersection 
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of  m.t  and  l>  produced,  giving  the  extremity   of 
with  pencil. 

5.   Tin  -e   two  diagrams  of  Fi,^.  5  of  course  -tve   the  same 
length  for  ./•;   but   thefn>t  is  a    1  nstruction   than   the 

second.  In  the  iirst  the  intersection  of  in,  determining  the 
length  of  /•  is  a  more  sharply  defined  point  than  in  the  second 
figure,  because  the  an^le  between  in.,  and  r  is  greater  in  the 
than  in  the  second.  This  ari>es  from  the  fact  that  l>  is 
more  nearly  equal  to  1  than  is  »/.  Tin  re  iv.-ults  the  rule  for 
the  above  eon>t  nict  i»  MI  that  1  >hould  be  marked  otT  on  the 

•:ie  line  with  that  one  of  the  two  quantities  ,/  and   A  which   sharp 

Idi!:  •    from  1.     The  dillVivnce  between  the  t\\  IS   sections 

ssed  by  saying   that  the  trian-les  in  the 
conditioned'  than   in  the  second.      If  in  the  second   the  ratio 
d  1  were  coi  ly  greater  than  it   is  in  the 

the   triangles  would    bo   •  ill-cnnditi-Mied.'     As    the 
at  which    two   lines  cr,  mailer, 

their  d,  and   • 

Of  a   1.  n-th   to  it  bo  le  •  rror. 

Thi  •  .ivs,  illn  d  7. 

kness    of    the   intersecting  li 

idi   line  h«  in-  >ho\\nbya  d-.uble   lin.  .      The  in- 
f  the  two  has  really  tin  :    the 

the    lin-  1 1    of    the    Possible 

11  is—  error 

1  +C08^ 

sin^     ' 

\\hidi    1                      .    rapidly  larger  as  6  beenn  11, -r. 

rhe  r,  adin^  of  a                                                                  IM  indefinite 

r'thin  thi>  ran-' 
7.    1               ,           ."\\n  the  .rror  in  the  poH'ti<.n  of  the  inter- 
section   le^iiltin^    from  drftWIDg  OHO  Of  the   line^  in  B               ly   Error 

n.      If   the    i  iwn 
from  a  point  di-tant  II  from  the  ..tin  r  IN.. 


22  GRAPHICS  CHAP.  nr. 

that   the  error  e  resulting  from  an  angular  error  s  in  the 

direction  is  equal  to — 

eH 

e  = 


sin  2<9  ' 

which  for  the  same  error  s  increases  still  more  rapidly  as  0 
decreases  than  does  the  error  shown  in  Fig.  6. 

8.  In  Fig.  5,  of  course,  a  and  b  may  represent  any  quan- 
tities either  of  the  same  kind  or  of  different  kinds.  For  in- 
stance, they  may  both  he  lengths,  and  then  the  desired  pro- 
duct is  an  area.  If  they  are  both  of  the  same  kind,  they  can 
be  marked  off  to  the  same  scale.  If  they  are  of  different 
kinds,  they  must  of  necessity  be  represented  on  different  scales. 
In  either  case  their  product  cannot  be  measured  to  the  same 
scale  as  either  of  the  factors.  What,  then,  are  the  relations 
between  the  different  scales  employed  in  the  construction  ? 
This  is  explained  at  once  by  observing  that  a  length  to  repre- 
sent unity  (1)  has  been  marked  off.  This  unit  length  hars 
been,  of  course,  measured  to  a  certain  scale.  In  the  first 
diagram  of  Fig.  5  it  is  set  off  on  the  same  line  as  a.  Suppose 
it  has  been  measured  to  the  same  scale  as  has  been  used  for 
a,  then  x  must  be  read  to  the  same  scale  as  b,  in  order  that 
its  length  read  to  that  scale  may  numerically  equal  the  pro- 
duct of  a  and  b,  the  geometrical  ratio  equation  being— 


But  if  x  is  to  represent,  not  only  the  numerical  magnitude  of 
a  6,  but  the  real  product  a  b  itself  to  a  scale  of  its  own,  that 
scale  cannot  be  the  same  as  that  of  6.  The  unit  of  that  scale 
represents  unit  quantity  of  the  particular  kind  resulting  from 
the  multiplication  of  a  and  b.  For  instance,  if  a  and  b  are 
lengths,  say  in  feet,  the  unit  of  the  x  scale  is  unit  area,  say  1 
square  foot  ;  or  if  a  is  a  length  in  feet,  and  b  a  weight  in 
pounds-weight,  the  scale  of  x  is  one  of  quantities  of  work,  or 
of  force  moments,  in  foot-pounds.  This  may  be  more  clearly 
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undei>tond,    perhaps,    hy    considering    the    equation    in    the 
form — 

xx  1  =  a  x  b. 

This   equation   may  he   expressed  in  words   thus:    '  .r  to   the 

of  a  multiplied  hy  1  to  the  BCftk  of  /'  equals  »/  multiplied 

to  the  scale  of  />  niultii)lied  by  1  to  the  scale  of  a 

equals   l>  multiplied    hy  </.'     It   is   plain  that    the   scale  of  x 

depends   on    that   to    which  1  has   In  <  n    marked    otT,  and   that     • 

am   M-ale  may  he  adopted  fur  1,  provided   a  corresponding  in- 

is  made  in  1  to  which  X  is  read  otT.      For 

pie,  in    the   third  diagram   oi  1    is  marked   olT  to 

douhle    the    pnviou.-ly    i;  ;V.       Tin-    length     in    iiu-hes 

ohtained   for  a:  is  ju>t  half  that  ohtained  in   the   l'n>t    two  dia- 

nt  when    r,  ad    lo   half  the   scale   us.  d    for    /    in   th- 

first  i  <  same  r  lined  as  :  To 

illustrate   further:  suppose  a  is  a  numher  of  pou  ht, 

say  !<•(»  li  he  scale  of  ri0  in.  =  1  lh.,  and  /»  is  scale  of 

a  numher  of  feet,  say  1 1  ft.,  meaMii-< d  to  tl  of  ,',,  in.  =    pr° 

1ft.     Suppose,   now,  that   unity  is  marked   «>1Y  to  the   same 
oil     that  is, -j^  in.  is  in  (fai  I.     Then  x 

must  be  read  to  numerii  ally  the  same  scale  as  a     that  is,  to 

,   ',.,     ill.    =     1    foOt-DOUnd.         It      \\oiil, I     he    fnlllld    to   he 

IT'*-  in.  i'  '    '.  ami  to  thi>  scale  u.»uld  mean   1  ,7»'(t  font-pmii 
Suppose,  however,  that  1  is  n  "IT  to  douhle  the 

D  as  unity  ;   then  the  leir/th   ohtained  for 

a:  would  be  H  i<l  this  length  ni  ad  numerically 

to   half  t  le,   naiin  ly.    ,.',,  in.  =  1    foot-pound  :   and   to 

e  it  \\ill  mean  as  before  1,760  foot-pounds.    Oi 
moi-'  e  1  iii.  taken   as   unity  (1)— that   i.-,  ten   times  as 

much  as  r<  i  1  ft.    on  th  I  h< n  the   1,  < 

X  will    he    l-7<i  in.,  and   the    unit   of   the    /    scale 

mnat  be  iV  of  the  length  ft  LIb.oiitheaacak 

that  is,   , ,,',  ,,  in.  as  h.  Ion    1 ,7(io  : 

}>oiiml-.      It  tak«  n   a.^   unity,  the  y(    for  d  will 
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be  -88  in.,  which,  read  to  the  scale  ToVo  m-   =  1  foot-pound, 
means  again  1,760  Ib. 

In  the  first  two  constructions  of  Fig.  5,  1  =  1  in.  ;  in  the 
third,  1  =  2  in.  If  ^  in.  had  been  taken  as  unity,  the  lines 
ml  and  m2  would  have  been  inclined  to  b  and  x  at  a  very  small 
angle,  and  the  intersection  of  m2  defining  the  end  of  x  would 
have  been  an  ill-conditioned  one.  It  is  true  that  a  long 
length  can  be  read  with  a  smaller  percentage  of  error  than  a 
short  one.  If  lengths  can  be  read  to  -01  in.,  an  error  of  *005  in. 
is  ten  times  more  serious  in  a  length  of  2  in.  than  it  is  in  one 
of  20  in.  But  the  error  that  may  arise  from  a  small  inac- 
curacy in  the  direction  of  the  line  w2  —  due  either  to  inexact 
setting  of  the  set-square  to  the  line  mlf  or  else  occurring  in 
the  sliding  of  the  set  square  from  the  position  ml  to  the  posi- 
tion w2  —  increases  much  faster  than  does  the  length  of  x  — 
nearly  in  the  ratio  of  the  square  of  its  length.  Also  it  must 
Scale  of  be  remembered  that,  if  it  is  possible  to  read  the  long  x  with 
greater  proportionate  exactitude,  to  obtain  the  long  x  a  short 
1  must  be  used.  As  the  proportionate  error  in  reading  x  de- 
creases, the  proportionate  error  in  marking  off  1  increases. 
It  is  evident,  therefore,  that  such  a  length  should  be  adopted 
for  1  as  will  make  the  intersection  of  ra2  with  x  as  well-con- 
ditioned as  possible.  This  result  is  obtained  by  adopting  for 
1  a  convenient  length  as  nearly  equal  either  a  or  b  as  possible. 
But  it  must  not  be  chosen  so  as  to  give  an  awkward  scale  by 
which  to  read  x.  Thus,  if  the  scales  used  are  parts  of  inches, 
1  may  be  chosen  10  in.,  or  5  in.,  or  2  in.,  or  1  in.,  or  %  in.  If 
millimetre  scales  are  used,  200,  100,  50,  20,  or  10  mm.  may 
be  used  as  1. 

This  rule  of  arranging  the  units  so  as  to  get  well-condi- 
tioned triangles  cannot  always  be  attended  to  through  long 
complicated  graphic  constructions  involving  series  of  successive 
multiplication  of  a  variety  of  quantities  of  greatly  different 
magnitudes,  because  in  order  to  follow  it  it  would  be  necessary 
to  change  the  unit  and  the  scales  from  time  to  time.  This 


CHAP.  HI.  GRAHI-ARITHMF.TIC  25 

would  lead  to  hopeless  confusion,  and  in    such  circumstai:- 
it  is   frequently    :  y   to  work  with    Hi-conditioned   tri- 

^.  Tin-  al>MVe  considerations  arc,  however,  of  tin-  great- 
est possihle  importance  throughout  the  whole  of  graphic 
calculation,  and  tiny  have,  thercl'<>iv.  het  n  presented  lure 
fully.  \Vheiicver  it  leads  to  no  confusion  or  other  in- 
convenience, the  unit  should  be  chosen  according  to  the  al> 
explained  principle.  \Y1  :t  is  impi  act  icahle  to  do 

it  is  well  to  ivnicmher   that    increased   care  and   exactitude   in 
drawing  is   nrivs>ary  wheiiev.  r   interseotiODfl   at    acute  angles 

In  all  cases  it  is  necessary  to  have  a  cli 
•  ii  of  the  true  meanings  of  the  diiTeivnt  scales  u - 
throughout  tin-  diagram,  to  understand   the  relations  h,  t\\ 
the  id  to  avoid  the  confusion  «.f  imauinin^  that  scales 

uhich  are  es>. utially  dinvivnt  in  Kind  in  any  sense  the 

is,   for  (  -1    in.  =  1    11>.,  ami 

.,  and  1  in.  =  1  foot-pound,  and  1  in.  =  1   square   Scale  of 
foot  area,  a  -ame  scales,  or  that  they  an-   produit 

;  in  any  way,  ex<-.  ih«-y  are  to  be  read  numerically 

in  the  >ann-   iiiaum  r.      \Vliili-   th.  06  <>f  the   scale  oi 

nid  of  b  should  he  r.  iiienih.  tion 

.  c'tnipi'i  hendcd,  and  the   manner   in 
which  it  is  to  be  d  from  the.M-  and  from  tin-  \al:, 

as  1  should  never  he  lost  si^ht  of. 

The   000  1>«     moditied    in   a   >. 

ty  of  ways  according  to  fence  in  >peci;tl  circum- 

stanccs.      The   >p«-rial    circumstances   iv>ult    chidly   from    the 

us    on    the   drauin^ 

found  to  IM    nrrupi.'d   hy  the   factors  n  and  !>  in   the  coin-s,    ..f 
'raphic  calculation.     '1'h.    factors  generally  n-.-nlt 
from  pi-.-\iiuis  portion^  <>!'  th.    calciila1  ',iin 

of  the  drauiu-.      I  [red    to  draw   them   0 

.  the  multiplic.-itimi.      They  are  to  In- 
used  in  whatever   p..  'pp.  n    to   have   he,  n 
in   already.     They  m-  .it.  parallel, 
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Scale  of 
product 


Multipli- 
cation 
methods 


perpendicular,  or  oblique  to  each  other.  They  may  both 
radiate  from  one  point ;  the  extremity  of  one  may  lie  in 
some  intermediate  point  of  the  other;  or  they  may  cross 
each  other. 

9.  The  diagrams  given  in  Fig.  8  show  the  most  usually 
useful  variations  of  the  construction.  The  geometrical  proof 
of  each  is  so  simple  that  it  need  not  be  given  here.  The  same 
dimensions  for  a  and  b  as  are  used  in  Fig.  5  are  used  through- 
out, so  that  the  different  constructions  may  be  more  readily 
comparable.  The  circumstances  in  which  each  should  be  used 
are  explained  in  the  attached  notes.  Throughout,  thick  lines 
have  been  used  to  indicate  the  data ;  thin  full  lines,  the  con- 
struction lines,  that  require  to  be  actually  drawn ;  and  dotted 
lines,  those  that  do  not  need  to  be  pencilled  or  inked,  but  only 
obtained  by  laying  the  set  square  or  other  edge  along  them. 

The  construction  lines  are  in  each  case  lettered  mltmvm^ 
&c.,  in  the  order  in  which  they  are  drawn.  Of  course,  in  the 
actual  constructions  none  of  the  letters  attached  to  the  dia- 
grams of  Fig.  8  are  needed,  but  the  numerical  value  of  x  as 
read  to  scale  should  be  written  on  the  line. 


DIVISION. 

10.  In  division  we  have  the  converse  problem  to  that  of 
multiplication,  and  very  slight  alterations  of  the  constructions 
given  for  multiplication  serve  for  division.  In  multiplication 

we  had  x  =  a  b,  or  -  =  -.     In  division  we  have  x  =  ~,  or 
61  b 


»  therefore,  in  each  construction  given  for  multipli- 


Division cation  we  make  b  and  1  change  places,  the  construction  is 
converted  to  that  for  the  division  of  a  by  b.  This  subject, 
therefore,  requires  no  further  explanation. 

Very  frequently  there  occurs  a  problem  in  combined  mul- 
tiplication  and  division,   say,  to  find  the  quantity  x  =  — . 
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This  could,  of  course,  IK-  found  by  first  finding  a  line  to  repre- 
sent n  i>  by  a  multiplication  construction,  and  then  operating 
on  this  line  with  <•  by  a  division  construction.  But  it  may  be 
found  more  directly  by  a  sin  .-traction,  for  it  may  ho 

\\ritt.  n  '  =  ",  so  tliat  if  in  tin-  multiplication  con>truetion 
//       t 

marked  olT  in  pla  :ie  line-  marked  r  will  In-  the  quantity 

f-   .J  doind.      Tin-  diagram   as    thus   modified    i>    >ho\\n    in 

'.».  in  \\hich  a  special  example  is  worked  out. 
/  .  '.».      An   engine   piston   has  an  an  a   nf  :'.  I:1, 

s.juan-  inches.  Th«  -t.Min  pressure  on  it  i-  s:,  ih.  p.  r  square 
inch.  Tin-  \vln»l«-  force  is  traii>iuitt«-d  al'-n^  tin-  pi.-t<>n-r.'d, 
\vhi.  h  has  an  area  of  5'23  square  inch.  s.  \\hat  is  the  stress 
on  the  pistnn-rnd  >« cti«.n  ?  It  i>  in  pmn  .piar.  inch 

m  calculatr.l   graphically,  in    :  ram    Division 

and  Mul 

to  be  equal  to  5,580.    The  number  is  euflj  tmmd,  by 
ordinal  v  arithmetic,  t<>  1-  .piar.    in.-h.  but  the 

]   nftln    data  in  n  pn -bl«  m  of  this   kind   does 
lint   jOSttfj    tin-   an>\\.r    b.  in«;  stated  to  a  pound    per   Bqn 
inch. 

Similarly,  cnntinind    multipli  1   'pianti 

adily  cnmpli  t«  d  in   nm-  diagram.      I  an 

pie  of  the  calculation  nf  tin-  i  \\at.r  lillin 

lax  tank,  \\hn>(  >id<  s  are  4*75  ft.  .  and  \\hose 

d.pth  u  :>•}:>  ft.     Tl  ;  of  water  per  cubic  font  i-  tab  n 

as  (\'2-[   11..,  ami   tbe   product  to  be  fmind  is  liii- I    •    r,-J5  x 
-    1-7:.  =  ./-.    11  -i- 1  to  th«    Beak 

i.  =  1  Ib.  p<  r  cubic  foot,  and  in   I  t    multiplicati«.n. 

ad  of  in  m.    ,',,  in.,   \\v  1  -1   100  to 

this  -calr,  or    10  in.      \\'c    ha\«-    h«  t    ntV  th-  U)    tin-   scale 

1  in.  =  1   ft.,  and  in  the  -rcnnd  multiplication  UM  d    lu  to  tbi^ 
10  in.      instead  nf  unity  ;   and   in  the  third   multiplica- 
tion ha\'  imply  unity  — 1    in.     Tin    *cale   to  \\hidi 
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to  be  read  is,  therefore, 


1 


in.  =  1    Ib.      The 


Continued 
Multipli- 
cation 


Sectional 
tablet 


Multipli- 
cation 


Division 


100  x  10  1,000 
result  is  obtained  correct  to  four  figures.  It  is  read  to  scale 
9540,  whereas  the  exact  product  is  9540-375.  The  object  of 
changing  the  unit  from  10  in.  to  1  in.  is  to  avoid  ill-conditioned 
intersections.  Still  better  intersections  would  have  resulted 
from  taking  5  in.  as  the  unit  for  all  three  multiplications,  but 
this  would  have  involved  reading  x  to  the  awkward  scale  of 

_ =         _  in.  =  1  Ib. ;  x  would  be  read  first  in  inches, 

50  x  5  x  5       1,250 

then  multiplied  by  10,000,  and  finally  divided  by  8.  The 
combined  operation  of  first  calculating  what  the  scale  is, 
and  then  reading  x  to  that  scale,  would  be  altogether  too 
cumbrous. 

11.  By  the  help  of  a  piece  of  finely  and  accurately  divided 
sectional  paper  and  a  straight-edge,  multiplication  and  division 
can  be  performed  very  rapidly  and  with  fair  accuracy.     The 
paper  should  be  divided  in  millimetres  or  in  twentieths  of 
inches,  and  should  be  200  of  these  small  divisions  square.     A 
piece  of  fine  cardboard  or  a  flat  plate  of  ground  glass  or  por- 
celain ruled  in  this  way  is  better  than  paper,  which  shrinks 
and  expands  somewhat  irregularly  as  the  air  becomes  dry  or 
damp.     The  straight-edge  may  be  an  edge  of  a  set  square,  or 
better,  a  very  fine  phosphor-bronze  wire  held  stretched.     The 
rea  diest  constructions  for  use  with  this  '  sectional  tablet '  are 
those  shown  in  Figs.  11  and  12. 

12.  In  Fig.  11,  for  multiplication,  at  the  horizontal  distance 
1  from  zero  on  the  scale  of  the  tablet  and  at  the  vertical  height 
a  place  the  straight-edge,  letting  it  also  pass  through  zero. 
Then  at  horizontal  distance  b  the  vertical  height  of  the  line 
measures  the  product  a  b  =  x. 

In  Fig.  12,  for  division,  place  the  straight-edge  from  zero 
to  the  point  at  horizontal  distance  b  (the  divisor)  and  vertical 

height  a  (the  dividend) .    Then  the  quotient,     =  x,  is  the  height 
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of  this  line  at   the  horizontal  distance   1.      II'  re,  however,  it 
conduces  to  accuracy  to    read    off  lo'     at   the  hor  /ontal  dis- 

tance 10. 

1:;.   Similar  .graphic  processes  of  continued  multiplication 
may  be  applied  to  finding  tin-   positive  ami  n>  int«;;ral 

n  «>f  numerical   vahn  s,   such  a>  ,     (,    &c.      The 

i  let  ion  for  this  purpose  is  shown  in    1  i   .  18,  in 
which  two  examples  an-  L,riveii  of  scrips  of  po>iti\v  and  negative 
rs  of,  iirst,  a  value  than  unity;   an  1,  a 

value   less  than   unity.      Kvid«  ntly,  for  numhers   much   lar 
than   unity,  tin-  con*mictn»n    is   of  no   us.'  for   hi-h    pov. 

i.se  80  rapidly  that   th«-   lim  s   n-prcM-ntin^   Integral 
tlh-iii  M)..;  so  long  as  ;  ..ni-nt    P 

limits  of  the  papi  r  if  tli«-  unit  cho-m  !„•  not  rxtn-nu-ly  small. 

n  two  cross  lines  at  right  angles  a  stTi<  s  <>t  1 
drawn,  starting  from  a  point  on  one  of  the  cross  li  nit 

unity  from  their  intersection,  and  each  diagonal  lim-  of  the 
idiciilar  to  those  innm  diat«  ly  hrhind  and  in 
of  it.     T  :h  '/  or  /'.  whose  powers  are  wanted,  is 

from  the  <  .  li.-ular  to  1,  and  the  fh>t  lim- 

the  serir-  i.-  dra\\i  '••iii^tnictinii  d(  pends 

on  th«-  similarity  of  all  the  triangles  in  the  four  angles  of  Un- 
cross.     This  gives  all    i  ^ral    positive  and    m  -alive 

1  I.    i  !•  111  of  lindin.^  fra«-ti«inal  pnw»-rs,  sin-h 

f  ,  &c.,  has  never  been  solved  by  any  d  i  i  i  ,  i  ,  • 

ough  an  eaqy  and  weft-known  oonstroetion  gi 

tin    Bqoare  n-ot.      In    I-'!    .   1  I  .-d  a  grapliic   or   me-    Fractional 

chani.-al  method   hy  \\hich   this   prohlciu  may  b» 
^ith  ^n-at  accuracy  ami  rapi-i 


we  wish  to  extra*  root  of  a  quantity  </. 

From  the  con-tnn-ti'.n  «.f  Ki^.  1;]  it  is  evident   that   if  \\e  l;iy 
off//  on  tin-  line  I>  in  Ki^.  11,  and  from  i  mity  manage 
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to  draw  between  D  C,  C  B,  and  B  A  three  lines  at  right  angles 
to  each  other,  and  so  that  the  last  will  cut  A  at  unit  distance 
from  the  centre  of  the  cross,  then  the  distance  of  the  intersec- 
tion on  B  of  the  oblique  lines  will  be  equal  to  V^  and  the 
similar  distance  on  C  will  be  a*.  This  could  be  done  on  ordi- 
nary drawing  paper  only  by  a  tedious  process  of  trial  and 
error.  But  with  the  help  of  some  accurately  and  finely 
divided  square  sectional  transparent  tracing  paper,  the  trials 
may  be  completed  in  a  small  fraction  of  a  minute.  Any  line 
of  the  sectional  tracing  paper  is  laid  on  the  extremity  of  a,  as 
marked  off  on  the  line  D.  This  line  is  followed  by  the  eye  to 
its  intersection  with  C.  This  intersection  does  not  lie  exactly 
on  any  tracing-paper  line  passing  from  C  to  B,  but  an  inter- 
polated intermediate  line  is  easily  followed  by  the  eye  without 
actually  drawing  it  in.  This  is  done  along  to  its  intersection 
with  B,  and  from  this  a  similar  line  followed  from  B  to  A. 
Fractional  This  cuts  A  either  further  or  nearer  the  centre  than  unity.  If 
the  intersection  is  further  than  unity  from  the  centre,  the 
sectional  paper  is  turned  round  right-handedly  a  small  dis- 
tance, and  the  line  from  fche  end  of  a  again  followed  through 
the  three  angles  of  the  cross.  If  it  cut  A  still  too  far  out,  the 
tracing  paper  is  again  shifted  in  the  same  direction,  and  the 
process  repeated.  By  means  of  a  very  few  of  such  repeated 
shiftings  the  paper  is  got  in  the  right  position,  and  then  the 
^rd,  f  rds,  ^rds,  -J rds,  &c.,  powers  of  a  can  at  once  be  read  off. 
To  facilitate  this  reading  off,  the  cross  lines  A  B  C  D  are  finely 
graduated,  the  marks  being  made  clearly  visible  through  the 
tracing  paper.  The  setting  is  facilitated  by  fixing  a  line  of 
the  tracing  paper  at  the  extremity  of  a  by  a  needle-point 
pricker.  In  Fig.  14  the  tracing  paper  is  set  so  as  to  read  the 
fifth  root — and  all  integral  powers  of  the  fifth  root — of  0*7. 
It  reads  VoT7  =  '93.  The  accurate  value,  as  found  by  loga- 
rithms, is  '931.  The  method  is  thus  capable  of  great  accuracy, 
and  is,  in  fact,  of  much  practical  utility.  To  deal  with  large 
numbers  in  this  way  is  not  inconvenient  in  the  same  way  as 
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in  tlit-  graphic  construction  for  integral  powers.  Thus  if,  for 
•  \amplr,  it  is  desired  to  iiiul  1/7,000,  ^"i-  first  divide  7,000  by 
10\  and  deal  with  the  quotient,  viz.  -07,  instead  of  with  7,000. 
(iraphically,  we  ihul  "x  '-()7  —  'i3sr>,  and  tl  10x'585  = 

5-85=  V7,0(XX      ri>1^'  i-ornrt  ninnhrr  is  5'875.  Fractional 

In  Chaps.  VI.  and  VIII.,  in  treating  of  Linear  Velocities   p°wer8 
dm.-  to  lintations  and  of  Force  Moments,  graphic  processes 
for  tlu-  inultiplii-atinn  of  a  series  of  factors,  takm  in  pairs,  and 
tlie  simultaneous  addition  of  the  products,  \vill  he  explained. 
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CHAPTEK    IV. 

GRAPH-ALGEBRA. 

1.  IN  ordinary  algebra  the  relation  between  two  quantities 
varying  continuously  together  is  expressed  by  a  letter- symbol 

Five  equation.     The  same  may  be  expressed  graphically  by  a  line, 

straight  or  curved,  in  one  or  other  of  several  ways.    Generally, 
one  of  the  following  five  methods  will  be  convenient. 

2.  (1st.)  The  two  quantities  whose  continuous  variation 
together  is  to  be  expressed  are  represented  by  the  lengths  of 
the  two  ordinates  to  a  curve.     The  scales  to  which  they  are 
so  represented  are  necessarily  different  if  the  two  quantities 
are  of  different  kinds ;  if  they  be  of  the  same  kind,  they  are 
conveniently  plotted  to  the  same  scale.     The  ordinates  are  in 
most  cases  conveniently  taken  rectangular,  but  are  not  so 
necessarily.     Positive  ordinates  are  measured  upwards  and 
to  the  right  hand  of  the  axes ;  negative  ordinates  downwards 
and  to  the  left  hand  from  same  axes.     For  this  first  graphic 

Linear  mode  of  algebraic  representation,  '  square  sectional  paper '  is 
nates*1"  °^  VQr^  great  value,  especially  if  it  be  accurately  ruled.  The 
division  of  the  paper  should  be  decimal.  Centimetre  or  half- 
inch  squares  each  divided  decimally  are  convenient,  but  inch 
squares  divided  decimally  are  also  useful.  Every  tenth  line 
being  heavy,  every  fifth  line  should  be  of  medium  thickness. 
Light  blue  is  the  best  colour  for  the  sectional  lines.  If  the 
'  slope,'  or  tangent  of  inclination,  be  readily  found  by  differen- 
tial calculus,  it  is  of  very  great  assistance  in  drawing  these 
curves  to  calculate  and  make  use  of  this  slope. 

3.  (2nd.)  The  two  are  represented  by  the  length  of  a  line 


CHAP.  IT.  GRAPH-ALGEBRA  33 

and  tlk'  direction  of  that  line,  or  the  an^U-  defining  tliat  direc- 
tion. The  line  is  usually  a  radius  vector  from  a  fixed  pole  ; 
the  an.^le  is  measured  from  a  lixed  radius  vector  from  the 
same  pole.  A  rijjit-hauded  rotation  from  the  lixed  xero 
radius  should  represent  a  positive  anurl<  ative  an^le 

ild  be  plotted  off  left-hand*  dly  from   this  x.ero  direction. 

The  line  alon^'  which  the  length  is  to  he  plotted  hein<j  thus 

.   outwards    fmin   the   pole   alon^   tin-   side  of  the 

an^le  is  to  he  reckoned   positive;   the  opposite  direction,  or 

hackwards  from  the  pole  alon^'  t!  f  the  supplementary 

le,   should    he  couuUd   negative.      1  ':    .    15   <   .plains  11 

,  i  -ntions  n  ^ardii 

Th<  datum  or  xero  radius  is  P  0.  Th  :ive, 

and  with  this  an^le  positive  1«  n^ths  are  nu-aMiivd  from  1' 
towards  -f  A  and  nt^ativ.-  1-  :<>wards  —A.  The  an^le 

0,  ianegfrtfre,  and  with  this  angl  ;..\\ai-d>  -f  ]> 


are  positive;  those  toward  >   —  IJ  h.-in^  negative.     Kvi«lmtly  Polar  co- 
a  positive  kn-th  \\ith  the  angle  -rr  +  6  or  180°  +0  will  lie    in  ° 
-ame  position  as  a  -th  \\ith  the  an^le  0.    A^ain, 

ino  di.-tiiK  -ti.  'ii  can  be  made  between   the  angles  0,  6-\  . 
6-\   1  TT,  A.  .      '['.  .    this  nifili-  of  i> 

ne  of  the  quantities,  vix.  tliat 
I  d   l.y  the  aiiL'le,  is  of  a  r- 

\\h.  n  theone  variable  is  actual  Iv- 

an angle.     In  ti  ii  <  minently  ad- 

vantageous in  Bomeresptrts,  hut  not  always  even  then.     Ilm  , 

for   in.-tanrc,  \\h.  n   the  driving  monu  nt  on  an  engine  crank 

d  with  tin   angular   position  of  the  crank, 

thi>   m«  th«  d   \sill    ^'ive  a   j.olar  diagram   than    \\hicli   nothing 
c«.uld    1  •  te   to   the   eye  ;    hut   if  the  \\ork  «i 

during  any  ^i\.  n  period  of  rotation  ha>  to  h,    ealciilal*  d    from 
'  am.  th«    lir.-t  meth"d  .  xplain.  d  abOT6,  <>r  the  •  >.|iiar<' 

:  it    (he  ari  a  lllid«  I'lieath  the 

ciir\e  \\ill  r,  pr,  ~,  nt  the  \  Similar  r.  mark.-  \\ill  apply  to 

the  ivproeiitation  of  tlie  n  latioii   lututen    tl:  inotne 

D 
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force  of  a  dynamo  and  the  angular  position  of  the  armature. 

Circular  sectional  paper  is  convenient   for  this  kind  of  dia- 

gram, but  is  not  made  as  a  regular  article  of  sale.  The 
Polar  co-  drawing  of  the  tangent  of  a  polar  curve  at  each  point 
ordmates  pj0^e(j  jg  Of  even  greater  help  in  drawing  the  curve  fairly 

than  in   the   case  of  curves  with  rectangular   co-ordinates. 

The  '  slope  '  from  the  radius,  or  the  tangent  of  the  angle  of 

inclination  to  the  radius,  is  r-^-,  and  can  often  be  found  simply 

a  r 

by  the  ordinary  rules  of  the  differential  calculus. 

4.  (3rd.)  The  two  variables  may  be  made  the  two  angles 
Angular  formed  by  two  lines  drawn  from  a  point  in  the  curve  to  two 
nates  "  fixed  foci  with  the  line  joining  the  foci. 

Kadial  co-         5.  (4th.)  The  two  variables  may  be  made  the  distances  of 
31  mates    a  point  in  the  curve  from  two  fixed  foci. 

6.  (5th.)  The  two  variables  may  be  two  distances  from  a 
Focus  and  point  in  the  curve  ;  the  one  distance  being  from  a  fixed  focus, 

the   other   being    the   perpendicular   distance   from   a   fixed 
straight  line  called  the  *  directrix.' 

The  3rd  and  4th  modes  of  graphic  representation  are  not 
of  general  applicability,  but  are  suitable  for  special  problems. 

THE  STKAIGHT  LINE. 

7.  Rectangular  Equation.  —  Using   the  first  diagram  with 
rectangular  ordinates,  the  straight  line  is  the  graphic  repre- 
sentation of  the  linear  equation 


y  +  Dx  The  simplest  method  of  plotting  the  line  from  the  given 

data  D  and  F  is  to  plot  y  vertically  at  any  two  of  the  three 
values  of  the  horizontal  ordmate  x,—  1,0  and  4-  1.  For  these 
points  y  takes  the  values  (D-F),  -  F  and  (-  D  -  F).  To 
obtain  accuracy  the  two  points  plotted  should  be  as  far  as 
possible  apart,  and,  therefore,  in  general  x  =  —  10  and  x  = 
+  10,  giving  y  =  10  D  —  F  and  y  =  —  10  D  —  F,  are  the  best 
points  to  use.  If  the  diagram  stretch  so  far  it  is  still  better 
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to  use  x  =  —  100  and  .r  =  +  100.  Of  course,  careful  atten- 
tion must  be  paid  to  the  signs  of  D  and  of  F,  either  of  which 
may  be  +  or  — .  If  F  be  — ,  the  line  crosses  the  vertical  axis 
above  the  origin,  and  r/  .  If  D  be  — ,  the  line  li 

right-hand  upward  slope;  if  D  be  -f,it  has  a  right-hand 
downward  Mope.  If  the  equation  he  given  originally  in  the 
form  Dx  -f  Hi/  -f  F  =  0,  tl  ;  pair  of  points  to  plot 

out  are 

1' 


and 


./•  =  0  with  //  =  — 


//  =  0  with  ./•  =  — 


Fig.  H'«  is  givt  n  to  illi  ihe  most  simple  graphic 

means  of  obtaining  these  points.  Very  can  ful  attention 
inu.-t  be  paid  in  this  coii>t  ruction  to  plot  tin-  I  .  K,  and  \)  in 
the  prop,  r  dii. « tions  according  to  their  >igns  4-  or  — . 

8.   7W*/r  l-'.<in,itiun. — 

r-          0 
sin  (a  +  0)' 

\\here  C  and  a  are  tin    (\\<  uti  and  /-and  0  tin-  t\\<> 

varial/1. •>,  i.-   r.  presented  t   line,      l-'or  in    I'i1.  17, 

wlnrc  I'  is  the  pole  and  PO  tin   datum  din  i-ti.»nf  and  o  is  the 
ut  whk-h   tl  osses  PO  at  the  inclination 

(—«),  we  have 

/  _       sin  a 
<>      sin  (a  +  0) ' 

Tin-  constant  C,  thej-.  :  r.  >j>ond8  to  osina.     To  plot  the 

line  n  presenting 


r  = 


B) 


sin  (a 

from   the  data  C  and  a,  B,  therefore,  to  measure  from 

the  pole  along  l'(),  the  datum  direction,  the  1. 

C 


. 


V 

/ 


D  2 
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and  from  the  point  so  obtained  draw  a  line  inclined  (  — «)  to 
P  0.  If  an  arc  with  radius  C  be  first  drawn  from  centre  P, 
and  tangent  to  this  arc  a  line  be  drawn  making  the  negative 
or  left-hand  inclination  a  with  P  0,  then  this  line  is  the  desired 
line  K,  the  radius  vector  to  which  from  P  at  the  angle  6  is  r. 
The  equation  may  also  appear  in  the  form 

cos  a1       _          C 

°  COS  (a1  -  0)  ~COS  (a1  -6)' 

c  Here  a1  is  the  complement  of  a  in  the  above.     From  P 

cos  (a1  -  e)  p^  0£f  Q  aiong  a  iine>  making  the  right-handed  angle  a1  with 

P  0,  and  from  its  extremity  draw  a  second  line  perpendicular 

to  this  first.     The  radius  from  P  to  this  second  line  at  the  + 

angle  6  is  r. 

9.  Focal  Angular  Equation. — Let  6  and  </>  be  the  two 
variable  angles,  and  c  the  distance  between  the  foci.  Then 

the  equation 

a  cot  0  +  b  cot  (f>  =  c 

is  represented  by  a  straight  line  (see  Fig.  18). 

To  obtain  this  line  plot  the  foci  A  and  B  at  a  distance  c 
apart.  From  A  and  B,  and  perpendicular  to  AB,  plot  b  and  a. 
The  line  is  to  be  drawn  through  the  two  points  so  obtained. 

This   is  evident  because  when   0  =  90°,  cot  0  =  0,  and, 

therefore,  cot  <j>  =  ^;    and    again,  when    <f>  =  90°,  cot  </>  =  0, 

and,  therefore,  cot  0  =  - . 
a 

a  cot  e  *  To  prove  that  the  intersections  of  lines  drawn  from  A  and 

^  B  at  the  angles  0  and  <£,  connected  by  the  above  equation,  all 
lie  on  a  straight  line,  draw  parallels  to  A  B  through  the  tops  of 
a  and  b.  From  A  draw  any  line  at  any  angle  6  meeting  the 
first  parallel  at  a  distance  z  from  the  line  b.  From  this 
intersection  draw  a  line  perpendicular  to  A  B  to  meet  the 
second  parallel.  The  line  from  B  inclined  at  <£  to  A  B  must 
pass  through  this  last  intersection,  because  z  =  a  cot  6,  and, 
therefore,  we  must  have  bcoi  —  c  —  z.  Let  P  be  the  inter- 
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section  of  the  two  lines  at  6  and  <£  from  A  and  B.     Let  x  and  // 
lie  rectangular  co-ordinates  of  P  referred  to  b  and  c  as 
axes.     We  find 

— j 

and  .  ?/ 

C  -  ./'  =  (c  -  c)  J, 

Kliminating  c  from  these  equations,  we  obtain 


which  is  tin.-  equation  of  a  straight  line  passing  the  axis  of//   a  cot  e  + 

•    b  cot  <f> 

at  a  height  b  above  the  origin,  and  lying  at  a  slope   - 

from  the  axis  of 

If  6*  and  <f>*  be  the  complements  of  B  and  <£  of  the  above 
,  then  the  same  equation  may  also  take  any  of  the  three 
er  forms  :— a  tan  6*  +  b  tan  </>'  =  c  ;  or, »/  tan  tf1    f  /»  cot  <^> 
:  or,  a  cot  0  -f-  b  tan  <£'  ~ 


10.  The  general  <  i  of  the  second  degree  between  two 

variables  x  an 

can  I-   r  presented  graphically  by  one  or  other  of  the  conies— 
namely,  th.  ellipse,  parabola,  or  hyperbola,  xsmdy  being  taken  Conici 
as  tl  i mates,  most  conv«  niently  at  right  angles  to  each 

otht-r. 

The  conic  is— 

an  ellipse  if  i  AC  >  I:  : 

a  parabola  if  4  A  C  =  B2  ; 

and  an  hyperbola  if  4  A  C  <  B*. 

Choosing  any  two  axes  for  the  curve  to  represent  th<  *] 

equation,  th«  -f  the   conic   is  to  be  plotted   otT  with    the 

li  nates 
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2CD-BE 
~Ba-4AC' 

_2AE  -BD 
=  B2-4AC  " 

If  B2  =  4  A  C,  the  divisor  in  these  fractions  becomes  zero 
and  the  co-ordinates  of  the  centre  become  infinite ;  that  is, 
there  is  no  actual  centre,  the  curve  being  a  parabola.  If  the 
divisor  be  positive,  the  curve  is  an  hyperbola ;  if  negative,  an 
ellipse. 

The  centre  being  thus  obtained,  it  is  more  convenient  to 
proceed  with  the  construction  from  a  new  set  of  rectangular 
axes  through  the  centre  as  origin  and  inclined  to  the  previous 

axes  by  the  angle  2  tan  ~l -^,  that  is,  by  an  angle  0  given 

A  —  \j 

tan  2  0  = 


A-C 
If  we  then  take 

,      AE2-BPE  +  CD2     ™ 
B2-4AC 

and  use  co-ordinates  (called,  say,  xl  and  yl)  from  these  new 
axes  through  the  centre  as  origin,  the  curve  will  be  expressed 
by  the  equation 

This  will  be  an  ellipse  if  both  A  and  C  be  positive,  and  an 
hyperbola  if  either  A  or  C  be  negative ;  it  cannot  be  a  parabola, 
because  in  that  case/  becomes  infinite. The  semi-major  and 

semi-minor  axes  of  the  ellipse  are  A/  —  and  A  /  *—• 

*     A  *^     0 

To  construct  the  ellipse  draw  round  the  centre  two  circles 
of  radii,  \  /  L  and  \  /  -L,  as  in  Fig.  19.  Draw  any  radius 

to  cut  the  two  circles,  and  from  its  intersections  with  these 
two  circles  draw  parallels  to  the  axes.  These  parallels  will 
meet  in  a  point  in  the  curve.  For  accurate  drawing  the 
points  so  constructed  must  be  closer  together  near  the  major 
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a\i-  than  near  tin-  minor  axis  hecause  of  the  sharper  curva- 
ture at  these   places.     Tin-  ratio  of  the  two  circle-radii  hein«* 


A/.!    x  ^.   =  A/  -9-i   tli  -pondeiK-e  of  the   con-true-   Ellipse 

*      A.      J  v      A 

tion  with  the  equation  is  evident  if  the  equation  he  written 


.  20  is  introduced  here  only  to  show  clearly  the  relation 
het\\»  en  the  ellipse  and  the  hyperhola,  and  not  as  a  dc.-irable 
construction  for  the  latter.  y'  is  incr. -a-,  d  in  the  ratio 

A/_      [    hy  "f  a  pair  of  circles  similar  to  th« 

for  the  cllip.-e,  anil  this  increased  length  is  taken  as  the  height 
of  ari^ht-an-led  triangle  whose  horizontal  sidr  i>  tin   constant 

tA/^*.      The  hypotenuse   of   this    trian-K    i>  taken  a>   tin 
V     A 
horizontal./'  for  the  curve  corresponding  to//'.     T      construc- 
tion i-  inapplicable  to  any  value  of/  greater  than  A/     _ 

which  would   hr   the   maximum   value   of//'   in    the  .  Hip  «    it  C 
had  h.  en  ]. 

i  > hows  an  easy  count  applicable  to  the  \\hole 

the  hyperbola. 

1  loni  tl  1  on  s  axis  of  /are  plotted  A/-'  and   \   \; 

*^    A 

and  horizontally  IV o in  same  axis  is  plotted  V^C»     Theohlique 

line  at  the  flope  A/ "     lisdra\\n.     This  is  one  of  the  asymp-    Hyperbola 
*^       A 

•;ier   havin  ;  an   t  qual   downwanl  slojXJ.      A   hori- 

tl  lin.-  at   height  A/i   is  drawn.     From    various  pnints 
v    A 

in  this  la-t  line  arc-   are  -truck   from  the  <•<  ntre  down  to  cut 
the    axis    of  i.in.n    these    inter  as   the   ./-'s,    the 

cnrn -.-pondin-  //'s   are   obtained  hy   dra\\in^  \erticals  through 
the  upper  ends  of  tin -<•  arcs  down   to   tin  ,      That 
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the  construction  expresses  the  equation  is  shown  by  writing 

I.TiCk   laffckT* 


the  latter 


the  horizontal  ordinate  to  the  asymptote  being  greater  than 
the  vertical  ditto  in  the  ratio  A  /  ~          The  vertices  on  the 


axis  of  x    are   distant  \/  -  right  and  left  hand  from  the 

centre. 

Parabola          When  B2  =  4  A  C,  the  curve  is  parabolic  and  has  no  centre. 
In  this  case  the  equation  may  be  written 

(V&  +  VG  tf  +  I>  x  +  E  y  -f-  F  =0. 
Draw  the  two  lines  representing  the  equations 

VA.  x  +  VC  V  =  0         (diameter) 
and  D#  +  Ei/+F  =  0     (tangent). 

The  former  line  is  a  diameter  of  the  parabola,  and  the  latter  is 
the  tangent  at  the  extremity  of  the  diameter.  If  the  perpen- 
dicular distance  of  any  point  in  the  curve  from  the  diameter 
be  called  p,  and  the  perpendicular  distance  of  same  point 
from  the  tangent  be  called  t,  the  curve  may  be  expressed  by 
the  equation 


(A  +  C)  p2  +  VD2  +  E2  *  =  0. 

To  construct  the  curve  the  simplest  method  is  to  plot  out  a 
pair  of  points  calculated  from  this  equation,  and  then  to  pro- 
ceed by  the  method  of  tangents.  For  example,  p  may  be 
taken  ±  1,  ±  10,  ±  100,  or  ±  1,000,  according  to  the  scale  of 
the  drawing  adopted,  the  choice  depending  on  the  desirability 
of  getting  two  points  fairly  far  away  from  the  diameter.  If 

4    •    /i 

p  =  ±  1  be  taken,  corresponding  to  t  =  —     .  —  —^    this 

furnishes  a  convenient  pair  of  points,  which  are  to  be  plotted 
as  in  Fig.  22,  where  the  calculation  of  t  for  p  -=  ±  1  is  per- 
formed graphically.  The  lettering  of  the  diagram  will  make 
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its  construction  plain  without  further  description.     The  points 

in  the  curve  for  }>  =  ±  1   arc  marked  «.)  and   1.     The   inter- 

:  >n  of  diameter  and  tangent   is  marked  ()'  ;   that  of  dia- 

r  with  chord  !»  1  is  marked  V.     The  tangents  from  D  and 

1  in*.  :  the  diameter  at  a  di-tance  from  O'e.pial  to  0  V. 

J'.y  p  lotting  this  distance  to  tin-  left  hand  of  ()'  alon.u  the  dia- 

theee  two  tangente  are  obtained.  These  are  then  divided  parabola 

similarly  and   reversely    n-niivi-niriitly.  hut  not  necessarily,  in 

equal  part-,  by  points  1,  2,  8,    1.  pairs  of   points 

numheivd   identically  ar.  hy  lines   which  are  all  tan- 

te  t<>  the  parahola.     The  division   of  the   two  primary  tan- 

ba   may   be  contr  i   their   i;  O,    and   the 

construction  f,,llo\\vd  out  BO  as  to  give  any  de-in-d  leii;»th  of 

the  parahola. 

CONIC  POLAR  EQUATIONS. 
1  1.   Tli.-  equation 

r1  =  a»co8*^  -f.^sin'^ 

.  ss,-d  hy  an  ellipse  with  </  and  /<  as  semi- 

major  and  semi-minor  a\.  s  in  conjunction   \\ith   a  circle    of 
radius  either  //  or  /».      /•  is  the  radial  distance  from  the  centre 
to  a  point  in  th<  <  llipse.     6  is  the  angle  measured  from  tin 
majo  orresponding  radius  of  the  Vom 

which  tip  may  bo  d.'i\  \\.     It  must  be 

noticrd  that  0  i-  ln-n-  //«,'  thi-  an^le  made  by  r  \\ith  the  datum 


•i«n.     Tli.-  e.piatinn  r.  presented  in  tl  :'ore, 

not  a  true  jx)lar  e«piation  in  th<-  drdinary  sense  of  tin-  t.  nil. 
i-llip-.-   r.  pi  thi-    equation   cannot    become   a 

cause  then  a  =  />,  an.l  the  equation  redaoefl  to  r'2  = 
a*  =  b7,  giving  no  determination  of  0. 

\~1.     Tii.   ,  .piation 

ra  =  aacos*^  —  /     in   0  »<">•  9 

-f  b  iin 
cannot  be  r.  d  hy  a  oonk,  although  it  is  easy  to  con- 

struct a  polar  BUI 
The  equation 

/•  =  f  I  sin  6 
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can  be  represented  by  a  circle  referred  to  polar  co-ordinates. 
If  a  and  b  be  plotted  at  right  angles  to  each  other  (see  Fig. 
23),  the  sum  of  their  projections  on  a  line  inclined  6  to  a  is 
a  cos  d  a  cos  6  +  b  sin  6.  The  circle  desired  is,  therefore,  to  be  drawn 
on  the  hypotenuse  \/  &2  +  &2  as  diameter,  and  the  a  extremity 
of  the  diameter  is  taken  as  the  pole.  0  being  measured  from 
a,  r  is  the  length  of  any  line  drawn  from  the  pole  to  the 
circle. 

CONIC  FOCAL  ANGULAR  EQUATIONS. 

13.  The  equation 

a  cot  (0  —  «)  +  b  cot  (0  —  /?)  =  c, 

in  which  6  and  <£  are  the  two  variable  angles  and  a,  b,  c,  a. 
and  /S  are  five  constants,  may  be  represented  by  a  conic  curve. 
It  determines  only  the  shape,  not  the  size  of  the  conic,  because 
six  data  are  required  for  the  complete  determination  of  a 
conic.  Thus  our  "curve  may  be  drawn  to  any  scale,  or,  in 
other  words,  it  may  be  constructed  on  any  base.  Take  any 
base  AB  (see  Fig.  24),  and  use  A  and  B  as  foci,  measuring  0 
at  A  from  A  B  to  the  radius  from  A  to  a  point  in  the  curve, 
and  <f>  at  B  from  B  A  to  the  radius  from  B  to  the  same  point 
acot(0-a)  of  the  curve.  At  A  and  B  draw  perpendiculars  to  AB,  and 
4>-0)  plot  off  from  them  outwards,  i.e.  -away  from  A  B,  the  angles  a 
and  /3.  At  distances  a  and  b  from  A  and  B  draw  lines  A'  A' 
and  B'  B'  perpendicular  to  these  last ;  these  will  be  inclined  « 
andyS  to  AB. 

Along  these  lines  A7  A'  and  B'  B'  from  the  feet  of  the  per- 
pendiculars a  and  b  measure  off  c.  Call  the  points  so  obtained 
6  on  A'  A'  and  0  on  B'  B',  and  divide  the  two  lengths  c  c 
similarly  and  reversely.  In  the  figure  each  is  divided  into  six 
equal  parts,  numbered  from  0  to  6  on  A'  A'  away  from  the 
foot  of  a,  and  from  0  to  6  on  B'  B'  towards  the  foot  of  b. 
Thus  0  2  on  B'  B'  equals  0  2  on  A'  A' ;  and  0  2  on  A'  A'  plus 
26  on  B'  B'  equals  the  constant  c.  Also,  for  the  point  P  on 
the  curve  corresponding  to  the  points  2  2  on  the  lines  A7  A' 
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and  B'  B',  the  angle  2  A  B  being  0  and  A'  2  A  being,  therefore, 
(6  —  «),  evidently  02  on  A' A' equals  t/  cot  (0  —  a).  Similarly, 
the  angle  PBA  being  <f>  and  r>'2«',  b, -inur  (<£  _  {tyy  We  have  -2  »'» 
on  B'  B'  equal  to  b  cot  (<£  —  /?).  Thus  the  construction  gives 
c  =  a  cot  (6  —  a.}  +  I  cot  (</>  -  y9).  Similarly,  other  points 
can  be  obtained  at  the  intersections  of  AO  and  BO,  of  Al 
and  Bl,  of  A3  and  Bo  To  complete  the  curve, 

the  .-imilar  and  reverse  division  of  A' A' and   IV  IV   must    be 

'idcd  in  both  directions  beyond  the  part  r.  In  the 
example  <jmn,  the  curve  is  an  hyp.  rbola,  having,  of  OOOne, 
two  branches.  The  points  on  th  are  numbered  ideiiti-  acot(0-a) 

rally  with  those  on  the  lines  A' A'  and  T>  I'.',  from  which   they   (JL™* 
have    been    obtained.      Evidently   the   curve  passes   through 
A  and  B.    As  the  points  taken  on  A7 A'  and  B'B'  n 
indefinitely  |  ht  hand,  the  lines  drawn  through  A  and' 

B  become  in  the  limit  parallel  to  A' A'  and  B'B'.     The  cor- 

"nding  point  mi  I  o  is  marked  «>.    The  lines  joining 

it  with  A  and  B  make  the  angles  «  and  ft  with  A  I'. ;  thus  the 
conic  is  one  circumscribh  angle  AB<».  If  «  or  ft  or 

both  are  negative,  attention  must  be  paid  to  this  change  ,.f 
in  plotting  thrni  otf  from  the  per:  irs  to  A  B  ;  they 

be  plotted  towards  AB  if  tiny  be  negative.     If  both 
t i \ v ,  1 1  is  always  an  ellipse. 

CONIC  FOCAL  RADIAL  EQUATIONS. 

1  1.   The  equation 

rA  +  r»  • 

as  is  well  known,  can  be  represent  n  ellipse,  /\  and  /•„ 

being  the  variable  distances  of  a  point   in  the  curve   from  tin-     JrA  *- r,, 
foci  A  and  B.     The  di^ta  the  foci  may  be  tak.  n  at    (r^m'p 

pleasure,  so  that  there  is  an  infinite  number  of  ellipses  which 
will  represent  the  equation  with  a  given  value  of  c.  Simi- 
larly, an  hyperbola  repres< 

'\  -  r,  =  e. 

If  /•  and  p  be  two  variables,  the  equation 

-  mpi 
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mp 


General 
equations 


m,  being  a  constant  ratio,  can  be  represented  by  a  conic  if  r 
be  taken  the  distance  of  a  point  in  the  curve  from  the  focus 
and  p  its  perpendicular  distance  from  the  directrix.  If  m  <  1, 
the  curve  is  an  ellipse.  If  m  =  1,  it  is  a  parabola  ;  if  m  >  1,  it 
is  an  hyperbola. 

Of  course,  the  same  equation  between  the  two  variables 
r  and  p  may  be  graphically  expressed  in  a  simpler  manner  by 
a  straight  line  through  the  origin,  taking  r  and  p  as  rectan- 
gular or  oblique  co-ordinates. 

15.  Any  equation  connecting  two  variables,  no  matter  how 
complicated  it  be,  whether  it  involve  high  or  fractional  powers, 
trigonometrical  or  exponential  functions,  is  capable  of  graphic 
representation  in  one  or  other  of  the  five  methods  mentioned 
at  the  beginning  of  this  chapter.  As  one  method  is  usually 
much  preferable  to  others  as  regards  ease  of  construction  and 
applicability  to  the  special  problem  in  hand,  the  draughtsman 
will  always  be  repaid  for  the  bestowal  of  very  careful  considera- 
tion upon  the  choice  of  method.  The  choice  should,  of  course, 
depend  on  the  use  to  be  made  of  the  curve.  A  familiar  know- 
ledge of  miscellaneous  curves  as  explained  in  books  on  the 
more  advanced  modern  geometry  will  be  found  of  great  assist- 
ance. Eagle's  '  Constructive  Geometry '  is  a  useful  book  of 
this  class.  Many  curves  of  special  utility  in  engineering  are 
dealt  with  in  various  subsequent  chapters  of  this  book. 


Simple 
equations 


SOLUTION  OF  EQUATIONS. 

LINEAR  EQUATIONS. 
16.  The  solution  of  the  simple  equation 


Dx 


=  0 


means  no  more  than  the  finding  of  the  quotient  —  =-  =  x. 

This  can  be  done  by  any  of  the  graphic  methods  of  division 
already  explained  in  the  chapter  on  Graph-  Arithmetic.  It  is 
only  in  certain  circumstances  that  any  advantage  is  obtained 
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l>y  the  adoption  of  the  graphic  method.  But  it  is  instructive 
to  view  the  graphic  solution  in  another  way.  Choose  rect- 
angular axes  and  draw  the  straight  line 

D  X  +  F  =  //.  Simple 

equations 
The   point    where   this  line   cuts  the  axis  of   /-,   i.e.    where  it 

makes  //  =  <>,  j^ives  tin-  value  of  x  de.-ind. 

17.  This   immediately  leads   us   to   the   solution  of  two 

simultaneous  filiations  involving  two  unknown  quantities. 

pjjf  +  E.y  +  F,=  0 
(D,*  +  E#  +  Fa=  0. 

Choose    rectangular  axes;    draw  the   t\\«»   lin.  s    representing    Simple 
tin-  ahove  two  equa"  Thr  co-ordinat<  s  of  tin-    int. -I-M-C-    ^eous 

tion  of  the  two  lines  ^i\v  tin-  vahu-s  of  ./  and  //,  \\hich  are  the   equation8 
roots  of  the  ^illations. 

18.  This   method,  with   tin-   help  of   a   pi. cr  of   lindy  and 
accurately  divided  s«-«-ti.m:il    i>ap«  r.  i-    n<»t   only   rapid    (when 
one  ban  1  it  sulVicieiitly  to  have  heroin,-   familiar  \\itli 
tlu-  method  of  conduit  tiu    procedure),  but  is  also  ; 

for  most    practical    purpo>rs.      l-'..r    instance,  with    a 
of  paper  200  mm.  square— that  is,  \\itli  its  square  edges 
each    10<)   nun.   di>tant    from    the  centre,   which 

.11      the    ro.  >t>  of    tli«-   r'piati«»ii.^  can  beohtaiiied    with    an 
.   of   :{  places  of   li^im-s.      A  piece  of  pap.r    H»  ii; 
divided   in   half-inches  and   turn;  ill  do  <  Dually    Sectional 


\\rll,  hrin^  .slightly  larger  in  scale  and  therefore  to  most  per-  ublct 
sons  more  readahle.     Ordinary  sectional    paper.   h.. \\evrr,  is 
not   accurate    enough    in    its   di\i  1  deforms    M>niruliat 

•ularly  with  variations  in  the  li\  •./rom«  trie  condition  of 
the  aii-.  It  i-  better,  therefore,  t«»  prepare  a  piece  specially 
for  the  solution  Of  equations.  Pine haad-madfl  eard hoard  may 

for   this   purpose.      Finely  ground   ^lass.  poivelaii: 
any   of    the   white  n;  I    for   memorandum    tal.' 

\\niild  he   .-till  more  suitahle,  not  only  hecause   they  are   more 
JM  rmanent  in   .-hapr  under  rhan/r  <,f  temperature  and  damp- 
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ness  of  the  air,  but  chiefly  because  fine  pencil  lines  may  be 
drawn  on  them  and  afterwards  rubbed  out.  If  paper  or 
cardboard,  which  it  is  desired  to  preserve  permanently  for 
this  purpose,  be  used,  pencil  lines  should  not  be  drawn  on  it, 
but  the  lines  should  be  drawn  by  stretching  across  the  card 
fine  wires  ;  phosphor-bronze  wire  being  very  suitable.  Since 
two  wires  have  to  be  handled,  one  must  be  held  stretched  by 
weights  after  being  placecT  in  position.  It  will  facilitate  the 
manipulation  if  the  wire  be  fastened  to  the  two  weights  either 
permanently  by  soldering,  or  by  being  twisted  round  pegs 
screwed  in  the  weights  for  this  purpose. 

If  a  few  simple  curves  (see  Fig.  25)  be  drawn  permanently 
on  a  sectional  tablet  of  this  sort,  quadratic  and  other  more 
difficult  equations  may  be  rapidly  solved  by  its  help. 


QUADRATICS. 


19.  The  equation 


Quadra- 
tics 


j)2          /  D2      F 
has  the  roots  *=     -_±v/__r 

Of  course  each  item  of  this  result  might  be  calculated  graphic- 
ally, and  the  items  combined  by  graphic  construction  so  as 
to  find  the  two  roots.     This  process  is,  however,  too  clumsy 
and  tedious  to  offer  any  practical  advantages.1 
Since,  however,  the  equation  may  be  written 


-  - 

"A        A' 

a  rapid  graphic  solution  is  possible.  Choose  axes  and  draw  a 
curve  of  squares  —  i.e.  the  curve  y=x2.  Note  that  this  curve, 
being  once  drawn  carefully  in  a  permanent  manner  on  the 


1  In  Eagle's  Constructive  Geometry  a  solution  on  this  principle  is  given 
which  looks  simple  ;  but  it  starts  with  the  equation  in  the  reduced  form 


Really  fully  half  the  work  of  the  solution  of  any  quadratic  consists  in  finding 
the  quantities  a  and  b  to  reduce  it  to  this  form. 
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>nal  tablet,  is  sufficient  for  the  solution  of  all  quadratic 
equations. 

Now  draw  the  line 

Do:  -f  A#  -f  F  =  0, 

which  is  the  same  as 

;   -  -]}  ,  -  V 

Evidently  the  two  intt  :  of  the  line  with  the  cm 

'lutions  of  the  quadratic.     The  line 

may  he  '  form. -d  '  without  drawing  it  by  simply  laying  a  Bet- 
square  ed.^e  or  by  stretching  a  fine  \\ire  alon^  its  true  po-i- 
tion.  If  thf  line  does  not  cut  the  curve  tlu-  two  roots  are 
'  imp<>.— ible  *  or  •  ry,'  and  cannot,  then  fore,  be  found, 

or  represented  in  any  way,  by  graphic  me;: 

Since  the  curve  of  squares  ri>es  very  rapidlv,  it   i>   more   Quadra- 

x*  tics 

cnnv  '<     .  25.    The  vi  r- 

tical  scale  of  the  diagram  being  now  -fa  the  horizontal 
ait  must  be  drawn  is 

x  +  Ay  +        =  O, 

that  is,  tht    lin.    has  to  be  dra\\n  through  the  t\\o  points 


i. 
and  //  =  ()  with  ./  •  =  —   . 


In  tin-  example   ^'i\(ii   in    1  :    .    -"•  the   two  roots  are  j-{  = 
-f  3'f>r,  and  ./•_,  =  -  H-iin. 

20.  The  solution  of  siniiilt;t  [uadnftiei  involving  two 

unkiinw:  '-ts  in  dra\\ii  representing  the   simulta- 

two    «qiiati'.ns.      Their    t\\o    intersections    ^i\(;   the   t\\o   root 

of  values  of  x  and  ?/.     If  the  conirs  do  not  ii  ihe   tics 

;n-e  imaginary,  and  the  equation.-  are  incapable  of  graphic 
bolution. 
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21.  The  cubic  equation 

Gx3  +  Dx  +  F  =  0 

is  of  not  infrequent  occurrence.     It  can  be  solved  by  drawing 
the  curve 

y==X*  (see  Fig.  25) 


and  drawing  the  straight  line 


100  100 

Cubic  Their  intersections  give  the  real  roots  of  the  equation,  there 
being  either  three  or  only  one  intersection.  The  curve  once 
drawn  will  serve  for  the  solution  of  all  such  equations.  The 
vertical  scale  is  taken  -j-J-^  the  horizontal  scale  in  order  to  get 
the  cubes  from  —  10  to  +  10  into  the  sectional  tablet. 

22.  Similarly,  if/(#)  be  any  function  of  x,  and  we  have  to 
determine  the  value  of  x  from  the  equation 

A/»   f  Vx  +  F  =  0, 
the  graphic  solution  consists  in  drawing  the  curve 

and  the  straight  line 

Dx  +  Ky  -f  F  =  0. 

The  intersection  or  intersections  of  the  line  and  curve  give 
the  real  roots  of  the  equation. 

General  For  instance,  an  important  equation  insoluble  otherwise 

except  by  approximation  is 

A  log  x  +  D  x  +  F  =  0. 

Draw  the  curve  y  =  log  x,  and  the  above-mentioned  straight 
line ;  their  intersection  gives  the  desired  value  of  x.     Similarly, 

the  equations 

A  sin  6  +  D  6  +  F  =  0, 

Atan30  +  D<9  +  F  =  0, 

may  be  dealt  with. 

23.  Generally,  if  the  equation  be  f(x)  =  0,  it  is  solved 
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graphically  hy  drawing  the  curve  /(•'•}  =  //  down  to  its  inter- 
section with  the  axis  of  x.  Only  that  portion  need  ho  drawn 
accurately  near  the  inu  rsection.  The  proper  mode  of  pro- 
cedure will  he  understood  from  what  folio'  ding  >imul-  f  (x) 
taneous  equations  for  two  unknown  quantities.  If  the  tangent 
to  the  curve  he  easily  eon.-trueU  d.  it  >hould  he  used  in  con- 
junction witli  calculation  of  the  points. 

24.  The  function  may.  h  .  sometimes  he  considered 

as  the  sum  of  two   functions  which  r   to   deal   with 

-eparaU  ly   than    eomhined.      Tin  [nations 

ahov<  mples,  one  part  of  the  whole  function 

very  simply  represented  hy  a  straight   line.     Or,  again, 
for  in.-tanee,  the  equation  - 

A  x'J3-=!?+   I).,-  -f  F  =  O, 

in  wliich  r  i.-  a  constant,  U  01001  rapidlv  dealt  with  hv  drawing   Special 

equation 

the  circle 

and  the  straight  line 

i-  |).i-  +  F  =  0. 

the  n  i\ing  the  two  roots. 

.    In  Mich  '  in   equation  takn  i  in 

|  General 

the  two  cur. 

\         1 
and 


are  drawn,  and  their  inter^-ction.-  -ive  the   roots  of   the  e^ua- 
tion. 

lit'..    Similarly,  if  we  have  for  the  determination  <»f  two  mi-   General 
known  quantities  X  and  //,  the  t\\«>  equations 

F  (x,  y)  =  0 

and 

/(•<-,</)  =  o, 

the  two  curves  represented  hy  th--  [Ufttionfl  ha\e  to    !•«• 


50  GKAPHICS  CHAP,  iv. 

drawn,  and  the  values  of  x  and  y  satisfying  the  equations 
measured  at  their  intersections. 

27.  These  various  processes  must,  however,  be  carried  out 
systematically  in  order  to  economise  labour.  For  distinction's 
sake  let  the  vertical  ordinates  of  F  (x  y)  =  0  be  called  Y,  and 
those  of/  (xy)  =0  be  called  y. 

First,  note  that  it  is  waste  of  time  to  complete  the  calcu- 
lation of  several  points  or  to  draw  a  considerable  stretch  of 
one  curve  before  proceeding  with  the  other.  Pairs  of  points 
for  the  two  curves  should  be  calculated  and  plotted  for  each 
value  of  x  taken  before  proceeding  to  another  value  of  x. 

Secondly,  note  that,  although  the  calculation  and  drawing 
of  the  tangents  at  the  points  found  assist  greatly  the  good 
plotting  of  the  curves,  there  is  practically  little  use  of  doing 
this  for  one  of  the  curves  unless  it  can  be  easily  done  also  for 
the  other. 

Method  of  Thirdly,  the  plotting  of  one  point  and  the  tangent  at  that 
point  is  nearly,  but  not  quite,  so  useful  as  the  plotting  of  two 
points  without  their  tangents.  Whether  tangents  should  be 
used  or  not,  therefore,  depends  upon  whether  the  nature  of  the 
curve  allows  the  drawing  of  a  tangent  with  considerably  greater 
ease  and  less  expenditure  of  time  than  would  be  occupied  in 
the  plotting  of  an  additional  point. 

Fourthly,  after  plotting  a  pair  of  points  in  the  two  curves 
corresponding  to  a  certain  x,  the  next  x  should  be  chosen  as 
near  the  intersection  as  can  be  estimated. 

Thus  the  process  should  be  carried  out  in  the  following 
manner  : 

Choose  any  value  of  x,  say  xr  Find  the  corresponding  Ylf 
and  ylt  and  plot  the  two  points.  If  the  tangents  are  to  be  used, 
draw  them  and  produce  them  to  their  intersection.  Choose 
x2  in  the  neighbourhood  of  this  intersection,  but  rounding  off 
to  an  easy  value  to  deal  with  if  the  finding  of  Y2  and  y.2  involve 
any  complicated  arithmetic.  If  these  latter  are  to  be  found 
entirely  by  graphic  construction,  then  take  x2  exactly  at  the 
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intersection  of  the  iir>t  two  tan-vnts.  Plot  now  Y.,  and  //.,,  and 
draw  tlu'  two  new  tangents.  NYxt,  through  these  last  two 
points  draw  arcs  of  circles  to  touch  the  two  pairs  of  tangents 
at  the  two  pairs  of  points  1  and  '2.  (This  can  he  very  quickly 
done  hy  anyone  well  practised  in  circle  drawing.)  Take 
exactly  at  or  close  to  the  intersection  of  th..  .  and  r. -\  . 

the  last  process,  finding  two  points  ;>  and  their  tangents,  and 
drawing  circular  arcs  through  them  to  touch  the  tan-<  nts  at 
3  and  2. 

The  fourth  <  .  at  tin-  intersection  of  these  arcs  \\ill 

in  all  prohahility  he  found  to  j^ive  V,  and  //,  so  nearly  equal, 
that  a  practically  exact  solution  will  he  ohtaiiied  hy  dra\\in^ 
arcs  as  he  fore  through  these  fourth  points.  Jiut  if  not,  the 

mist  he  ivp«  ated  dice  m<>iv.      In  nio.-t  cases,  ind<  • 
it  will  he   found   unnecessary   to  :^>  h.yond   the   third   pair 

poil; 

n    the    other    hand,    the   tangent-  .    Method  of 

after    finding   the    tir-t    pair   of   points  choose   "////    liori/.oiital    pr° 
ordinate,  ./•.,.      Find  V ,  and  // ,  and   pint   the  points.      Prawthe 
chord-  hetween  the  pair.-  "f  p.-ints  1  and  'J.  pro<luein-  tliem  to 
their  int.  KQD, 

and   pr«'  d    plot  the  pain  "f   | 

No\\  draw  arcs  <»f  :hrniiu'h  the  | 

1.  li,  :'..  'lake  x4  at  the  int.  r.-.  eti"n  ,,f  the.(.  arcs,  and  pl-.t 
V,  and  //,.  l>ras\  th.  et.sof  1  < 

points,  *2,  :i,    1.      ('niiii»are  the  radii  «,f  curvature  of  th. 

with  the  former  in^  through  1,  2,  3,  and  eBtin 

a  change  of  radius  of  curvature  from  the  ///•,  •/•////,  i  thi-oii-h  "1,  8,  I. 
up  to  tlioM-  at  the  jinitita  I.  In  making  this  (  >tii!.  i,l,  r 

the  average  radius  throii-h  '2,  :'>,  1,  to  he  the  actual  radius  mid- 
way het\\(  (  11  -2  and  1.  and  the  ,  f|,to  )„•  the 
aciial  radius  midway  hetween  1  and  :».  I'MUV;  these  estimated 
radii  at  the  [mints  1,  draw  arcs  through  the.-e  p.. int.-  and  tangen- 
tial at  these  points  to  the  la.-t  drawn  arcs  through  *2,  :J,  1.  The 
thus  found  will  prohahly  IH-  a  very  cl<»e 

B  2 
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mation  to  the  solution  sought  for ;  but  if  it  be  not  found  to  be 
so,  the  same  process  must  be  repeated  to  a  fifth  or  possibly  a 
sixth  pair  of  points. 

In  carrying  out  these  processes  it  must  be  remembered 
that  each  new  estimate  of  x  may  just  as  probably  as  not 
overstep  the  mark  aimed  at — that  is,  lie  on  the  opposite  side  of 
the  intersection  of  the  curves  to  that  on  which  lay  the  last 

Method  of  taken  x.     Thus  the  successive  #'s  taken  may  be  alternately 

procedure    greater  and  less  or  vice  versa. 

Similar  general  methods  of  procedure  should  be  followed 
when  the  curves  chosen  to  represent  the  equations  are  polar 
or  focal.  In  these  cases  the  drawing  of  tangents  through  the 
points  plotted  is  even  more  useful  than  when  rectangular 
co-ordinates  are  used  provided  they  can  be  obtained  without 
much  labour. 

28.  Sometimes  special  graphic  methods  of  trial  and  error 
are  much  more  direct  and  rapid  than  the  above  general 
method.  A  good  example  is  furnished  by  the  equation 

A  sin  (2(9  +  «)  =  B  sin  (0  +  13). 

Draw  two  concentric  circles  of  radii  A  and  B  (see  Fig.  26). 

Draw  any  datum  radius  P  0.  From  P  0  set  off  negatively, 
i.e.  to  left  hand,  the  angles  «  =  0  P  a  and  /3  =  0  P  b.  If  either 
a  or  /3  be  negative  it  must  be  set  off  to  right  hand  of  P  0,  i.e. 
in  positive  direction.  Then  take  any  trial  point  1  on  circle  b. 
With  this  as  centre,  and  with  radius  1  0  strike  the  arc  0  1', 
cutting  circle  a  in  V.  Then  if  angle  0  P  1  were  0,  angle  0  P  I/, 
would  be  2  0 ;  a  P  1'  would  be  (2  0  +  «)  and  b  P  1  would  be 
(0  -f-  ft).  Also  the  perpendicular  distance  of  V  from  a  P 
would  be  A  sin  (2  0  +  «) ,  and  the  perpendicular  distance  of  1 
from  b  P  would  be  B  sin  (6  +  /3).  By  trial  with  the  dividers 
we  find  the  first  of  these  distances  much  greater  than  the 
second.  Take  a  second  trial  point  2  and  find  the  corresponding 
point  2'  by  striking  an  arc  from  2  with  radius  2  0.  We  now 
find  distance  of  2'  from  a  P  less  than  distance  of  2  from  b  P . 
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Assume  a  third  point,  3,  and  find  the  corresponding  point  8'. 
We  find  3'  mi'tv  distant  from  <i  T  than  3  is  from  I  V.  The 
fourth  point,  L,  chosi  n  makes  these  distances  equal,  and,  tlun- 

fore,  OP  4  is  the  angle  6  satisfying  the  equation.  In  a  very 
short  time  this  angle  0  can  he  found  \\ith  a  degree  of  aivunu-v 
such  that  the  pos>ihh-  ern>r  i-  1,  EH  tlian  ran  In-  iiuasuivd  on 
the  palter,  tin-  error,  tlu-ivfniv,  h«.-ing  in  inverse  proportion  to 
the  scale  of  the  diagram  drawn. 
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CHAPTEK  V. 

GRAPHO-TRIGONOMETRY. 

1.  WE  will  deal  here  only  with  plane  trigonometry.     We 
have  to  make  calculations  regarding  plane  figures  bounded  by 
straight  lines.     In  doing  so  we  must  frequently  plot  off  angles. 
The  instruments  called  '  protractors '  are  nearly  all  of  them 
very  rough  devices  at  the  best,  and  are  far  too  untrustworthy 
for  accurate  work.     The  vernier  protractor  made  by  Stanley 

Protrac-  with  a  silvered  divided  circle  and  two  opposite  arms  is  a  re- 
liable and  accurate  instrument,  but  it  is  costly.  The  card- 
board protractor  of  12  in.  diameter  made  by  the  same  maker 
is  also  useful,  although  not  so  reliable  as  the  other.  But  as 
any  angle  can  be  set  off  very  easily  with  ordinary  instruments 
with  any  desired  degree  of  accuracy,  the  use  of  protractors  is 
best  wholly  avoided. 

2.  The  method  is  the  following,  and  requires  the  use  of  a 
table  of  chords,  such  as  one  finds  in  Chambers's  or  in  most 
other  mathematical  tables.     The  table  found  in  Molesworth  is 
not   sufficient  for  the  plotting  of  angles  taken  in  surveys, 
because  it  gives  the  chords  for  every  degree  only ;  whereas  the 
angle  is  read  in  the  field  to  minutes.     First  draw  from  the 

Plotting  centre  from  which  the  angle  is  to  be  plotted  a  circle  of,  say, 
10  in.  radius.  On  this  circle  the  chord  of  the  desired  angle 
is  evidently  10  in.  multiplied  by  the  tabulated  chord  for  the 
given  angle.  This  quantity  in  inches,  taken  in  the  dividers, 
is  set  off  as  the  chord  of  the  desired  angle.  For  example, 
suppose  the  angle  to  be  plotted  is  69°  22'.  We  find  10  chord 
69°  22'  =  11-38,  and  set  this  off  as  the  chord  on  a  circle 
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of  10  in.  radius.     Now,  from  the   table    we  lind   that   11*39 
=  10  chord  69D  27'  and  11'37  =  10  chord  69°  17'.     Now,  it 

!e  with  ordinary  can-  to  set  the  compasses  to  -j-^in., 

hut  much  ^renter  accuracy  than  this  is  not  easily  possible. 

Thus  we  cannot  pretend  to  set  off  very  accurately  as  a  chord 

anything  between  11-37  and  ll-38orb.  1  1'3S  and  11-39. 

have  961  id  on  a  circle  of  10  in.  radius 

3  diHeri:  With  this  size  of  circle-,  then, 

we  cannot  pr-  fco  any  gi  ,  uracy  than 

f/.     With  very  small  an-l«  -.  inde.-d,  the  accuracy  is  ii 

to  3^',  l>ut  with  aii^l-  than  the  above  it  is  consiiK-ralily  Plotting 

reduced.     Thus  it  is  advisable  n.  -v.  -r  to  plot  off  by  this  method 

angles  greater  than   •!.">  .     Tin-  complement  of  thr  an-1.       f..r 

.    90    -69    'I'l'  =  20°38'—  sh.»ul.l  be    plott.-d  off  in- 

i.      '['\n^   is  al>o  thr  d  ar.-iiracy  ohtainahlr   with  a 

circular   p;-ntract..]-   witlmut   vernier,   with  a  divided   circle  ••!' 

i!0in.   di;  .      If  a  circle  of  i>l)  in.  radius   is  u-.  d,  an  accu- 

•ainabl.-  in  plotting.     To  make  tb  uc- 

«.n    this   large  scale   r«  ,piin  s   I)oam-compasse8,  and,  of 

course,  t-»  maintain   this  accuracy  bonl    th«-  diagram   it 

n-ipiirrs  tob  to  a  corri'Spondin^ly  large  sc 

3.  The  '  solution  '  of  any  trian^l 

li.^ure  is  accompi;  phically  by  i  it  off  accura' 

to    scale,   and   m.-asurin^  tin-   (piantr  red.      If    it    is    a   Triangles 

i  the  ordinary  way; 


an   a;  J  of  tb  linear 

plained  proce.-s  ;   and   the   m>  nt  of  UT6M   we   will   im- 

mediate!;. 

that,  In  plotting  off,  all  the  ,  ':ouid  he  s.  t  off 

in  tlie  li:  upon  one  and  the  -aim-  circle,  and  the  di 

tions  so  obtain-'d  then  tr,  i  by  .-lidin.u  Bel  BquafiBfl  upon 

.•s  into  t!  [Hired  in  the   drawing. 

That    i   .  Diol   t"  draw  a  new  10  in.   circle   at   each  new  Datum 

point  of  the  drawing  where  an  an^le  is  to  he 

a  proceeding  would  involve  the  waste  of  time  and  labour, 
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because  it  would  cover  the  paper  with  unnecessary  and  con- 
fusing lines,  and  because  at  several  of  these  points  it  will 
usually  be  found  that  there  is  not  room  inside  the  limits  of 
the  paper  to  use  a  good- sized  circle.  The  centre  of  the  mark- 
ing-off  circle  is  conveniently  chosen  near  the  middle  of  the 
paper.  Thus  in  Fig.  27  let  it  be  required  to  mark  off 
from  the  line  0  A  downwards  the  angle  140°.  Instead  of 
doing  this  directly,  we  mark  off  upwards  180°  —  140°  =  40° 
from  A  to  B,  and  thus  get  B  0  as  the  desired  direction,  which 
can  now  be  transferred  to  any  part  of  the  drawing.  Again, 
let  it  be  required  to  mark  off  70°  downwards  from  0  A,  the 
angle  A  0  V1  being  less  than  70°.  We  first  mark  off  20°  to  0  C1 
from  0  H  _L  0  V,  then  take  the  chord  A  C1  in  the  dividers  and  set 
it  off  from  V  to  C.  We  thus  obtain  C  0  as  the  direction  wanted. 
We  now  give  two  examples  of  plotting  off.  In  Fig.  28  is 
shown  the  calculation  of  the  height  of  a  church  spire  from 
Height  of  theodolite  measurements.  The  theodolite  is  first  placed  at  a 
station  A.  The  height  of  its  axis  from  the  ground  is  measured 
4*12  ft.  The  angle  of  elevation  to  top  of  spire  is  measured 
43°  25'.  Another  station  B  is  chosen  in  line  with  A  and  top 
of  spire.  Distance  A  B  on  ground  is  measured  120  ft.  Dif- 
ference of  level  of  ground  at  B  and  A  is  measured  by  reading 
with  theodolite  at  A  placed  with  telescope  level  on  surveyor's 
levelling  staff  held  at  B,  2-34  ft.  Theodolite  is  now  placed  at 
B,  and  height  of  its  axis  above  ground  measured  4-47  ft. 
The  angle  of  elevation  to  top  of  spire  is  measured  25°  15'. 
The  construction  is  so  simple  and  so  easily  understood  from 
the  figure  that  no  explanation  is  needed.  The  marking  off 
circle  is  struck  from  0,  the  position  of  the  theodolite  axis  at 
station  B  with  radius  0  H  =  5  in.  The  line  a1  is  drawn 
parallel  to  0  a,  the  angle  H  0  a  being  made  43°  25'.  From  x 
the  intersection  of  a1  with  0  b  is  measured  X  down  to  the 
ground  line  through  station  A.  This  is  the  height  required. 
The  distance  Y  from  station  A  to  centre  of  base  of  spire  may 
also  be  directly  measured  from  the  diagram.  The  calculation 
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\   l»y  ordinary  tri^onnini  try  involves  the  solution  of  the 
Ml  lotting  e<juati< 

(120  4-  V   tan  25°  15'  +  4-47  -  2-3-4  =  Y  tan  43  25 

X  =  Y  tan  13   2.V  +  4-12. 

solution  <>f  the>e  equations  •.  .i\.  -  \  =  121-207  and  Y  = 
123-744. 

In  Fi^.  21)  i-  shown  the  plotting  of  a  piece  of  ground 
surveyed  with  the  theodolite,  and  through  which  tlows  a  riv.  r, 
pn  -venting  the  din  <-t  m.  a  urement  of  the  tw.  C  1)  and 

AG.    All  the  otht-r  live  sides  are  measured  in  the  t'uld,  and 

the  external  .us  i>air  of  sid.  s  are 

also  i  d.     Ti:.  sum  ••!'  nvd 

niicirde^  is  t\v«.  more  than  the  ninnher  of  sides,  80  that, 

accuracy  of  the  work,  the  measnre- 

of  one  of  these  angles  may  be  omitted.      11  c  D  survey 

and  A  G  are  measured  on  th>  id  stated  In-low  tin-  dia    rive" 

i.      In  plotting  otY  the  angles  at  the  left-hand  of  the   dia- 

and   the 

oeareei  greatei  or  lew  multiple  of  <  t  angle  is  in 

r  plotting  DBF<  G  Ifl  dra\\  n  (  illel 

to  the  direction  of  A  i  Mown  length  <>f  I'.  \, 

namely.  '230ft.      I  D  parallel  to  the  direct  ion  of, 

and  e.jual  in  length  to,  B  C.  Then  c  C  is  drawn  ||  G  A,  and 
DC  in  the  known  direction  to  meet  cC  in  C.  Finally,  C  I1. 
i-  drawn  r/<t«>me.t  /'BJAG,  ami  from  the  int.  r.-ertiou  |; 

then-  is  drawn  1>  A    :  down  direction  to  .\inA. 

To  find  CD  and   A  <  i    hy   ordinary    trigonometi-y   invol\. 
considemhlr    amount    of   tidious   preliminary  metrical 

raleulation,   and   the   solution   of  two   not    \(ry   <  anly   formed 

equatioo 

4.  Awns.  —  The  areas  of  rectilinear  ii  \  ady  plotted 

can    easily   he   calculated    hy  taking   one  side  as  a   hase  and   Areas 
multiplying  it  hy  the  mean  height  of  the  ;m  a  above  that  h;ise. 
The  following  are  amount  the  most  convenient  constructions 
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Triangle 


Parallelo- 
grams 


Quadri- 
laterals 


for  this  purpose.     The  proofs  of  the  constructions  are  easily 
recognised  and  do  not  need  formal  demonstration  here. 


Fig.  30.  Area  of  Triangle  =  A  =  base  x 


TT 

Height  ==B  x  - 


or  ~  =  ".—  To  find  A,  mark  off  2  or  20  or  200  or  2,000  along 

J  .>        2i 

B  to  scale  of  figure.  Draw  ml  and  m.2  \\mlf  The  height  of 
intersection  of  m.2  with  opposite  side  measures  the  area  ;  that 
is,  A  x  1,  or  A  x  10,  or  A  x  100,  or  A  x  1,000  =  area  of  tri- 
angle =  i  H  B. 

5.  Fig.  31.  Area  of  Parallelogram  =  A  =  H  B.  —  Mark  off 
1  or  10  or  100,  &c.,  along  one  side,  -  A  =  height  of  inter- 
section of  ml  and  w2,  or  of  m^  and  w3.     Area  =  A,  or  10  A, 
or  100  A,  &c. 

6.  Fig.  82.  Area  of  Quadrilateral  with  Unequal  Sides  =  A.  — 
The  given  quadrilateral  is  indicated  by  heavy  black  lines.     It 
is  split  into  two  triangles  by  the  diagonal  ml9  along  which  is 
marked  off  2,  or  20,  or  200,  &c.     m2  and  ra4  are  drawn  from 
end  of  2  on  m}  •  w3  is  drawn  ||  m2  and  m5  \\  m4  to  meet  the  two 
sides  of  the  quadrilateral  meeting  at  corner  from  which  2  was 
marked  off;  w6  is  drawn  ||  w^     A  is  measured  perpendicularly 
to  Wj  or  m6.     The  construction  is  equally  good  whether  the 
diagonal  mt  is  >  or  <  2.    The  area  =  A,  or  10  A,  or  100  A,  &c. 

Another  good  construction  is  the  following.  The  quadri- 
lateral is  divided  into  two  triangles  by  the  diagonal  mlf  from 
one  end  of  which  a  circular  arc  is  struck  with  radius  2,  or  20, 
or  200,  &c.  (see  Fig.  33).  A  tangent  mz  to  this  arc  is  drawn 


from  the  other  end  of  mlt  and  ra4  and  m5  are  drawn 


ra 


They 


cut  off  A  on  m3.  The  radius  2  in  this  construction  must  be 
less  than  the  diagonal  ??ir  The  area  =  A,  or  10  A,  or 
100  A,  &c. 

7.  Fig.   34.  Areas   of  Irregular  Polygons.  —  Eeduce   to   a 

Polygons    triangle,  and  proceed  as  in  Fig.  30,  or  to  a  quadrilateral,  and 

proceed  as  in  Fig.  32  or  Fig.  33.     The  given  polygon  in  Fig. 

34  is  indicated  by  the  heavy  lines.     The  extension  of  the  side 
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(»'.<   H  chosen  as  the  base  becau-e   it   is   the  longest.     Draw 
12'||20.     Then  the  triangular  aiva  (.t'J  -2(.»  equals  the  quadri- 
10129.     Similarly  draw -J:'/  :*:>' ami  :U'||43'.    The 

triangular  an  a  '.'  1   !'.'  npials  the  an  a  of  tin-  polygon  JM)lii:>  1'.). 

:   79, and  Iff  «;;',  ami  r>.V!|56',  ami  54"||4.v. 
Tlk-n  tin-  triangular  i   i  i"t<jual>  the  polygonal  area 

calculated— namely,  90123456789.    From  1'  mark  oil'  -J, 
..  ami  from  the  end  of  this  to  -1  draw  ///,,  ami 
draw  ///_,  from  -i"   to  //*,  to  inti-rst-et  I'-l  product  d.     Tlu-  length 
of  in.,  from   1"  to  this  inti-r>«rti"n  ni«-;i  ie  area— that  is, 

iiials  A  or  10  A  or  100  A. 

:'  applying  the  coustrurtion  of  Polygons 
'•>$  to  the  polygon.     It  is  soni' -what   sh<>rh  r  and   luatu- 
than  tha:  .  :'.  I.      It  consists  essentially  in   reducing  tin- 

\\ho.M-  1:  'J,   tin-  haxc  nf    \\lii, -h   til- 

the  area.     From   any 

•  -n  2  or  20  or  200,  &c.    To 

this  arc  draw  a  tan^-  rom  any  •  h  as  (). 

Use  7/if  as  a  base  on  \\hirh  to  \  oiygon,  i 

manner  as  in  Fig.  :il.     Tin-  polygonal  area  equals  the  tri- 
in^ular  an  a  7'.  •  liirh  tli  is  2.     fJ'i 

the  ana  =  A  or  10  A  or  10<> 

< . — These  are  best  calc  1 1  - 

lated  l.y  di\i •;  in  intoparall'  •  \\idth  easy 

to  deal  \\ith  as  a  multiplier  of  the  mean  length  or  \i 
;he  strip.      If  thuv  i.-  im  making  them  so,  all 

the  strips  are  made  of  equal  \\idth.     In  this  ease  all  th«-  m«  ,-m 
heights  are  first  added  to  -um  tin  n  multiplird 

••'  tin-  common  width.    Bat  trouble  and  time  art  I  curved 

>y  taking  the  widths  unequal.      i  tin-  curvature  of  flgur 

;he  boundary  the  na>  ;-ht  th«-  strips  to  h,-  taken.      The 

nean  height  is  i  in  all  cases  with  sufficient  accuracy 

ipon   th-  i   that   each   small    portion  of   tlv 

M'lon^ing  to  one  strip  i-  parabolic.     Tin- approximation  shown 
n  Fk'.  :;«;  does  not  imply  the  .-uppo.^ition  that  tin.-  \\ln.lr  CUTT6 
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from  end  to  end  is  a  part  of  the  same  parabola.  The  different 
small  portions  are  supposed  to  be  parts  of  different  parabolas, 
such  as  most  nearly  coincide  with  them  throughout  the  small 
length. 

In  Fig.  36  the  strips  are  ruled  off  in  the  direction  of  the 
greatest  length  of  the  figure  in  order  to  have  as  few  strips  as 
possible,  and  in  order  to  make  the  small  areas  at  the  ends  of 
the  strips  between  the  boundary  and  the  chords  as  small  as 
possible  in  proportion  to  the  areas  of  the  strips.  The  full 
lines  indicate  the  dividing  lines  between  the  strips  taken,  and 
the  dotted  lines  are  midway  between  the  full  lines— i.e.  they 
are  the  centre  lines  on  which  the  mean  lengths  of  the  strips 
are  to  be  measured.  The  first  two  strips  are  taken  -f^  in.  wide, 
the  next  two  T\  in.  wide,  the  next  two  -j^-  in.  wide,  and  this 
leaves  a  portion  of  width  x  X  which  is  an  odd  fraction  of  an 
inch.  The  mean  length  of  this  last  portion  is  xy,  and  it  is 
reduced  to  a  strip  of  width  jV  in.  (  =  67),  and  of  length  XY 
by  the  construction  shown — i.e.  by  drawing  the  line  x  Y. 
The  mean  lengths  taken  on  the  dotted  lines  are  not  measured 
to  the  curve  itself,  but  are  taken  as  the  lengths  between  the 
chords  plus  two-thirds  the  distances  between  the  chords  and 
the  curve.  This  is  shown  on  the  small  diagram  to  the  right 
hand.  Instead  of  measuring  to  n  on  the  curve,  or  to  m  on 
the  chord,  the  mean  length  is  measured  to  r,  m  r  being  two- 
thirds  of  m  n.  The  division  of  m  n  into  three  parts  can  be 
accurately  enough  performed  by  the  eye,  and  the  points 
r  need  not  actually  be  marked  as  in  Figure  36 ;  the  length 
can  be  read  off  on  applying  the  scale  to  the  line  without  the 
point  r  being  visibly  marked  on  the  paper  ;  in  fact,  the  small 
divisions  on  the  scale  assist  in  the  accurate  taking  of  the 
•§•  of  the  small  length  m  n.  The  construction  lines  need  not 
be  drawn  in  fully  as  shown  in  the  diagram ;  it  is  sufficient 
to  mark  their  intersections  with  the  curve  and  with  the 
chords. 

9.  One  of  the  most  useful  and  interesting  examples  of  the 
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calculation    of   areas    with  curvilinear  houndaries  is  that  of 
indicator  diagrams.     Here,   however,   it  is  not 
the  area  hut  the  mean  height  that  is   really  wanted.     The 
.  height  mi.uht  he  arrived  at  hy  calculating  the  area  ami 
dividing  hy   :  me  horizontal  length  of  tlie  diagram  ; 

hut   this  is  not  the   most   direct  way  of  proceeding.      The 
ordinary  method  i-  to  divide  this  extreme  length  into  an  exact 
iiumhtT  of  eijual  parts,  to  measure  the  mean  heights  of  the 
•;tl  strip  ;1  hreadth  corresponding  to  these  equal 

part.-,   t.»   sum   up  th-  ami   divide   the   total   hy  the 

ntimh.  r  of  stripe.      l-'or  si'.nplicity's  sake  the  numher  of  p 
usually  3  in.     To  farilitat.    th.-  exact  division  of  the 

h  into    10  e^ud   par-  IB  used  what  is  called  a 

•idiron  parallel  ruler— that  is.  a  si  :  of  11  small  steel  >trai 

alllin  ther  by  two  eroBS-bara  BO  thai  all  the  11 

Iges  must  always  rt'ina in  parallel  and  .  :iit.hut   may 

plai-ed    with  larger  or  smaller  hj  them  :   in   indicator 

:  in  exactly  the  same  manner  as  an  ordinary   ( 
iralM   ruler,  only  \\ith  11  instead  o!  ,      It  is  very  im- 

•  rtant  :  hat    the   heights  of  t 

ich  on   it-   mi. 1. lie  line.     Thus  if  the  OOTTeotionfl 
•r  curvature  "f  the  top  and  hntt«>ni   houndaries  «.f  th.     -trip- 
is  is  u- 1, 

simply   to  th  es  and    ;  iiirds   point 

hetwi  en  chord  :tn«l  OH]  il  really  mm-  '.raw  the 

vertical   lims  di\idinur  tin-   -trips,   hut,  instead  of  th< 

>  draw  only  tin-  middle  lines.      The  ^ridin.n   parallel 

ruler  i-  lir-t   set   on   the   <  >,\\   the   dividing 

Imes  With  it  so  set  the  widths  of  the 

two  en«l  strips  only  a  beo 

.\ith   dividers,   or.  illy    sufficient  ly 

.  hy  the  eye  simply.  the  tuo 

end  stripe  thus  obtained  we  now  a  of  tin-  parallel 

ruler  so  as  t"  :  !iat 

b,  D  one  of  t  •  oi  1 1    krai  :i;  •  d  ea  of 
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the  gridiron.     We  then  draw  in  the  10  centre-lines  on  which 
the  heights  have  to  be  measured. 

10.  Although  to  the  small   scale  to  which  steam-engine 
indicator  diagrams  are  drawn  it  is  nearly  always  sufficiently 
accurate  to  measure  the  height  of  each  strip  to  the  curve,  yet 
it  must  usually  happen  that  the  point  of  cut-off  falls  some- 
where within  the  boundary  of  one  of  the  strips,  and  in  this 
case  it  would  evidently  be  very  inaccurate  to  measure  simply 
to  the  upper  boundary  without  correction,  especially  if  the 
cut-off  be  sharp.     In  Fig.  37  are  shown  two  constructions  by 
which  the  necessary  correction  may  always  be  made  with  suf- 
ficient accuracy  for  practical  purposes  by  freehand  sketching 
or  by  ruling  with  the  help  of  the  gridiron  parallel  ruler,     c  d  is 
the  last  part  of  the  '  admission '  portion  of  the  diagram,  and  d 

Cut-off  is  the  point  of  cut-off,  a  c  and  ft/are  the  dividing  verticals 
enclosing  one  of  the  strips.  It  is  sufficiently  accurate  to  take 
d/as  a  straight  line,  and,  therefore,  c  df  as  a  triangle.  In 
construction  (A)  m^s  drawn  from  c  to /and  m2\\m}.  Then 
w3  is  drawn  from  c  to  the  intersection  of  7?i2  with  bf.  The 
height  of  the  strip  is  to  be  measured  on  the  centre  line  to  m3. 
In  construction  (B)  the  height  y  f  is  bisected  in  e,  and  ml  is 
drawn  through  e  horizontally.  From  the  intersection  of  a  c 
with  ml  the  line  w2  is  drawn  to  g,  and  the  height  of  the  strip 
is  measured  to  the  intersection  of  w2  with  the  vertical  drawn 
through  the  point  of  cut-off  d.  It  is  evidently 'unnecessary  to 
actually  draw  the  lines  m1  and  m2  on  the  paper ;  it  is  enough 
to  mark  their  intersections  with  the  other  lines. 

11.  Indicator  diagrams  are  sometimes  measured  with  the 
aid  of  an  instrument  called  a  planimeter,  which  measures 
areas  enclosed  by  re-entrant  curves.     The  instrument  carries 

Piani-  a  tracing  point  which  is  carried  round  the  complete  curve, 
and  at  the  beginning  and  end  of  the  circuit  a  difference  of 
readings  on  a  small  dial-plate  is  obtained  which  measures  the 
area.  The  most  commonly  used  is  Amsler's  Planimeter,  which, 
when  carefully  used,  gives  very  fairly  accurate  readings.  It  is 
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no  part  of  UK-  work  of  this  treatise'  to  describe  or  demonstrate 
tin-  action  of  these  instruments.  They  are,  however,  very  valu- 
able aids  in  many  graphic  calculations,  and,  therefore,  they 

nre  notice-  here.     "Wherever  an  enclosed  area  bounded  by 
an  irregular  curve  lias  to  IK-  measured,  tlu-y  may  be   usefully 
employed.     But  where,  as  in  the  case  of  indicator  dia-ra 
the  real  object  aimed  at  is  imt  the  area,  but  the  nuan  height, 
their  UB6  is  clumsy,  >low,  and  not  to  be  reeomnieiuU  d  un!- 
in  conjunction  with  logarithmic  calculation.    Tbe  method  em-   Piani- 
ployed  is,  of  course,  to  mea>ure  the  area   by  the  instrument 
and    divide    arithmetically    by  the    leii-th.      In  dealing  with 
indicator  diagrams  this  division  must   always  be  an  awkward 
one,  because  the  length  is  never  any  exad   simple  number  or 

tiOD  of  an   inch.     If,  however,  the  divi.-inn   b,-   p,  rloriii.il 
with  the  ln-lp  of  a   logarithmic  >lide  rule  (of  which   Full. 
Spiral  Slide  Hule  is  the  n.  nd   if  th 

lar.ure  number  of  diagrams  to  work,  the  us»-  of  the  pluni- 
-avt'S  much  time  and  labour. 

lli.     l'\   the  abnVe   JH'".  -lllpl.  t«    (lie1 

found   OK   '  U  i.'      It.    i  in--  d    to 

find  th. 

value  of  the  portion   of  the  area  1  :  lit   line 

cutting   through    the  ,||y 

moved    (or  pt  i  p.  ndiciilarly   to  it>elf,    tlm.s   al\\. 

keeping  the  same  direction  or  parallel  to  r  -,n. 

If  the   lille   pr  liaild.    tl  '11  Of 

the  ar.a  to  he  found   li  left    hand,  and  .  i    ,    integra- 

repr.  >.-nt  the  re>ult  of  this  \n>  calculation,  u.-uallv  the    Uon 

best  way  is  to  represent  the  gradually  incn-a>inxr  ari  a   by  the 
..ladually  increasing  height  of  a  ciir\e  nu  a>iif(  d  from  a  .-trai^ht 

line  drawn  anywhere   iierpemlicular   to   the   moving   line. 
Such  a  curve  may  be  called   the  integral   area  curve.      If/ 
the  height  betwt-eli  the  boundaries  of   the  run-  in^    the 

red    perpi-ndicularly   to   the   ah<»\e   base    line,  and 

-ponding  to  an  ah-ci.^a  X  m« -a-ui-.  d  paralklly  to  the  game 
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base,  the  ordinate  to  the  above  integral  curve  corresponds  (is 
rather  identical)  with  the  integral  of  y  with  respect  to  x  as 
determined  by  the  integral  calculus.  Thus  the  graphic  con- 
struction of  this  integral  curve,  which  is  about  to  be  explained, 
is  really  a  method  of  performing  graphically  any  desired  piece 
of  integration.  The  construction  is  shown  in  Fig.  38. 

The  irregular  curve  bounds  the  closed  area  to  be  integrated 
by  strips  perpendicular  to  the  line  0  0'.  0  0'  is  any  line  drawn 
in  the  required  direction  (i.e.  the  direction  of  progression  of 
the  integration).  The  dotted  lines  separate  off  the  strips  into 
which  the  whole  has  been  divided.  The  portions  of  the  strip- 
areas  lying  above  the  line  0  0'  have  been  called  A  B  C  D,  &c., 
and  those  lying  below  the  line  0  0'  are  called  A'  B'  C'  D'.  Each 
line  separating  these  strips  is  conveniently  named  by  the  two 
letters  which  name  the  two  strips  it  separates.  Thus  the  line 
between  strip  A  and  strip  B  is  called  A  B  ;  that  between  strip 
Integra-  E  and  strip  F  is  called  E  F.  The  vertical  centre  lines  of  the 
strips,  on  which  their  mean  heights  are  measured,  are  called 
a'  a,  b'  b,  c'  c,  &c.  Through  any  point  p  in  the  line  0  0'  pro- 
duced a  perpendicular  is  drawn,  and  on  this  perpendicular  all 
the  points  ab  c,  &c.,  and  a!  b'  c',  &c.,  are  projected.  Thus  on  this 
perpendicular  we  have  measured  upwards  and  downwards  from 
the  point  p  all  the  mean  heights  of  the  strips  A  A',  B  B',  C  C', 
&c.  On  the  line  p  0  is  measured  off  the  length  p  P,  which  we 
may  take  in  the  meantime  as  unity.  Then  from  0  is  drawn 
0  1  across  the  space  A  and  parallel  to  the  line  from  P  to  the 
projected  a.  Then  across  B  is  drawn  12  parallel  to  P  b  (pro- 
jected) ;  then  23  across  space  C  parallel  to  P  c  •  then  3  4  across 
space  D  parallel  to  P  d  ;  and  so  on  with  the  series  of  succes- 
sive lines  45,56,  67, 7  8,  89  across  the  spaces  E  F  G  H  I.  Simi- 
larly, starting  again  from  0,  the  lines  0 1',  V  2',  2'  3',  3'  4',  &c., 
are  drawn  across  the  spaces  A'B'C'D',  &c.,  parallel  to  Pa', 
P  b',  P  c',  P  d'.  If  now  fair  curves  are  drawn  through  the 
points  0  1  2  3... 7  8  9  and  0  V  %  3'... 7'  8'  9',  the  vertical  height 
between  these  curves  will,  to  a  certain  scale  to  be  explained 


; 
II 
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immediately,  measure  the  integral  ana  to  the  kft  hand  of  the 
line  at  \vhieh  this  height  is  measured. 

13.  To  i  rovt  /tin-  LM  that  the  triangle  0 1 1' is  similar  integra- 

te P«  (/',  1  ecause  0  1  is  i  aralk-1  tolX  0  1'  parallel  to  1'  a't  and  p°^of 

1  1 

1  I'  parallel  to  (i  <i'.  re  the  ratio  i>  the  same  as 

<t  <i 

that  of  ihe  horizental  1-nadth   of  the   strip  A  to  tin-  distance 

Pp. 

Thus,   since  a  of  is  the  nu  an  height   of  the  strips  A  and 

A'  taken  together,  -^  the  rectangular  ana  1  r  x  V  i> — 

area  of  strip  (A  +  A').  That  is,  1  1'  measures  to  a  scale 
numerically  equal  to  the  ivcipn-cal  <•!'  P  /<  the  area  of  the  com- 
hined  >lrip*  A  and  A  .  To  th:  <  vidi ntly  the  hei-ht  of  1 

ahove  line  (jc  i,d  the  d<  pth  of  1     h,  !o\\  0  0' 

i  a.-un  pi  OE6  th«-  line  1  u  dra\\n  parallel 

to  00'.     The  triangle  1  2a  i    similar  to  1'  /-  j>.  and. 
the  hi'cadth  and  //;*  the  h'  15   //////;/   »///.-,      n  d  , 

e    h;  a    2  a  X  P  j>  =  art  a    1 1.       Thus, 

lire  the  li,  i-ht  of  '  luiVe 

the  height  of   2  H  ()'  m.  , 

,cale  the  sum  of  the  ;  nd  \\.      Similar!, 

an  a  '  I  '  :    M  thai  th-    ' 

A  +  ])  4-  ('.  and  C  +  D. 

Thus  tin  ihe 

portion  of  the   an  a  to   it-    1«  ft    hand    i  ;iid  the 

lepth  of  (ach  (.f  tile  points  1 
eft  hand  lyin^  helo\v  00'. 

The  ailed   the  y«A   of  the  pn  >j«  ct  Jen  diiij.-ram, 

nd    T  y  :  .  to  \\hich   ll  hts 

n<lin^    ;  afl   the   1.  n;.Mh    scale  of 

n  foi-  th-  :   /'.      As  l  most  imp«-i-tant    n 

ioint  often  leading  to  confusion  in  engineering  i»rohl»  ins  if  not 
<  learly  understood,  it  must  he  fully  <  \plain<  d. 

If  the  diagram  he  drawn  full   etize  and   the   dimension     of 
the  H  ured  in  ///<//<  x;   and   if,   further,  the  p- 
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tance  P p  be  taken  the  natural  unit,  namely  \  in.;  then  our 
equation  becomes 

Height  of  integral  curve  x  ~Pp  =  rectangular  area  of  breadth 
1  in.  and  of  height  equal  to  height  of  integral  curve  =  the 
integral  area  within  the  given  irregular  boundary. 

The  breadth  of  this  rectangular  area  being  1  in.,  its  height 
— namely,  that  of  the  integral  curve — if  read  off  in  inches,  will 
give  the  number  of  square  inches  in  the  desired  area. 

But  in  most  practical  problems  the  integral  curve  would 
be  inconveniently  steep,  and  would  soon  run  out  of  any  ordi- 
nary size  of  paper  if  P  p  were  taken  so  small  as  1  in.  Suppose 
P  p  be  taken  10  in.  Then  all  the  heights  of  the  integral  curve 
will  become  just  one-tenth  of  what  they  were  before.  Thus 
-j^  in.  =  1  sq.  in.  is  now  the  scale  to  which  the  heights  measure 
the  areas.  Another  way  of  putting  it  is,  the  height  of  the 
integral  curve  to  the  scale  of  the  given  figure  (that  is,  in 
Scale  of  inches)  multiplied  by  the  pole  distance  to  the  scale  of  the  pro- 
9  jection  diagram  (namely,  10  in.)  equals  the  desired  area  in 
square  inches. 

If  ~P p  were  taken  5  in.,  then  the  scale  would  be  ^  in.  =  1 
sq.  in. ;  if  it  were  taken  20  in.,  the  scale  would  be  YV  m-  =  1 
sq.  in. 

Now  suppose  the  figure  has  been  measured,  say,  in  feet,  and 
has  been  plotted  off  to  a  scale  of,  say,  ^  in.  =  1  ft.  It  is  desired 
to  measure  the  area  in  square  feet.  The  projected  heights  are 
to  the  scale  ^  =  1  ft.  Suppose  we  find  it  convenient  to  take 
the  pole  distance  equal  to  10  in.  This  to  the  scale  of  the  pro- 
jection diagram  means  80  ft.  Then  the  height  of  the  integral 
curve  measured  in  feet  to  the  scale  -J-  in.  =  1  ft.  multiplied  by 
80  ft.  equals  the  area  in  square  feet ;  or  the  height  of  the 

integral    curve   measured   to   the  scale  — —    -  =   -•--  in.  =L 

oO  x  o        u4U 

1  sq.  ft.  equals  the  area  in  square  feet. 

Now  suppose  that  for  some  reason  or  other  the  figure  has 
been  plotted  with  different  vertical  and  horizontal  scales.  For 
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nple,  suppose  it  to  In-  a  plot  of  a  longitudinal  section  for  a 
railway  cutting,  in  which  tin-  horizontal  scale  is  invariably 

;iler  than  the  vertical  >cale.  Suppose  the  vertical  scale  to 
in.  =  1  ft.,  and  tin-  horizontal  scale  .-,',,  in.  =  1  ft.  The 
projection  diagram  has  tin  >ame  scale  as  that  of  the  vertical 
ordinates  -namely,  .'.  in.  =  1  ft.  Let  I'l  inches  he  the  distance 
found  convenient  for  the  pole  distance  that  is,  P  p  measures 
C)0  ft.  on  the  scale  of  the  projection  diagram.  If  the  horizontal 
were  th-  M  the  vertical  scale  in  our  figure,  we  would 

now  read  the  heights  of  the  an  a-ciir.r  to  the  90ale 


onlv  o 


in.  =  1  s.j.  ft.    J'.ut  since  the  horizontal  scale 

1  i)00 


nly  one-tenth  tlie  vertical  scal»-,  the  actual  area-  are  evidently 
ten  times  greater  than  \\e  would  find  if  we  suppo-,  d  the  hori- 
zontal >cale  equal  t«>  the  vertical.  Therefore,  tlif  M-ale  to 

which  the  heights  of  the  integral  area-etirve  mur-i  !•«•  r.  ad  i-  scaieof 

.  -  artMcur 

I,,    .  ,  in.  =  !>.,.    ft.       T. 

unple.  and  r.  frrrin^  to   the   ^trip   \\  aiul   tin-   trian    !•    I  '1  <  of 

-uppoe  thr  in,  an  height  }>  l>  measures 6"  =  :i« 
cale  f '  =  1  ft.,  anil  hnadth    1  *  measures  4"  =  200  ft. 
•ale  ,'„"  =  i  ft.   Then  ti,,  5,000         .   The 


•JL 


r   di>tancr    In  in-    1  '2   in.,    \\.     liave    '/'  =     !>"  =  T  I//"' 

.vhence  '2  *  =  *  ^  -2  '.    Tin  totheSCak   .,,'„,,  in. 

1  '1. 

=  1  Bq.  ft.   nn  ans  :;.000  x  2  =  6,000  Oth.  rv, 

'•d  :    the  pole  distance  US  lit  )  ft.  to  the  -rale  of  the  ]M 
•lean  heights,  and  the  horizontal   scale  of  th.  !  jfa"  = 

i.      Tlien  the  scale  to  \\liich  ar.asai'e  to  he  read   off  on  the 
nte^ral  ana-curve  is  1  Bq.  ft.  —  .,',,  x   ,.'„  in. 
_  fraction  of  inch  representing  1  ft.  on  horizontal  scale  of  area 

pole  distance  in  feet  read  to  vertical  scale  of  area 
11.   One  useful   application   of  \]  8    Water 

^tora^e  of  water  in  reft  rvoirs.     A  curve  is  plotted,  i^ivin^  the 
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rate  of  supply  from  day  to  day,  which,  of  course,  varies  with 
the  season.  Another  is  plotted  to  represent  the  rate  at  which 
water  is  drawn  off.  The  integral  of  the  area  between  these 
two  curves  is  the  total  excess  or  deficiency  of  supply  over  or 
below  discharge.  An  example  is  shown  in  Fig.  39.  The 
Water  excess  curve  is  alternately  positive  and  negative,  and  its 

storage 

maxima  and  minima  points  occur  simultaneously  with  the 

crossings  of  the  supply  and  drain  curves.  The  points  at  which 
the  excess  curve  reverses  the  direction  of  its  curvature  (points 
of  inflexion)  are  simultaneous  with  those  at  which  the  supply 
and  drain  curves  run  parallel  to  each  other,  i.e.  where  these 
two  are  at  maximum  or  minimum  distance  apart. 

15.  Another  extremely  important  application  of  the  inte- 
gration construction  that  has  just  bean  explained  is  the  calcu- 
lation of  the  excess  of  energy  delivered  by  an  engine  to  the 
crank-shaft  during  one  portion  of  the  revolution  and  the  defi- 

Appiica-  ciency  during  another.  Examples  are  worked  out  in  subse- 
quent chapters. 

Still  another  use  of  the  same  construction  is  the  calcula- 
tion of  the  sheer  force  on  different  sections  of  a  beam  or  girder 
from  the  known  manner  in  which  the  load  is  distributed  over 
the  span.  This  also  is  treated  of  in  a  future  chapter. 

16.  Kef  err  ing  again  to  Fig.  38,  it  is  to  be  noted  that  we 
have  there  determined  only  ten  points  in  each  of  the  two  inte- 
gral curves.     It  must  not  be  supposed  that  the  diagram  is 
composed  of  straight  lines  drawn  between  these  points.    To  get 
the  intermediate  points  more  accurately  than  can  be  done  by 
simply  drawing  a  '  fair  curve '  through  the  points  already 

integral  determined,  it  would  only  be  necessary  to  divide  the  area  into 
a  larger  number  of  narrower  strips,  and  thus  obtain  more 
points.  In  most  practical  calculations,  however,  no  great  re- 
finement is  needed,  and  the  curve  may  be  drawn  in  with 
enough  accuracy  from  a  few  points  only,  provided  the  draughts- 
man is  guided  in  doing  so  by  an  intelligent  and  careful  com- 
prehension of  the  true  character  of  the  curve  at  its  various 
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points.    Tims  it  must  In-  noted  that,  so  Inn.u  as  tho/mw//  ]n-i<iht 
of  tin-  strips   is   inrn  <txin<i.  the   integral   curve   Arm/x   //y»/n/  /•</*, 
!.«-.   its   centre  <>f  curvature   lie-;  al>o\v.      It'  the  mean   height 
ivniain    con>tant    throughout    a   certain    Itn^tli,    tin-   inte-ral 
curve  heroine^  a  -traixht  line  throughout  tliat  length  :   it  hends 
neither  upwards    nor  downward-,    hut    maintains  a  uniform 
inclination.      If  tin-  mean  height  cfemotet,    the   curve   h,  m/x 
<l<ununir<l*.     In  the  ordinary  ca.-e  the  mean   height   increases  Charac- 
t-»  a  maximum,  and    then    immediately   lupins  to  decrease.  JJYnte-* 
With  this  nia\imunior  minimum  of  the  mean  heiu'ht  coincides   gr»l  curve 
a  /•'/•'  /.<  //  of  curvatui'e  of  tlir  integral  art-a  curve.     If  (he  mean 
at  any  point,  then  at  this  point  the  curve 

hecom«  s   li<>ri:»nt,il.      It  M  lon_^  as  the   mean 

height  i-  .If  the   mean    height   »-vi-r  hecome  >n:i<(tir<-, 

he  cur\ 

17.    Al:h"  -i  /ii  the  upper  hoiindary  of  a  -trip  may  he  pra.-ti- 
•ally  <iot  follow  that    tlie  integral  curve 

llso  jip|.rM\iniate8  to  a  line   throughout    the   «-,MT.  - 

-pondiiiL.'  stretch.      I.  ;.^.  40)  A//  H  -f  the  strip-, 

ind  0  the  c..rre-p«'iid.  f.-li  of  tin-  integral  rurv.-. 

>ince  the  mean  height  of  tin-  strip  increases  at  a  uniform  rate 
Vom  ,/  t'i  /'.  therefon-  the  ifid  •!'  the«-ur\e  u  rf  men-uses 

llso  at  a  uniform  rat.  .      It  i-  ea.-ily  recognised   that  the  curve 
s  one  nf  the  second  degree.      It    i-.    iii    fact,   paraholie. 

•Iirvatlll-e    depelicls  oil    tile   -tr,  J.liesS    of    the   lille   ,/  I..        Tile   (li>-     Correction 
ailee  of    the  curve  oil    the  middle   lille    ]»i   fi'om     the    chord    at  ft 

nay    be    calculated    '/r,.phically    \\ithotit    tr<.uhle    if   de>iivd. 

jet  the  ]•  b  u  f-i  he  taken  to  represent  the  heights  of  the 

'•Tjrespondin^    points.     Then,    /  I   hein^    drawn   horixontally, 

r  —  i  (/8  —  «).      It    can    he    .-hown    that    the    distance    from 

•  hord  to  curve  ///  =  h  (0  —  *)  ^         "]  .    Now,  «  r  being  drawn 

1  ori/.ontally  and  n/  hein^  hi.-ected  in  x,  \\e   ha\«    <  \i«leni|y  ,f  x 
=  \  (''  —  ")  and  i»i  =  1  (h  -f  a).     If,  then,  we  draw  the   h 
IA  ot  and  y/-.and   through   their  iii  n  draw   the   line  «#, 
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then  evidently  ~oTx  =  M  .  ^  =  i  (ft  -  *)  f          -.,  and  is, 

pq  i  (&  +  «) 

therefore,  the  distance  £?/  required.  It  is  seldom  that  this 
calculation  of  the  versine  is  needed  in  practical  work,  and  it 
must  he  remembered  that  the  same  result —namely,  to  de- 
termine the  point  y  of  the  curve  independently — can  be  just  as 
Correction  well,  and  probably  more  quickly,  obtained  by  taking  the  strip 
in  two  parts  instead  of  in  one  in  the  general  construction  for 
deriving  the  curve.  This  latter  course  is,  in  fact,  the  more 
satisfactory  one,  because  the  correction  above  explained  is 
founded  on  the  assumption  that  at  is  a  straight  line,  which 
in  most  cases  is  only  an  approximation. 

It  must  be  understood  that  in  all  the  constructions  from 
Fig.  30  to  Fig.  40  the  dotted  lines  represent  lines  which  are 
not  to  be  actually  drawn  but  only  '  formed '  by  laying  the 
edge  of  the  set-square  along  them  and  making  the  required 
intersections.  The  practical  draughtsman  avoids  drawing  in 
as  many  lines  as  possible,  because  unnecessary  lines  not  only 
dirty  the  paper  when  in  pencil,  but  they  also  make  the  diagram 
confused  and  obscure,  and  render  the  useful  result  less  readily 
perceived  by  the  eye. 

Frequently  the  number  of  measurements  taken,  from 
which  the  figure  has  to  be  plotted,  is  in  excess  of  the  number 
absolutely  required.  Such  is  the  case  always,  for  example, 
in  a  survey.  There  is  then  an  embarras  de  richesses  of  data 
for  the  calculation,  and  the  results  calculated  from  different 
sets  of  data  may  not  exactly  agree.  The  disagreement  shows 
that  small  errors  have  been  made  in  the  measurements.  Later 
on  we  will  show  how  these  errors  are  most  equally  distributed 
in  the  graphic  constructions. 


vi.       COMBINED   Mt'LTI  PLICATION    AND   SUMMATION 


CHAPTEB   VI. 

!i:INi:i)    MTLTI  PLICATION   AND   SUMMATION.  —  MOMENTS   OF 
PARALLEL  VECToi 

1  .    IN  the  last  »  haptt  r  the  graphic  summation  of  nn  a  -trip- 

1.     Each  area  strip  wa>  tin-  product   of  its  mean 

height  and  its  l»n  adth,  and  the  strips  stood  *i<l>   //-•/  \ny 

product  nf  two  .piantitiex  may  he  represented  hy  a  ular 

an-  tlie  two  quantitit-s  measured   as    lim- 

•..  siiital'K-  -cah-s.     A  number  of  Mi.-h  U6M  «-an 

be  added  top  I  !y  if  tli.-y  all  r'-pr.-s.-nt  thin;:-  <,  un- 

kind  and  if  the  scale-   f«»r   :  'lie  same,   gum  of 

W«-  ha\<    now  to  consider  the   fiviumtly  o  D   Product8 

\\hich  the  an-a-  t  M  <»ilh  r, 

eaeh  of  them  having  one  edge  lying  on  the  sm  line 

to  all.     In  th«-  diagrams  necessary  for  the  calcula- 
tion ssaryto:  draw  in  tin-  actual  BJ 

ind«  !  :   it  is  sulVn-imt  to  draw  in  tln-ir 

correct   directions  the   two  \  •  ular  dii  th- 

reetanglo* 

2.  This  pn.hlrin  is  of  \  il  occurrence. 

that  of  the  total  mom.  nt  round 
a\is   Of  SC\'  -allel    foi 

turninu'  m«>m.  nt  round  the  {'ulcriini  of  a  1.  ftt  of  a  numher  of 

Inm^  on  tt  .  total  bending  moment  on  Parallel 


any  >f  a   heam   due  to  a   numher  of  different   loads. 

The  roii.-trurti«»ns  Driven  in  this  cliaptor  for  parallel  forces  are 
ion  to  the  case  of  non-parallel  forces,  and 
this  development  will  he  d«  alt  with  in  Chap.  VIII. 
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The  general  construction  applicable  to  the  summation  of 
products  of  any  kind  of  quantities  is  shown  in  Fig.  41.  Let 
the  products  be  A  a,  B  b,  C  c,  &c.,  the  factors  ABC  being  all 
of  one  kind,  and  a  b  c  being  all  of  one  kind.  From  any  point  X 
along  any  straight  line  lay  off  the  factors  a  b  c  to  any  suitable 
Parallel  scale,  each  factor  being  measured  from  X.  Then  from  X  draw 
a  line  perpendicular  to  this  first.  Also  draw  another  perpen- 
dicular 0  C'  in  any  other  position  on  the  paper,  and  from  any 
point  0  mark. off  along  this  line  to  any  suitable  scale  the 
factors  ABC  successively.  These  factors  are  not  measured 
all  from  one  point  so  as  to  overlap,  as  the  factors  a  b  c  are, 
but  are  added  along  the  line  so  that  0  C'  is  the  sum  of  the 
three. 

3.  From  any  point  p  in  this  line  draw  a  line  p  P  perpen- 
dicular to  0  C'  and,  therefore,  parallel  to  X  a,  and  make  p  P 
equal  to  1,  or  10,  or  100,  &c.,  to  the  scale  of  the  factors  ABC. 
Then  from  a  draw  the  line  a  o  \\  P  0  and  a  « ||  P  A'.  The  tri- 
angle o  a  a.  is  similar  to  the  triangle  0  P  A',  and  therefore 
similar  dimensions  in  the  two  triangles  have  all  the  same 
ratios ;  thus  the  bases  0  A'  and  o  a  have  the  same  ratios  as 
the  heights  Pp  and  aX.  But  0  A'  =  A  and  a  X  =  a ;  there- 
fore, we  have  ~P p  •  o  a  =  A  •  a.  If  P_p  be  taken  unity  to  scale 
of  A,  then  o  x  to  the  scale  of  a  will  numerically  equal  the  pro- 
Pole  duct  A  *  a.  If  ~Pp  be  taken  10  to  scale  of  A,  then  ten  times  o  ex. 
to  scale  of  a  will  equal  A  a.  Whatever  length  it  be  convenient 
to  take  for  P  p,  we  have  o  a  to  scale  of  a  multiplied  by  P  p  to 
scale  of  A  equal  to  the  product  A  •  a. 

Now  draw  b  V  ||  o  X  to  meet  a  «  in  Z/,  and  draw  V  JB  ||  P  B'. 
The  two  triangles  b'  a  /3  and  P  A'  B'  are  similar  ;  therefore,  the 
heights  b  X  and  P_p  have  the  same  ratio  as  the  bases  a  /3  and 
A'  B'.  Thus  ~Pp  '  a  j3  —  B  *  b  ;  that  is,  «  /3  measures  the  second 
product  B  •  b  to  same  scale  as  o  *  measures  the  first  A  a.  Also 
we  have  o  {3  the  sum  of  the  two  products. 

Again  draw  c  c'  \\  o  X  to  meet  b'fi  in  c'  and  draw  c'  7  ||  P  C'. 
We  have  now  /3  7  measuring  the  product  C  c  to  the  same  scale 
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as  ah  >\v.     Tli us  we  can  lind  tlu-  sum  of  any  numher  of  pro- 

liy  this  construction. 

Tlu  -  which  the  ivsult  is  n-a  1   is  inversely  propor- 

1   to   V p.      Tlu1  ///;/'/•  tl  have   t  >  deal   with 

an-,  the  larger  m  i '  ;*  in  order  to  uvt  the  result  to  a 

Ifl  to  allow  of  the  sir.ii  lu-iii'j;   represented 

within  the  limits  of  a  convenient  \  the  paper. 

1'  is  call  i  I     V  j>   tli,-    •  pd  .  »'   of    the 

diagram.     The   p..K-  ;i   a   convenient 

numhrr  scale   of  ABC)   l>y  which   to  multiply   the 

<piai.  .      In  di::  .il  pro- 

eiiient  to  use  1,  ".   H».  r>0,  100,  500,  1,000, 

10,0«'JO,  and  ( \en  >«.ni  times  100,000. 

or  ri^'ht  of  i 

If  it  is  at  T'  t»  the  riu'nt,  the  diagram  ,/;/, •' 7  noold  slope  "/'-  Right  or 
intead  of  downward  e  t  po  < 

the  dia-niin  would  bo  .-imply  n-vi-rsed  on  tlu   1 

Suppnsi-  all  the  factors  ab  c  to  be  diminish*  d  l>y  tlu   same 
amount.  ;1. nt  to  nee 

•  ••pull    to  the  .liminution   of  eacb   factor.     The  re>t   of   the 

llie 

.      If   tlu    diminution  exceed  -  ;    f-r  e\ampl<',  1.  t 
\  \  ,  tin  c  becomes  n<  to 

i  instead  of  add*  Change  of 

ilt«-rati«»M  "f  '  measured  t<>  tin-  line  <'-/ 

•rod  -    the    a! 

neasures  (A  -a  X"  +  '/'"measures  the  n. 

If  X  .  to  the  l.ft  hand  of  the  crossing  I  of 

he  lines  a o  and  e'Y,  then  tlu  e  products 

he  i  .  and   the  >in  , 

1.    It    i-   nn    aci-Dimt   of  ;  -uliarities   that   this 

(  onstructi-.n  ,  :iil    for  calculation  of  the  moments  of  Moment 

parallel  i  onbeamB  orleren.    «  X  ivpn  s. -nts  the 
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line  of  the  lever  or  beam  :  X  the  fulcrum  or  section  round  which 
the  moments  of  the  forces  are  to  be  taken.  The  points  ab  c  are 
the  positions  at  which  these  forces  act  perpendicularly  to  the 
line  a  X — that  is,  parallelly  to  the  line  0  C' — and  the  quantities 
ab  c  are  their  leverages  around  X.  ABC  marked  and  added  on 
this  line  represent  the  forces.  The  diagram  composed  of  the 
two  straight  lines  77"'  and  and  o  o'"  parallel  to  the  two  lines 
Moment  P  0  and  P  C'  form  a  complete  graphic  calculation  and  record 
of  all  the  moments  this  set  of  forces  ABC  exert  on  any  and 
every  point  or  section  of  the  lever  or  beam,  because  X  may 
be  taken  anywhere.  The  moment  on  any  section  is  read 
off  between  these  two  lines  7  7"'  and  oo'"  on  the  vertical 
drawn  through  the  section.  To  the  right  of  the  intersec- 
tion I  of  these  two  lines  the  moment  may  be  regarded  as 
positive ;  to  the  left  of  the  same  crossing  it  has  the  opposite 
sign. 

5.  Immediately  under  the  crossing  the  moment  is  zero ; 
that  is,  round  a  fulcrum  under  this  crossing  the  given  set  of 
forces  would  have  zero  turning  moment  or  would  balance  so 
far  as  moments  are  concerned.  Also  it  is  evident  that  if  a 
single  force  equal  in  magnitude  to  0  C',  the  sum  of  the  given 
forces,  were  applied  to  a  point ,  of  the  beam  immediately 
under  this  same  intersection,  this  single  force  would  produce 
on  all  sections  the  same  moment  as  the  given  set  of  forces 
actually  produce.  For  example,  round  the  section  X  this 
Axis  of  single  force  0  C'  applied  through  I  would  produce  the  moment 
moment  °  7>  because  the  two  triangles  107  and  P  0  C'  are  similar, 
and,  therefore,  ~Pp-oy  equals  0  C'  multiplied  by  the  hori- 
zontal distance  of  I  from  o  7. 

Any  of  the  forces  may  be  negative,  i.e.  directed  upwards. 
They  are  then  marked  off  upwards  on  the  line  0  C',  and  from 
the  beginning  to  the  end  of  this  line  still  represent  the  alge- 
braic sum  of  the  forces. 

Thus  the  left-hand  diagram  gives  the  '  resultant  force  '  and 
the  right-hand  diagram  gives  the  *  resultant  moments.'  The 
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first  has,  therefore,  been  called  the  Force  Diagram,  and  the  Axis  of 
1.  the  Moment  Iha.uTam.     It  is  to  he  noted  that  the  ^>/r  moment 

P  y<  i-' 
(i.   All  (juantities  which    have,  like    forces,    J//vr//,.//x  and 

/»•*  are  called   •  .       These  will  he  explain*  d  fully   Vectors 

in  next  chap'  are   mutim,*,  /v/,», -iti,  *,   nn>mfnt<i, 

nttim  or  of  rt-lnritii.     Vectors  whose  pro- 
perties or  efft  nd  upon  the  definite  ]>«xiti»n  in  space  in 
which   they  occur,    have   heeii   called   '  rOtOff.1      In   this   hook,   Locors 
however,  they  will  he  called  '  /,. 

•-<  of  all   locors  are  calculated    in  the   same 
Moseof  forces,  and,  therefore,  the  aho\v  construction 
is  applicable  tothe  m-  >f  all  kind-  of  parallel  l.u-ors.      It 

will  1  ively  u>ed  throughout  the  rest  of  this  work.      In 

all  such  diagrams  the  pole  distant  .     The 

of  the  method  to  vectors  that  are  not  parallel  will 
.plained  in  Chap.  VI 1 1. 

7.    I'.y  \aryiny;  the  p..L    distance  the  inclination  of  the  t\\«> 
final  lines  oo'"  and  77"'  is  also  varied ;  uhat  may  he  ,all-d 

their   comhined    'slope*  or  the  sum  of  their   slopes  to  the 

1 

hori/.ontal    lit  inversely  as  the   numher   of  units 

ken  for  the  pnle  distance  measured  to  the  vector  scale.     It 

that,   although    a  -hiftin-   of    I1  parallel   to  0  < 

e  inclination  <.r  >lop(-  of  each  of  the  lines  <••>'"  and  77'",  it  Position 
does  not  alter  the  sum  of  their  slopes.  Also  any  >hiftin«*  of 
T  either  vertically  nr  hori/.ontally  dors  not  alter  the  horizontal 
nee  nf  the  intellection  I  from  any  line  <>  X  ;  the  point  I 
shifts  vertically  as  P  is  moved,  hut  it  always  remains  in  the 
-  >me  vertical  line.  Thi>  line  parallel  to  the  forces  in  which  I 

.    line  nr  resultant  line  of  the  locors. 

In  the  ease  of  bending  moments  on  beams  and   in  other 
-imilar  cases,  we  wish  to  determine  for  each  section  the  resul- 
tant moment  of  all  the  h>r<-  •*  ///////  f»  »n<'  .</»/.•  nf  tlmt  m-rtimi, 
eluding  the  inoiiientsof  tho^e  lyin-  to  the  uther  nde.    Theahove 

—  thisatonce.  For  instance,  if  the  section 


76 


GRAPHICS 


CHAP.   VI. 


Partial 
Moment 


Cyclical 
lettering 


to  be  investigated  be  at  X",  we  have  A  and  B  acting  to  the 
left  of  this  section,  and  their  resultant  moment  round  this 
section  is  o"  b" :  while  we  have  C  only  to  the  right  hand  and 
its  moment  (of  opposite  sign  to  the  former)  is  measured  by 
I'  7".  Thus  for  the  resultant  moment  of  all  forces  to  the  left 
of  any  section  we  measure  vertically  between  a  o  and  the 
diagram  outline  a  b'  c'  7,  where  a  o  is  the  final  line  of  the 
diagram  outline  going  from  force  to  force  towards  the  left. 
For  the  resultant  moment  of  all  forces  lying  to  the  right  hand 
of  any  section  we  measure  vertically  between  c'  7  (or  the  same 
produced)  and  the  outline  c'  b'  a  o,  where  c'  7  is  the  last  line  of 
the  diagram  going  from  force  to  force  towards  the  right. 

8.  The  lettering  of  Fig.  41,  although  almost  necessary  in 
explaining  and  proving  the  mathematics  of  the  construction,  is 
by  no  means  the  best  for  practical  use. 

Fig.  42  shows  the  more  convenient  method  of  lettering. 
The  utility  of  this  method  increases  rapidly  with  the  com- 
plication of  the  figure. 

The  spaces  between  the  force  lines  are  called  by  the  names 
ABC,  &c.,  and  the  lines  themselves  separating  these 
spaces  are  called  by  the  two  letter-names  of  the  spaces  they 
separate;  thus,  AB,  B  C,  E  F,  &c.,  are  the  lines  separating 
spaces  A  and  B,  B  and  C,  E  and  F,  and  so  on.  These  lines 
are  of  indefinite  length.  The  vectors  along  these  lines  are 
called  a  b,  be,  c  d,  &c. 

They  are  plotted  off  successively  along  a  line  parallel  to 
the  given  vector  direction.  The  small  letters  on  this  line  in- 
dicate points,  and  the  magnitudes  of  the  vectors  are  measured 
between  these  points.  Thus  the  line  between  the  points  d  e 
in  the  vector  diagram  give  the  magnitude  and  direction  of 
the  vector  whose  position  and  direction  are  shown  by  the  line 
D  E  on  the  moment  diagram.  The  pole  p  is  placed  anywhere 
at  a  convenient  pole  distance.  Then  parallel  to  the  radii 
(which  need  not  be  actually  drawn),  from  p  to  abed,  &c., 
are  drawn  lines  across  the  corresponding  spaces  ABCD,  &c., 
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tlu-e  hein^  drawn  so  as  to  form  a  chain  of  successive  links 

that  i>,  tin-  t\v<>  liin  J  adjacent  spaces  meeting  in  the 

line    ,-epa  rating    the-e    l\v<>    spaces.      The    whole    of  the   space 

on  one  -ide  of  tin  in   outline  or  chain  is  named  P,  the 

name-  A  1!  ('.  A.V..  heil  menu  iilled  to  tho-e  portion  -of  tile  -|  -;i 

hetueeii   the    rectoi  po-i  t  ioii-1  hies    that    lie  on   the    other  side 
from    P  of   tin-  chain.      The   lines  or  links  of   the  chain   are 

called  PA,  Pi;.  PC.  fa.    llras,  corresponding  and  parallel 

lines  in   the   two  diagrams  are   called   hy  the   sami  and   Cyclical 

small  letter.-.      Tin-  >.  ries  of  line*  or  'chain'  may  he  referred   lettenng 

&.BCDEFGH,  and  the  pencil  of  radii  from  pole  j> 
a\   he  call'd  (p)  'I'  Thi>   make>  a  complicated  dia- 

easy  to  compreh.  nd  and  easy  to  read,  and   it    mak»  s  it 
dilVu-ult    to   make  an   error   in    it-   con-tniction.      The 
o  final  lines  or  links  in  Ki-j.   1*2  are  P  A  and  P  1  1,  and  their 
on   the  (-(litre   line   or   re-ultant  of  tlui  M-VI  n 
ultant    ina^'iiituile    is    n  //.  -iiltant 

mom,  nt  iMimd  any  axis  is  measured  1  -id  PH. 

u.    I  .Itant  moment  is,  tin  r<  fore,  not  zero  e\< 

num.;  •  d  in  the  line  drawn   through  I  in  the   dn 

tion  of  the  :  This  set  of  loco*  ,  doee  n»t 

hala!  rally    \\itli    i  to    moment.      In    ..1'd.r    that 

there  .-hould  he  Mich  1  in.  nt  round 

all   p"^ible  axes.     Tin-  «  \  id.  ntly  can  ocrur   only  if  the  t\\«» 
final  liin-s  of  the  chain  c.  •  -r  ///•  along 

a  line  II  I  id.  led  to  tin  .  the   line  I'll  would 

it>  int.  i  ~.  ction    with  tin.-  n.  w  locor  II  II,    Balancing 
and  from  this  int.  rs.  ction  would  he  drawn  a  line  P  K  parallel   l 
tq;>rin  the  pole  diagram,  in   wliirh  //  /•  n  •    h.  'plotted 

il.  Tin-  ne\N  lin.  P  I;  can  only  coincide  with  P  A  if  the  new 
lo.-or  line  II  K  ,-ut  P  11  in  the  int.  r-<  ction  I.  hi  order  thai 
the  extra  IOC.T  -hould  pro.  lur,  t  halance,  iu  line,  th- 

Core,  must    pa.-s  through  I.      It    i-  further    nee.  .-.sary  that    I'll 
•should   have  the   -am.    din  ction  as  PA,  which   can   only  h.    if 
Incide   with  ".  t"   h«-  drawn   parallel  to  j,  /-. 
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Thus  the  new  balancing  locor  must  have  the  magnitude  h  a— 
that  is,  must  be  equal  and  opposite  in  sign  to  the  sum  of  the 
other  vectors.  The  sum  of  the  magnitudes  of  the  complete 

Balancing  set  then  becomes  zero,  and  the  moment  round  every  possible 
locor  .    .      . 

axis  is  also  zero. 

Thus,  if  the  first  given  set  is  to  be  balanced  by  a  single 
locor,  both  its  magnitude,  its  direction,  and  its  position  are 
determined  by  the  condition  that  it  must  balance  the  others. 

10.  Evidently  in  the  diagram  there  will  be  no  need  for 
;              either  of  the  letters  K  or  r ;  r  coincides  with  a  and  is  not 

wanted.  The  letter  P  will  now  refer  only  to  the  enclosed 
space  inside  the  chain.  The  chain  is  now  a  closed  chain,  its 
final  links  meeting  in  I.  The  space  A  extends  from  line  B  A 
to  the  resultant  line  through  I.  The  space  H  extends  simi- 
larly from  line  G  H  to  same  line  through  I.  Therefore,  this 
last  line  is  now  to  be  called  H  A.  The  closed  chain  or  outline 
of  the  enclosed  space  P  is  called  (P)  A  B  C  D  E  F  G  H. 

11.  If,  however,  the  set  is  to  be  balanced  by  two  other 
locor s,  these  may  have  positions  assigned  to  them  indepen- 
dent of  the  condition  of  balance,  which  condition  may  then 
be  fulfilled  by  assigning  proper  magnitudes  to  the  two.     A 
familiar  example  is  that  of  the  two  vertical  supporting  forces 
at  the  ends  of  a  beam  which  keep  the  loads  in  balance. 

Let  Ej  A  and  H  E2  be  the  assigned  positions  of  the  two 
balancing  locors.  Then  to  complete  the  diagram  there  have 
to  be  drawn  a  line  P  Ej  across  the  space  Et  from  the  intersec- 
tion of  P  A  and  Ej  A,  and  a  line  P  E2  across  the  space  E2  from 
the  intersection  of  P  H  and  H  E2,  these  lines  being  parallel  to 
corresponding  lines  drawn  from  the  pole  p.  But  if  these  two 
new  locors  are  to  balance  the  set  completely,  these  two  lines 
P  Ej  and  P  E2  must  coincide  with  each  other,  and  must  there- 
fore lie  from  the  first-mentioned  intersection  of  P  A  and  Ej  A 
to  the  second- mentioned  intersection  of  PH  and  HE2.  P  E! 
and  P  E2  being  thus  one  and  the  same  line,  they  correspond  to 
one  line  only  in  the  pole  diagram.  This  line  p  r2  is  to  be 


Two 

balancing 

locors 
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drawn  from  \>  parallel  to  the  line  P  11  joining  the  ahove  two 
intersi.vtions.     The  point  r.  thus  found  urives  //  r,  as  the  mag- 
nitude  of  the  hahnu-in.^  loeor   al«>n^    11  \l  .  and  r.,a  as  that 
li,  A.      Al-o  the  chain    :  more  a  <7,,x, ,/  diain,  and 

the  1«  lit  r  1'  .-hould  he  applied  t«»  the  span-  eiu-losed  hy  it. 

It  mu>t   further  he   noticed  that    there  is  no    nerd  of   hoth 
;    II.    and   r,  rt.     The   spare   li    may   he   suppo-rd    fco 
li   from   line   A  l!;  t->   lim  'ii  the  other  side  of  the   Two 

1'  ,  ncl    -  I   hy  the  chain  to  that  omipu-d   hy  A  BO,  &0. 
imply  may  be  substituted  for  rr 

d  chain  ifl  now  to  h.'.-all.d  (P)  AUChKl-'dllli, 
ide  it  1"  in.ur  I1  ami  the  \\holespace  out>idr  it  bei 
vid. d   hy  tin-  nine   UxXtt  .ine  spaces,  i-adi  of  \vhii-h  is 

finitely  hnuiuleil    oil    time    >ides    hy    thive    lilies    hut    ha 
liniti  -:indary. 

\-l.    i  iiain  is  still  used  as  a  moment   diagram  ; 

ot,  OJ  mnnients  of  the  \\hole   M-t   of  nine   loeors, 

ii  as  a  whole  has  zero  moment  round  any 
hut  of  the  total  moments  of  all  the  locors 
any  lim   parallel  to  the  locors.     '1  he 

>tal  moment  <»f  those  lying  to  one  side  of  any  such  line  muiid 
.im«-   line    i..   the   1. n-th  of  this   line 
itercepttd    in-ide   th-   do0ed    chain,   measured    to   the   scale 

iii     1    ly   i  rocal   of  the   pole  distance. 

Lomeni  m  :he  set  of  locors 

vin.^  to  the   left    hand  and   m^a:  those  to  the   ri^ht 

and,  th.  "r   the   i  ,,f  the 

.h.'i«.  set    If  the  line  pass  altogether  out  >id.  the  HUM  d  chain, 
he   i'  .    ••'.  hifh    mean-    MTO    inoim  nt 

now  the  whole  M-t  lyiiii^  to  one  >i,le. 

'[  nirly    n.-efid   convrntion    t«.   notice    \\ith 

:egard  to  th.  I  loOOC   m^m.  Ill  -.      I;    i     ihe   f«.l- 

!  >\\ii 

The    p..l,  .•  11    at    any    c..n\r]ii,  nt    ),.IH'|!M]I    i,,;,y 

.tand  on   the  pap.  r   •  ither   ri-ht  01-   1,  ft  of  the  line  «>n  which 
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the  vectors  are  marked  off  successively  and  added.  If  the 
vector  line  stand  to  the  right  of  the  pole,  call  the  figure  a  right- 
handed  diagram ;  if  to  the  left,  call  it  left-handed.  Now 
observe  the  cyclical  order  in  which  the  adding  of  the  vectors 
leads  from  letter  to  letter — i.e.  the  order  in  which  the  letters 
must  be  read  in  the  pole  diagram  to  give  the  true  directions 
of  the  vectors.  Now,  taking  the  sides  of  the  chain  surround- 
ing the  closed  space,  P,  in  the  same  cyclical  order,  pass  from 
one  end  to  the  other  of  the  intercept  measuring  the  moment 
inside  the  closed  chain,  following  round  that  portion  of  the 
chain  lying  to  the  same  side  of  the  intercept  as  do  the  locors 
whose  total  moment  is  to  be  measured.  This  will  give  the 
intercept  measured  in  a  definite  direction,  either  up  or  down ; 
up  for  the  locors  lying  on  one  side  and  down  for  those  lying 
Rule  of  on  the  other  side  of  the  intercept.  The  rule  is  now  that  an 
upward  intercept  means  a  positive  or  right-handed  moment  ij 
the  diagram  be  right-handed,  and  if  it  be  a  left-handed  diagram 
an  upward  intercept  means  a  negative  or  left-handed  moment. 
Vice  versa,  a  downward  intercept  means  a  left-handed  moment 
on  a  right-handed  diagram,  and  a  right-handed  moment  on  a 
left-handed  diagram.  This  rule  is  of  universal  application, 
and  may  save  considerable  confusion  of  mind  if  the  diagram 
be  a  complicated  one  with  the  sides  of  the  chain  crossing  each 
other  several  times. 

A  precisely  analogous  convention  will  be  shown  hereafter 
to  be  of  the  greatest  utility  in  stress  diagrams  for  complicated 
frameworks. 

In  this  construction  we  have  assumed  the  positions  and 
directions  of  the  two  -balancing  locors  as  lmo\\n,  and  that 
these  directions  are  parallel  to  the  other  known  locors. 

13.  In  the  cases  of  such  structures  as  roofs  and  bridges 
resting  on  walls,  piers,  or  abutments,  it  is  seldom  known  in 
Abutment    which   directions    the    supporting    forces   are   exerted ;    the 
thrusts       'thrusts'  or  horizontal  components  of  these  forces  are  un- 
known.    All  that  is  known  is  that  they  are  exerted  through 
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certain  comparatively  small  surfaces  which  we  may  assume 
;r  diagram  as  known  point*.     If  this  condition  is  all  that 
is  known  iv^ardin^  the  action  of  these  forces,  it  leaves  the 
dculating  their  amount  and  direction  to  a  ci  rtain 
t   in.-oluhle.     But  only  to  a  certain  cxt.nt.     Although 
•mplt  tely  determined,  these  forces  have  cer- 
tain determinal'le  relations  which  tell  the  engineer  a  great  deal 

al'out  tin-in  that  is  useful.      I.  will  lind  how  tin-so  ivla- 

Me  tin-  f>rce>  in  hi-  completely  d«  t<  rmimd  as  soon  as 
l>li'ii>ilitii  ii f   tlir  al'iitiiK -nts  and    uf  the 
:m\-  an-  kin>wn.  .\liil<-  the  graphic  calnilation  «•!' 

relations  is  the  fnll«>\\in^  in  Kg.    1:5. 
The   diagram   shows    in    heavy   lines    the   outline   of  a 
rder  which   is  taken  ini;,  that   is,  with   supports  not 

the  s;r  1,   ii'i-  the  sake  of  greater  plurality,  the 

•  thod  being  equally  appli<-ahl«-  and  ia-y  wh.-ther  tin  >e  sup- 

ra  on  the  same  level  or  not.     The  loads  applied  are  Abutment 
.  l.e  ferar only, their linei  being  AB,BC,  CD,  DE,  thro8ti 

id  their  in:ij4iiitude>. 

•  foundatinim  are  niai  1,-  d    1 

•awn  hi  in  the  ii  th«-  l«.a«ls.     A 

>le,  ;»,  is  diMM-n  at   a  '.ince  and  tin-  chain  « I1) 

BCIM-;  drawn.  I  dra\\n  parallel    to  the  radii 

3m  ]>.     The  in:.  \\ith   the   lines 

i  >ined,  and   parallel   to  tlu-   lin.    .1'  II) 
inin^  th«-m  is  drawn  /» /-.      Th.-n  we  know  that    if  th- 
PI  and  F2  •  mil.  1.  their  ma^nitiidrs  \\mild    h«-  -  /  ;it 

and  ra  at    V  .      Hut    if  they  are   n«»t    parallel,  then  <  adi  ..f 
ftm  1  int«>  two  components,  one  parallel  to 

al.»n^   the   lin     11.       i  b  16   latter 

.npnnrnts  parallel  In  F,  F2  may  again  he  resolved  each  into 
component  parallel  to  the  load  and  cue  perpendicular  to 
d  load.  T  Peiidirular  components  mu>t  have  equal 

ai  d  opposite  magnitudes  in  order  that  the  whole  system  may 
h;  la:.  all  the  other  forces  in  the  system  are  at  ri^ht 

o 
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angles  to  them.  Since  the  two  primary  components  along 
F!  F2  and  exerted  at  Ft  and  F2  are  in  the  same  direction, 
and  since  their  secondary  horizontal  components  have  the 
same  magnitude,  therefore  these  two  primary  components 
have  also  equal  and  opposite  magnitudes.  Thus,  each  of  the 
supporting  forces  being  resolved  into  a  component  parallel  to 
the  loads  and  a  component  parallel  to  Fj  F2,  which  we  may 
call  the  *  abutment  line,'  we  find  that  the  latter  components 
parallel  to  the  '  abutment  line  '  are  equal  and  opposite.  Since 
they  also  act  along  the  same  straight  line,  their  moments 
round  any  and  every  axis  exactly  neutralize  each  other. 
Therefore,  the  rest  of  the  system,  exclusive  of  these  two,  must 
independently  balance  with  respect  to  moments ;  that  is,  the 
two  remaining  components  parallel  to  the  loads  of  the  forces 
at  F2  and  F!  must  be  e  r  and  r  a,  the  same  as  if  the  whole  sup- 
porting forces  were  vertical. 

Abutment  Through  r  draw  the  line  r  p  \\  Fj  F2,  the  abutment  line. 
We  now  see  that  the  force  at  F2  is  represented  to  scale  by  a 
line  from  e  to  some  undetermined  point  in  the  line  r  p,  for  it 
is  compounded  of  e  r  and  a  force  parallel  to  r  p ;  and  that  the 
force  at  F}  is  similarly  represented  by  a  line  from  the  same 
point  in  r  p  to  a.  The  indeterminateness  of  the  problem  is 
now  expressed  by  the  indefiniteness  of  the  point  p  at  which  the 
two  forces  e  p  and  p  a  meet  in  the  force  diagram. 

If  any  one  other  particular  concerning  either  of  the  two 
supporting  forces  be  known,  then  the  problem  becomes  capable 
of  solution.  For  instance,  if  it  be  known  that  the  support  at 
Fj  be  capable  of  exerting  only  a  horizontal  force,  then  the 
point  p  can  be  at  once  found  by  drawing  from  a  a  horizontal 
line  to  intersect  r  p.  If  either  force  be  known  to  be  wholly 
vertical,  then  the  point  p  will  coincide  with  r  and  the  horizontal 
thrusts  be  zero.  If  the  direction  of  the  force  at  F2  be  known, 
a  line  can  be  drawn  from  e  parallel  to  that  direction  to  inter- 
sect r  p.  Thus,  in  the  special  example  shown,  if  the  force  at 
F2  were  horizontal,  or  had  a  less  inclination  to  the  horizontal 
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than  r p,  the  intersection  would  fall  to  the  riglit  luuul  of  <i  c 
and  the  force  \voulil  be  a  /« //x/«//.  It  will,  however,  he  after- 
wards >ho\\n  that,  if  the  direction  of  one  of  these  forces  be 
known,  thrir  in;!  can  !><•  found  by  a  slightly  in 

direct    a:  litious    construction    than    the   one   hrre   ex- 

pliiiud.     As  a  further  example  of   the  utility  of  the  above  Abutment 

•ruction,  .suppose  that  the  horizontal  component  of  cither   l 
of  the  for  and  F,  be  kno\\n.     Thi>  horizontal 

component   i  '.<»tt(  d  olY  in   the   propi  r  dire  ction   to  the 

ri^ht  or  left  hand  of  the  line  a«,  and  at  the  distance  apob- 

taiiied   a  Vertical    line   i>   to   he   dr;i\\n   to   inu  r>ect  r  p.     This 
•n  \\ill  then  be  th  -f  p. 


a  2 
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CHAPTER  VII. 

VECTOR     SUMMATION. 

1.  THERE  is  a  large  series  of  different  kinds  of  things 
many  of  the  useful  calculations  regarding  all  of  which  are 
made   by   exactly   the   same   methods    because   the   various 
members  of  this  group  have  two  characteristics  in  common. 

Vectors  They  all  have  magnitude  or  quantity  and  they  all  have  direction. 
This  circumstance  has  led  to  its  being  convenient  to  give  a 
distinctive  name  to  this  class — namely,  vector.  Everything 
that  has  both  direction  and  quantity  is  a  vector,  whatever  be 
the  other  qualities  it  may  possess.  A  vector  may,  therefore, 
be  shortly  and  completely  denned  as  a  directed  quantity. 

2.  Here  the  word  direction  is  used  in  its  strictest  sense. 
A  given  line  in  space  does  not  necessarily  have  a  definite 
direction,  or  rather   it  has   two   possible   directions   exactly 
opposite  to  each  other.     It  is  not  a  vector  unless  it  is  specified 
to  have  one  and  one  only  of  these  two  opposite  directions— 
that  is,  to  be  directed  from  one  specified   end   of  the  line 
towards  the  other   end.     When  two  lines  have  the  same  lie 

Direction  in  space,  if  they  have  opposite  directions  or  if  one  or  both 
have  no  specified  direction,  their  coincidence  in  lie  is  expressed 
by  the  word  parallelism  ;  they  are  said  to  be  parallel.  The 
word  '  direction '  has  often  been  used  to  mean  the  same  as 

*  lie  '  in  the  last  sentence,  and  to  avoid  ambiguity  the  word 

*  sense '  has  been  employed  to  convey  the  stricter  meaning 
ascribed  above  to  *  direction.'     But,  although  we  have  no  other 
word  meaning  exactly  what  has  been  expressed  above  by  *  lie,' 
there  seems  to  be  no  practical  need  of  using  '  sense.'     To  say 
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that  two  line-  have  tlu-  same  k  lie  '  would,  apart  from  the  con- 

•iwkward  and  ambiguous,  but  the  same  meaning  can  be 

ily  expressed  by  saying  that  they  'are  parallel.'     In  this 

.   th.   word  direction  will  be  used  to  indicate  one  only  of 

tlu  -ible  oppo>ire  directions  along  a  straight  lino. 

Different  kit  -  have,  of  course,  other  properties  Direction 

:«  B  din  ct  ion  and  magnitude  which  distinguish  them  one 

from    another.     But   when   dealing  with    them    as   vectors   \\. 
me    that   the   i-ni^id.  ration    of    these  other   properties   is 

abstracted  from  ;   \\v  deal  with  them  as  having  only  these  two 

pn>;  Magnitude  and  direction. 

18.  Thus  the  motions  of  the  different  soldiers  of  a  regiment 
laivhing  straight  forward  through  a  Held  take  plare  in  dilV.-r- 
nt  I-  he  space  of  the  iield.  Th.  —  •  ditVeivnt  in->tions 

re  distinguished  from  each  other  by  having  different  y^.x/,'  /,.//.< 
;  i  the  Held.     I'.ut  abstracting  from  their  property  of  petition, 

I  ley  ton  all   having  the  same   din  -rtion  and   the  same 

lagnitude,  and  an,  th.  r.forr,  all   <>n>-   nn<l   th,-  |  -  .,/-. 

running  along  different  but  p.ii-all.-l  i»a<U  and 
i  the  same  direction,  and  with  the  same  speeds  along  these 
)ads,  h;i  ,  i  which  are  equal  or  rather  are  the 

iiu.  the   actual    motions   occur  in   di:veivnt 

arts  •  'iintry. 

MI,  simple  changes  of  position.  ;.  s,  and  momenta   Illustra- 


f 
1 

6 
/ 


re  all  \-  i,  being  distinguished  one 

om  tlh-  other  by  the  tir>t  Inning  /»..<///..//  only  :is  a  j.n.perty 
jsides  dirtction  jmd  magnitude,  while  be-i.h-  these  the 
-COiid  involves  I  and  ///;/»-,  and  the  third  petition, 

/  ',  and  //nigs. 

in,  if  two  masses  have  the  same  momenta  both  <pian- 
tatively  and  OS  regards  direction.  thdS6  two  momenta  are 
1C  and  the  same  vector  altlnuigh  they  have  ditl'erent  positions 
id  o.vur  in  ditVerent  masses. 

It    H    to  1   that   vectors  of  dillVrent  kimlx  cannot 

j 
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4.  The  sign  =  indicates  quantitative  or  numerical  equiva- 
lence. The  sign  ||  ordinarily  indicates  simple  parallelism,  but 
we  will,  when  applying  it  to  vectors,  use  it  invariably  to  indicate 
identity  of  direction.  These  two  signs  are  combined  into  4p 
to  symbolise  vector  equality  or  combined  quantitative  equality 
and  directional  identity.  This  sign  is  to  be  used  in  all  vector 
equations.  The  symbol  ^  is  used  to  indicate  equality  in 
magnitude  and  in  parallel  but  opposite  directions.  The 
symbol  =|=  indicates  quantitative  equality  combined  with 
parallelism  without  reference  to  direction  or  '  sense.' 

When  it  is  desired  to  express  equality,  identity,  or  coinci- 
dence of  the  other  properties  of  the  vectors  compared  besides 
those  of  direction  and  magnitude,  the  sign  =})}=  will  be  used. 
This  sign  will  be  more  particularly  used  to  express  coincidence 
of  position  or  situation  as  well  as  of  direction  and  magnitude 
Symbols  of  the  vectors  compared.  When  we  consider  the  results  or 
jefn^uiva~  effects  of  the  combination  of  the  three  properties,  position, 
direction  and  magnitude,  the  things  dealt  with  will  be  called 
locors,  and  we  may  term  =({)=  the  symbol  of  locor  equality. 
Nearly  all  vectors  are  actually  locors ;  a  vector  is,  usually  if 
not  always,  simply  a  locor  considered  without  regard  to  its 
definite  position. 

The  sign  ^  will  indicate  exact  locor  oppositeness ;  thus 
a  4J£  &  means  that  a  and  b  are  locors  with  equal  magnitudes 
and  exactly  opposite  directions  lying  along  coincident  lines. 

5.  The  locors  or  vectors  that  are  chiefly  dealt  with  in 
mechanics  are  the  following  :— 

Difference  of  Position. 

Change  of  Position  or  Displacement. 
Locors  Velocity  and  Change  or  Difference  of  Velocity. 

Acceleration  (i.e.  Time  Rate  of  Change)  of  Velocity. 

Momentum  and  Acceleration  of  Momentum. 

Force  and  the  one-directional  aspect  of  a  Stress,  including 
the  stresses  called  Gravitation,  Cohesion,  Electric  and  Mag- 
netic Induction. 
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Flow  of  Fluid  or  Flow  of  any  quantity  of  any  kind  what- 
.  and  this  heing  either  the  Integral  Flow  throughout  a 
i  time  or  the  time-rate  of  How,  and  either  the  Integral 
Flow  through  a  given  area  or  the  flow  per  unit  of  area.     The  Locors 
flow  may  either  he  of  one  or  other  kind  of  ttiilmtiimr  or  matter, 
may  bed  ;inple,  of  a  dynamic  condition 

surli  as  momentum,  stress,  strain,   kinetic  energy.     Electric 
current  may  he  taken  as  coming  under  the  latter  head. 

I'..    1;  and   Angular  \  may  also  he   repre- 

d  by  vectors  Or  locors,  the  direction  and  position   heiug 
D  al<»ng  the  axifl  of  rotation  and  the  quantity  (\\  pr. -s» nted 
cale   hy  a   1.  n-th   measured   along  the  axis) 
l»eil].  second.     Ti  b   along  the 

j^xis  is  to  be  directed  -f  or  —  according  to  the  direction  of 
most  Co;  ing  that  it  is  to 

that   dinction   in   \\hich   the   rotation   will   i\\  '/</- 

m  d  in  tlie  o]  :i«>n  \\ould, 

•   left-handid.  nrtioii 

osly  m<  Qtio 

Inch  should  n,,t  IK)  lost  sight  of.     While  all   the  others  are   Roton 
i   themselvt  s  and   in  '. dently 

s  at  all  ;  it  is  only  the  grap!  i  of  the 

a  vector.     The  vector  is  the 
...I,  ijMt  th«-  real  tliii  This  «  >-» utial 

1  in  tin-  .  ud  this 

vind  of  quantity  will  a   name  applied  by 

Prof.  1  to  all  locors  as  well  as  to  \\hat  ifl  here  <  ailed 

'  rotor.'     \\hen  the  p<)>iti«-n  of  the  axis  of  the  rotor  is  con- 
•riu d  in  th.  .   dealt  with,  as  well   as   tin-   din  rtioii  of 

iiat  axis  and  the  magnitude  of  the  rotation,  the  rotor  may  bti 
called  a  '  locorotor.' 

dar  momenta  and  ton-,  -couples  are  rotors  of  a  kind 
very  similar  to  rotations  and  angular  velocities. 

7.    In    some   rircunistanivs    it    is   convenient    to   represent   Surface 
imilarly  1-y  directed   lines.     These   may  also 
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be  called  rotors.  The  line  is  taken  of  a  length  measuring 
to  the  scale  adopted  the  area  of  the  surface.  It  is  taken 
normal  to  the  surface,  and  directed  in  such  a  way  as  to 
indicate  whether  the  area  is  to  be  counted  positive  or  nega- 
tive. An  area  is  frequently  to  be  regarded  as  generated  by 
the  motion  of  a  line — i.e.  as  being  swept  out  by  a  line,  and 
the  sign  of  the  area  then  indicates  the  general  direction  in 
which  it  has  been  generated.  Thus  it  may  be  a  '  polar  area ' 
swept  out  by  the  radius  vector  from  a  fixed  pole  to  a  moving 
body.  In  this  case  the  sign  given  to  the  area  is  naturally 

Surface  made  to  coincide  with  that  of  the  rotation  of  the  radius  vector 
round  the  pole — i.e.  the  line  representing  the  area  is  to  be 
drawn  in  that  direction  in  which  the  sweeping  out  of  the  area 
round  the  pole  appears  to  be  right-handed.  There  are  several 
other  conventions  with  regard  to  the  signs  of  areas  used  under 
various  circumstances.  This  rotor  representation  of  a  surface 
indicates  nothing  as  regards  the  shape  of  the  boundary  of  the 
surface,  and,  therefore,  is  not  a  complete  description  of  the 
surface  any  more  than  the  vector  representation  of  a  mo- 
mentum is  a  complete  description  of  the  momentum ;  this 
latter  not  affording  any  information  regarding  the  mass  or 
the  velocity  separately  of  the  moving  body,  but  only  regarding 
the  product  of  the  mass  and  of  its  velocity. 

8.  We  habitually  talk  of  all  these  things  having  position 
and  direction  in  space.  It  should  be  held  clearly  in  view  that 
in  doing  so  we  think  only  of  relative  positions  ;  that  the  space 
referred  to  is  that  occupied  by  and  geometrically  attached  to, 

Relativity  so  to  speak,  and  surrounding,  some  material  object  or  set  of 
objects.  Careful  consideration  will  convince  anyone  that  we 
have,  and  can  have,  no  other  idea  of  space  than  this  relative 
one ;  that  talk  of  absolute  space  and  absolute  position  is  talk 
only  and  does  not  correspond  to  any  real  consciousness  or  any 
real  thought,  probably  because  it  quite  certainly  corresponds 
to  no  real  experience.  Clerk  Maxwell  says  with  keen  and 
delicate  sarcasm,  *  Anyone  who  will  try  to  imagine  the  state 
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i if  a  mil ul  conscious  of  knowing  the  absolute  position  of  a 
point  will  ever  after  In.-  content  with  our  relative  knowledge.'  * 
9.  The  positions  of  things  in  space  can  only  be  recognised 
and  defined  in  relation  t<>  other  things.  Thus  the  position  of  a 
pic tu iv  is  thought  of  in  r-  to  the  walls  and  furnitureof 

the  room  in  which  it  hangs;  the  position  of  a  crick*  t-hall  at 
any  instant    is   thought   of    in    relation    to   the   \\ickets,   bat, 
fielders,  ami   the   liel.l  on  wliich   tlie   ;jam«-    i-  1>«  ini;  played; 
motion  of  an  engine-cnn]  I  as  taking  place  in 

:ine<l   hy  e   to   th-  1-plate  :    the 

nmtion  of  a  pinion  in  a  watch  is  thought  of  in  relation  to  the 
'ned  by  ivtVnnce  to,  that  is   '  geometrically  attached 
Watch-case;    the   motion    of   a    ship    propeller-blade   The 
as    taking    place    in    the    space  attached  to 
in   the  space  attached   to  the  water,  or 
u  the  space  attached  to  the  solid  earth,  this   latt.  r   brinjj 
ater-space   if    there  be  a   \\aU-r  current 
viny;  motion  as  between  the  water  and  the  earth.     Tin-  space 
eometrically  attached   to   the  body  in    relation    to    which    a 
,  or  rotor  is  ntly  called    the 

ield  '  of  that  body.      Tl.  -tellar   field  i>  that  in  which 

sun  is  astroiioniieally  calculated  ;    tin-   field 
it  in  \\hich  the  plam  tary  orbits  are  inapp<  d 

1  Matter  and  Motion,  p.  20.     'Absolute  Bpace  U  conceived  an  reman 
ways  similar  to  iUelf  and  immovable.  The  arrangement  of  the  parts  of  space 
'  more  be  altered  than  the  order  of  the  portions  of  time.    To  < 

i  th.  ir  places  is  to  conceive  a  place  to  move  away  from  it—If- 
_'uish  one  portion  of  tiim-  fn>m  unothrr 

nt  events  which  occur  in  tin-in,  so  th.-rr  is  nothing  to  distin- 
irt  of  space  from  another  except  its  relation  to  the  place  of  mate- 
;  \  bodies.    We  cannot  describe  the  time  of  an  event  except  by  ref<  r<  DM  to 
>.ae  other  event,  or  the  place  of  a  body  except  by  to  some  otli*  r 

ody.    All  our  knowledge,  both  of  tinn;  and  space,  is  essentia  \Vln-n 

has  acquired  the  habit  of  putting  words  together  without  troubling  liim 
If  to  form  the  thoughts  which  ought  to  correspond  to  tin  -in.  it  is  easy  for 
in  to  frame  an  antithesis  between  this  relative  knowledge  and  a  go-rail.-.! 
nowledge,  and  to  point  our  ignorance  of  the  absolute  po  /  .  f  :i 
int  as  an  instance  of  the  limitation  of  our  facultifs.  Anyone,  howi-v«-r,  who 
11  try  to  imagine  the  state  of  a  mind  conscious  of  knowing  the  absolute  posi- 
on  of  a  point  will  ever  after  be  content  with  our  relative  knowledge.' 
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out ;  the  field  of  the  earth  is  that  in  which  wind  and  ocean 
currents  and  railway  trains,  &c.,  are  regarded  as  moving ; 
the  field  of  the  locomotive  frame  is  that  in  which  most  com- 
monly the  momenta,  forces,  &c.,  of  the  various  parts  of  the 
machine  are  considered  ;  the  water  flowing  through  a  turbine 
may  be  considered  to  move  either  through  the  field  of  the 
blades,  which  field  is  rotating  along  with  the  blades  in  the 
field  of  the  fixed  casing,  or  it  may  be  regarded  as  flowing 
through  this  field  of  the  fixed  casing — i.e.  the  field  of  the  earth 
—the  word  *  fixed  '  here  meaning  motionless  in  the  field  of  the 
The  earth.  We  hardly  ever  think  of  the  motion  of  a  watch-pinion 

'Field'  ag  reiative  to  any  other  field  but  that  of  the  watch-case, 
because  it  is  that  motion  alone  that  has  any  great  importance 
as  regards  the  construction  and  action  of  the  watch.  It  was 
probably  only  after  the  discovery  that  the  rate  of  a  watch 
depends  slightly  on  the  position  as  regards  the  force  of  gravity 
and  as  regards  the  force  of  terrestrial  magnetism,  that  any 
one  ever  thought  of  the  motions  of  its  wheels  relatively  to 
the  earth  field.  On  the  other  hand,  the  motions  of  a  ship 
propeller  reckoned  relatively  to  the  ship  and  relatively  to  the 
earth  are  equally  important,  and,  therefore,  the  recognition  of 
the  relativity  of  the  motion  in  this  case  has  always  been 
familiar  to  engineers.  It  is  the  same  in  the  case  of  turbines. 

10.  Since  all  vectors  are  thus  relative  to  one  or  other  field, 
there  will  be  no  occasion  to  use  the  phrase  *  relative  to.'     If 

•Through,'  the  vector  is  said  to  be  '  through  *  a  specified  field,  that  will 

'  over','        mean  that  it  is  to  be  regarded  relatively  to  that  field.     If  it  is 

'  round'      ga-^  ^Q  ke  <  pag^»  t  over,'  or  '  round  '  a  specified  material  body, 

such  as  the  bed-plate  or  frame  of  a  machine,  that  will  mean 

that  it  is  reckoned  relatively  .to  the  '  fieid  of  that  body.' 

11.  It  is  now  evident  that  every  possible  motion  or  other 
Recipro-     vector  has  a  dual  a  spect ;  or  rather  that  the  phenemenon  of 
duality       which  the  given  vector  is  one  aspect  is  also  capable  of  being 

viewed  in  an  exactly  opposite  aspect.     It  is  necessarily  a  dual 
phenomenon,  capable  of  interpretation  by  one  or  other  of  two 
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1    and  opposite  vet-tors.     Tims,  while  the  propeller-Made 

.  ;ain  m<>ii<>n  through  the  iield  of  the  water,  the  water 

I  Minuli;  .aetly  i  i|tial  hut  opposite  motion  through 

iield   of  tii«-  proprll.-r-hlade.     ^'liile  the  pump-hueket  is 

moving  upwards  in  the  field  of  the  pump  cylinder,  the  pump 

cylinder   may    he    000  .    ami  nHnnUif   is,   moving 

down  wards  in  the  li«  !  .     ^'hile  the  water  of  a 

is  Mowing  downwards  through  the  iield  of  the  river  hank, 

the  hank  is  traullinv;  upwards  through  the  Iield  of  the  water. 

"While  M  crai;'  'it-handcdly  through  the  1'u-ld  of 

bed-plate  is  rotating  with  an  equal 

through    the    field   of   the    crank.     The 
that  the  sun  mo\vd  mi:  trth  daily  from 

has  exactly  the  same  truth  in  it  as   tin-   more 
noil  mod.  n  that  the  earth  rotates  daily  ah.-ut  its 

axis  ;  these  are  only  the  two  opposite  aspects  of  one  and 
C  sa;  :  the  sun  IUM\VS  round  the  earth  in  the   Keci 

;    the  tarth.  \\hil'  !    in    th-  > 

.o  axes  of  rotati.»n  1>» 

ident.       The    t\\  \\ill    produce    the 

.  rsi.iiiil  •  truth  of  this  doctrine  of  the 

:ur«-  (»f  motion  are — fn>t,  ri«l: 
:•     hy  si.le   \\ll\\   an«-: 

t'  the  earth  \\ilh  only  a  >li-htly  d  .-peed  from 

ir  own,  and.  scruiidly.  ^«»in^  d.»wn  and  up  a  d<  .].  mine  .-haft 

Pth.  ig  at  a  cons;  :..city.     The  un- 

iar  sensations  that  are  ex;  d  \\h.  n  tli.-si-  experi- 

uents  are  first  made  are  //•  //*,  as  they  are  oft(  n  thought 

be. ;  they  are,  on  Tary.th  ling  of  the  mind  to  ft 

ness  «»f  ti.  has  hit!  in  the 

ial  dehi  all  motions  necessarily  take  pl;lr<   in  the 

i.-ld  .if  the  M.lid  earth.      '!  .  CXJM  riments  should  he  re- 

1  until  the  BI  : ngeness  wears  off  and  the  mind 

•  imiliarly,  and  mak(  s  part  of  its 
;.•  notion  of  the  dual  relativity  of  all 


92 


GKAPHICS 


CHAP.   VII. 


Vector 
addition 


All  other  vectors  are  similarly  the  one-sided  aspects  of 
dual  phenomena,  the  complete  vector  description  of  each  of 
which  consists  of  a  pair  of  equal  and  opposite  vectors  through 
two  different  fields.  The  student  is  left  to  trace  out  for  him- 
self this  principle  of  dual  relativity  or  reciprocal  duality 
through  the  series  of  phenomena  corresponding  to  the  different 
kinds  of  vectors  mentioned  above. 

12.  The  graphic  process  of  summation  of  vectors  is  almost 
self-evident.  Since  the  vector  properties  do  not  depend  on 
position,  we  may  place  the  vectors  where  we  please  in  order  to 
effect  their  addition,  provided  only  we  keep  their  directions  and 
magnitudes  unchanged.  They  may,  therefore,  be  placed  so  as 
to  form  a  continuous  chain,  the  beginning  of  each  vector  being 
placed  so  as  to  coincide  with  the  end  of  the  one  preceding  it 
in  the  chain. 

Thus  in  Fig.  44  the  five  vectors  AB,  B  C,  CD,  D  E,  and 
E  F,  or  «,  /3,  7,  S,  and  s,  are  arranged  in  this  successive  or 
tandem  fashion. 

Here  the  vectors  are  added  one  on  to  the  other,  and  the 
total  result  of  this  addition  is  the  same  as,  or  equivalent  to,  a 
vector  from  A  to  F  —  i.e.  with  direction  A  F  and  magnitude 
measured  by  the  length  A  F  to  same  scale  as  that  employed 
in  plotting  the  separate  vectors.  This  being  the  total  result, 
the  vector  A  F  may  be  called  the  Vector  Sum,  or  in  symbolic 
language  calling  A  F  by  the  letter  <r, 


Distribu- 
tive law 


13.  The  addition  may  be  effected  in  any  order  —  that  is,  the 
vectors  may  be  joined  to  each  other  successively  in  any  order  ; 
in  whatever  order  they  be  arranged  or  plotted,  the  sum  A  F  is 
always  the  same.  In  the  figure  one  other  order  is  shown— 
namely,  a+S  +  7  +  £  +  /3. 

By  the  above  vector  equation  it  is  not  meant  that  the 
single  vector  a-  is  in  all  respects  equivalent  to  the  combina- 
tion a  +  3+  +  S  +  e  nor  that  this  combination  is  in  all 
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r«nii\alent    t<>   tin.-   combination   *  +  S  +  7  +  e-f£. 
All  that  is  meant  is  that,  so  far  as  i»t<\l  ;vx///f  or  xtun  is  con-   Distribu- 
•iitsethn  livaleiit  to  each  other,  or  rather  that   tlve  law 

they  arc  tin-  same — that  is,  have  tin-  same-  vector  sum. 

11.   Although  tin  •-•»  of  virtor  ad- 

dition  is,  as  a  tid,  .-clf-c\ident  to  on<  \\lio  has 

cal  .  i-  hy  mi  means  M'lf-i  vi«l«  nt  that  the 

corresponds  to  any  actually  occurring  phy>ical  eomhinati< 

cf  vectors.     It  remains   :  this   real  corropondt  ncc  in 

ase  of  each  of  the  kinds  of  vectors  aln  ady  nieiitioiu d. 

ilif  cnrn  sjM.ndt-nce  does  actually  exist  for  one  kind  «>f 

(vector,  it  hy  no  means  follows  that  it  does  so  for  others, 
hat  it  means  in  the  ease  of  displacements  or 
changes  of  position.     Firstly,  suppose  the  displacements  to  be 
«' of  one  and  the  same  body  occurring  sun •«  — iv»  ly  in  point 
of  timr.     I  \\i-li  t..^n  from  my  house  to,  let  us  say,  a  house  in 
Harhorn.-    Koad.     I  go  a!          3t    Vu.u'u.-line's    lloa.l   a  c«  rtain 
n-pn-.-t-nted    in    direction   and  length    hy    -^;    I    then 
walk  alon^  Ha^l.-y  Koad  a  distance  givt-n   1-y  ,~;  in  length  and 

:    1  tli.  ii  perform  the  motion  7  along  Norfolk  Road,  phytical 
i.  n  3  along  Augustus  Road,  and  finally  I  go  along  Harhornc  meanin?s 
Road  in  the  dinction  e,  a  distance  measured  to  scale  h\  th( 
length  of  f.     The  total  result,  so  far  as  change  of 

I  my  displacement  from  a  house  in  St.  AUJM 
s  Road  to  one  in  Harborne  Road.      Or  in  a  survey,  tin 
ig  to  determine  the  distance  and  direction  of  one 
point  K  onanes1  •  t  point  A,  the  surveyor  has 

out  success  i  to.,  of    \ariousdirertinns 

tnd  1*  n^'ths.    The  remit  of  his  adding  <m€  line  t«>  another  is 

tool''  '     lin»-  of  definite   l.-iigth   and   direction  IVdn 

1'.      I  !•  i..  although   the   >urveying  of  the  dinYrent    lines 

'y  in  p. -int.  of  time,  the  lines  or  vector 

isly  and  <-ontinually. 

Supi)ose  now  the  vectors  imultaneous  change 

:  soldiers  of  a  regimtut  on  the  march. 
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They  are  marching  straight  northwards,  say.  The  object  of 
the  officer  in  command  is  to  bring  soldiers  northward.  Let 
us  consider  the  result  of  the  whole  company  marching  thirty 
yards.  The  movement  of  each  soldier  this  distance  is  so  much, 
partial  accomplishment  of  the  officer's  object.  This  thirty 
yards  northwards  multiplied  by  the  number  of  soldiers  moved 
is  the  measure  of  the  total  amount  of  his  object  accomplished 
in  this  interval.  This  total  result  can  be  represented  graphi- 
cally by  plotting  to  a  suitable  scale  all  these  distances  of 
Physical  thirty  yards  successively  along  a  straight  line  due  north. 
Lngs  The  sum  of  the  different  movements  occurring  simultane- 
ously in  different  parts  of  the  field  is  thus  represented  by  a 
straight  line  whose  length  is  the  sum  of  their  lengths.  The 
movement  of  the  regiment  taken  as  a  whole  could  now  be 
obtained  by  dividing  the  length  of  this  line  by  the  number  of 
the  parts  of  which  it  is  the  sum.  The  quotient  will,  of  course, 
be  the  motion  of  one  soldier,  because  in  this  particular  case, 
where  all  the  parts  are  moving  together,  the  motion  of  the 
whole  is  the  same  as  that  of  each  part. 

15.  Suppose  now  the  company  to  be  a  skirmishing  party, 
the  different  units  of  which  move  in  different  directions  and 
different  distances.  At  a  given  instant  let  the  officer  in  com- 
mand be  situated  at  the  point  P  in  the  field,  and  the  soldiers 
at  the  positions  ABC,  &c.  Let  the  vector  differences  of 
position  PA,  PB,  PC,  &c.,  be  called  abc,  &c.  These  vectors 
Mean  are  partly  northward  and  partly  eastward.  Let  the  unit  A 
position  stand  an  north  of  P  and  ae  east  of  P  ;  that  is,  let  a$=an  -f  ac- 
Similarly,  let  6  ^=  bn  +  &e  and  c  4p  cn  +  ce,  &c.  The  average 
distance  north  from  the  officer  of  all  the  units  of  the  company 
is,  of  course, 

«.,  •*•  &,,  +  cn  +  &c. 
N 

where  N  is  the  total  number  of  units.     Also,  the  average  dis- 
tance eastward  from  P  is 

a*  +  6e  +-ce  +  &c. 
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If  a  vector  be  drawn  from  P,  whose  northward  and  eastward 

components  are 

"„  +  />„  4-  rn  -f  && 


and 


a, 


N 
e  -I-  <\. 


N 


uity  of   '  tor  will  .u'ive  the    I  0  o/ 

in  that  of  the  officer.     This 

may  I  ••,>mpany  and  indicated  hy  I, 

tlie  \rrtor  P  I  1..  in-  eallrd  /.     Now  find  the  vector  sum  of  tin- 
vectors  abct  &C.,  hy  arran-in^  them  successively  as  in   the   Mean 
last  ii  :  !<  >rth  ward  c<  :  of  this  vector  sum   is   P°81tlon 

-f  '',,  -f  <'„  -f  itc.,    and    the   eastward    eompoiu  nt 

fl*  4-  b9  +  c9  rhese  are  each  N  times  the  comp<  units 

of  tl;  direction  as  tin- 

vector  Mini  <i  +  b  +  r  +  &C.,  and  :  -f  that  sum. 

.age  or  central  position  of  tlu    o.nipuny  from  P,  as 

r  sum  of  tin 

ii    vectors    from    P   to    all     tm-    unit-    ..f    the    mmpMiiy. 
ing  of   the    .summation    of    j 

QMM  units  sniultaneou.sly   mo\t   distances  re- 
;   and    in  a,   ft,   ',  thfl 

r  from  P  to  tin    new 
of  th.   c«^mpany  is  ^th  of  th 

(b  +  «)  +  (C  +  7)  +  - 


ft      -I 


• 

•<  +  &  +  /3+r+7  +  *c. 


#- 


+  c 

N 


Displace- 
ment of 
centre 


N 


7  +  &C. 


N 


Call  tin   simultaneous  motion  of  thr  centre  rj. 
•  ctor  to  ti 
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age  position  was  i,  the  motion  of  the  '  centre  '  resulting  from 
the  motions  of  the  units  is 


that  is,  ~th  part  of  the  vector  sum  of  the  motions  of  the  units. 
This  is  the  explanation  of  the  meaning  to  attach  to  the  vector 
summation  of  motion  vectors  occurring  simultaneously  in 
different  portions  of  matter  in  the  same  field. 

So  far  we  have  spoken  of  the  positions  and  motions  of 
persons  or  material  bodies  as  if  each  had  one  definite  position, 
and  as  if  the  various  parts  of  each  all  performed  one  definite 
motion.     The  different  parts  of  an  extended  body  must  evi- 
dently  have   different    positions   in   whatever   field   they  be 
reckoned.     The  motions  of  these  different  parts  considered  as 
locors  must  be  different,  and  considered  as  vectors  simply  they 
Displace-     may  be,  and  in  general  are,  different.     When,  therefore,  we 
centre        speak  of  the  position  of  a  body  as  a  whole  (that  is,  not  con- 
sidered as  regards  its  parts),  it  must  be  understood  that  we 
refer  to  its  central  or  average  position  as  defined  above  ;  and 
when  we  speak  of  the  displacement  or  motion  of  any  kind  of  a 
body  taken  as  a  whole  (that  is,  eliminating  consideration  of 
the  differences  of  the  displacements  of  its  different  parts)  we 
mean  the  displacement  of  its  central  position  or,  more  briefly, 
of  its  '  centre.'     It  is  important  to  note  that  the  smaller  the 
body  be  the  less  must  the  difference  be  between  the  positions 
and  motions  of  its  centre  and  those  of  its  parts,  provided  the 
small  body  be  net  during  the  motion  considered  broken  up  and 
disgregated  into  parts  far  asunder,  in  which  case  the  assemblage 
of  parts  constituting  the  body  ceases  to  be  a  small  body  in  at  any 
rate  the  original  sense. 

We  have  explained  the  finding  the  centre  of  a  body  made 
up  of  separate  units.  The  finding  of  that  of  a  continuous 
body  is  precisely  similar.  It  is  to  be  geometrically  divided 
into  a  number  of  equal  parts  of  such  degree  of  smallness  that 
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tlu-  tlitTer-  itinn  and  m  >ti<m  nf  the  minute  parts  of 

small  parr-  may  be  noiilected.     These  equal  small  parts 
•'•ion  dealt  with  as  tin-  separate  units  of  the  regiment  in 
our   first   explanation.     The  '  equal'   parts    may  he  taken  of 
tqit'il  ruluni.  ;  in  tliis  ease  the  centre  foinul  will  ho  the  'centre 
of  volume  '  or  *  volun:  tre.'    A  '  centre  of  area  '  will  be 

found  if  the  tiling  dealt  with  l>o  a  surface.  The  cqaal  parts  Displ 
niay  aUo  be  taken  of  fqinl  mass,  that  is,  of  portions  having 
equal  inertia:  and  then  the  centre  obtained  is  the  'centre  of 
mass'  or  *  centre  of  inertia.'  As  it  is  usually  pven  the  latter 
name,  it  \\ill  in  general  be  indicated  on  the  diagrams  in  this 
book  by  tlie  letter  I,  th«-  first  in  the  \\,.rd  '  inertia.' 

17.  Thedi-placfin. nt  nf  the  centre  of  mass  is  thedispla<-«  - 

the  mass  as  a  whole.     Thi>  di-placement  multiplied 
tin-  whde  mass  is  called  the  •  int.-^ral  mass  displacement.1 
maybe  nth<r\\i>e  expressed   thus.      It'  the   equal   m;i 
into  which  the  \\h-.le  i>  divided  be  each  Nth  part  nf  the   Haas 
niit  nf  nia-s,  then   the  jh  part   nf  the  vector-  ;ill   the 

li.-plac.  nient  vedon  nf  these  parts  is  th-  al  ma>s  di>- 

ment.     Tlius  we  see  what  meaning  t«>  attach  tn  the 

idditi"ii  iltaneoUB   ma88-lX)8itinn    and    m;: 

:i  the  same  field. 

18.  Supjwse  now  1',  the  pn>iti..n   fmm  \\hieli  the  pn>iti,,M 
•rs  are  measured,  to  \\ith  I.     Tin  n  the  \eetori 
'[  becomes  zero.     But  the  v<  m  «»f  all  the  ]>n.-itinn 

rom  P  is  N  i  where  N  is  a  purely  numerical  la.1 
rherefnre,  the  sum  of  all  the  position  vectors  fmm   I   is  zero, 
furnishes  a  definition  of  the  'centre'  I  slightly  ditTon-nt 
'rom  that  already  given ;  namely,  't!  1   <>f  a  bndy  or 

ggregation  of  bodies  is  that  point  from  which  the  HUH  <>f 
,he  p<  .  ctors  to  all  its  equal  parts  is  zero.'     This  will  centre 

ipply  tn  b<>th  the  vnlumt  :id  the  mass-reir 

may  be  seen  that  the  Tector -Btini  nf  th<- dif- 

••f  all   tin;  equal   jiart.-   fmm   the  <h\- 
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placement  of  the  centre  is  zero.  Let  the  displacement  of  the 
centre  be  called  rj  as  before.  We  saw  that 

M   «  +  /?  +  7  +  &c. 
13  B 

Now  «  being  the  displacement  vector  of  the  part  A,  the  differ- 
ence between  it  and  77  is  (a  —  rj).  Thus  the  vector-sum  of  all 
the  similar  differences  is 

Displace-      (a  —  ff)  +  (/3  —  rj]  +  (7  —  rj)  +  &C.  4p  a  4  /#  +  7  +  &C.  —  N  77 
ment  from  n    XT  ^       XT  .„   1 1    n 

centre  ^=  1N  V  ~   N?7^U, 

because 

«  +  /?  4-  7  +  &c.  4p  N  ?; 

from  above.  This  important  truth  is  sometimes  expressed  by 
saying  that  '  the  vector-sum  of  the  displacements  from  (or 
measured  relatively  to)  the  centre  is  zero.' 

It  should  be  observed  that  all  these  propositions  are 
equally  true  of  solid,  fluid,  gaseous  bodies,  and  disgregated 
assemblages  of  bodies  like  our  planetary  system. 

19.  Let  us  now  consider  possible  displacements  not  simply 
as  regards  the  '  centre '  of  the  displaced  body,  but  also  as 
regards  its  various  parts.  It  will  be  unnecessary  at  present 
to  consider  any  bodies  except  such  as  are  not  changed  in 
shape  or  in  size  during  the  displacement.  So  far  as  regards 
the  motion  of  such  a  body,  it  will  be  the  same  as  if  the  body 
were  absolutely  rigid — i.e.  incapable  of  such  change  of  shape 
Displace-  an(l  size-  For  shortness'  sake,  therefore,  the  bodies  to  be 
of  taken  may  be  called  '  rigid  '  bodies,  which  must  be  understood 
to  be  shorthand  for  '  bodies  which  are  invariable  in  shape  and 
size  during  the  occurrence  of  the  vectors  considered.' 

Suppose  the  body  A  B  C  D  in  Fig.  45  be  displaced  from 
the  position  1  to  position  2,  the  displacement  being  '  co- 
planar  ' — i.e.  the  displacement  of  all  its  points  being  parallel  to 
one  and  the  same  plane.  The  displacement  of  A  is  At  A2,  and 
that  of  B  is  Bt  B2,  &c.  Draw  Bt  B1  ^=  AI  A2.  If  all  parts  of 
the  body  moved  in  same  direction  and  through  same  distance 
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M  A,  then  1)  would  come  to  B1.  The  body  could  then  be 
brought  into  the  act  mil  position  -  by  a  rotation  0  round  an 
a\is  through  A,  and  perpendicular  to  the  piano  to  which  all 
tin-  actual  displacements  are  parallel,  the  rotation  bringing  B 
fr.iin  li  I'he  whol«-  displacement  may  In-  looked  upon 

as  a  combination  or  resultant  of  these  t\vo  motions,  the  lirst 
A    \  .  in  which  all  par  uniformly  in  same  direction 

and  through  e<pial  distances,  i.e.  in  which  all  sum-r  the  same 
v.  ctor  displa  tiled  a  motion  of  'translation.' 

Similarly,  the  actual  displacement  could  be  looked  upon  as 
the  n>ultant  of  a  '  translatory '  displart nu  nt  of  the  whole 

11;    I1.  .  which  would  bring  A  to  A1,  and  of  a  rotation  0  round 
an    axis     through    B2 ;     or    of    a     translatory     displacement 
I',  I),,  which  wouhl   briiiLj  A  kfl  ihhied  with   a   rota- 

tion 0  round   the   line   thr«>u</'  icular   to  tin-  abovo 

plane  &8  axis.  In  these  different  ways  of  analysing  tlie  whole 
displacement,  the  t ranslatory  displac*  •  iVeivnt  and 

for    the   axis   of  the    Displace- 

: -M  (> :    hut  note   tha:  rouL-h  the  same  J|e°J 

in  rach  - 

!  be  tin..  |  occur- 

in  point  of  tini,..      If  it  be 

aken  as  occurring  befor.  is  must  be  through 

lie   /  .n  of  the   point    who.-,-   translation    is   tak-  n. 

)r  ti  n  and  translation  may  be  supposed  simultaiie. 

iicidin.L,'    with   the   simultaiit 

••n  of  the  same  point  of  the  movin-  body.      In  fart,  it  is 
\ident  that  :  of  the  rotati'-n  ha>  a  d«  linite  portion  in 

^enio\in^   body  itself  or   in   its  own   field   that   nmv«s  aloii^ 
ah  it,  and  not   in   the  field  through  which  the  displan  m.  nt 
••curs.      The  disj.lar.  mi  nt  of  the  \\hol.    ri/id   body  may  thus 
>e  desci'ibed  to  I-  ultant  of  a  traiislat«.ry  disj.lac.  nient 

to  ial  displacement  of  '/////  point  of  it  or  of  its  own 

held,  and  of  a  rotation  0  round  an  axis  through  ///<//  x<////< •/ ' 

u  2 
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of  the  body  or  its  field,  the  axis  being  normal  to  the  plane  of 
the  total  displacement. 

20.  The  translatory  displacement  taken  may  be  of  any 
point  either  in  the  body  itself  or  outside  it  in  its  own  'field.' 
There  is  always  one  point  either  in  the  body  or  outside  it  in 
its  field  whose  displacement  is  zero,  unless  the  whole  motion 
be  one  of  pure  translation  unaccompanied  by  rotation.     This 
point  can  be  found  by  bisecting  the  displacements  of  any  two 
points  such  as  A  and  B  (bisect  Aj  A2  and  B,  B2),  and  drawing 
from  the  bisecting  points  perpendiculars  to  the  displacements 
(perpendicular  to  At  A2  and  B,  B2).     The  intersection  of  these 

Rota-          perpendiculars  is  the  point  of  no  displacement.     If  the  two 
displace-     displacements  A,  A.2  and  Bj  B2  be  in  the  same  direction,  the 
ment          perpendiculars   are   parallel   and   their   intersection   is   non- 
existent.   The  axis,  normal  to  the  displacement  plane  through 
this  intersection,  when  it  exists,  is  called  the  '  axis  of  rota- 
tional displacement.'     The  whole  displacement  may  be  looked 
on  simply  as  a  rotation  6  round  this  axis.    This  is  the  simplest 
mode  of  viewing  the  motion,  but   the   above  more   general 
analysis  is  for  practical  purposes  more  commonly  useful. 

21.  In  the  general  case  of  non-planar  displacement,  i.e. 
the  displacements  of  different  parts  not  being  all  parallel  to 
one  plane,  the  corresponding  analysis  of  the  displacement  of 
the  whole  body  is  that  it  may  be  looked  on  as  the  resultant  of 
a  translatory  displacement  4j=  that  of  any  one  point  in  it,  and 
of  a  rotation  6  round  an  axis  in  a  certain  direction  through 
that  point. 

Whichever  the  point  be  whose  displacement  is  taken  as  the 
translatory  component,  the  rotary  component  6  will  be  of  the 
same  magnitude  (i.e.  of  same  angle)  and  its  axis  will  have  the 
same  direction.  The  position  of  the  axis  of  6,  of  course,  varies 
with  the  point  chosen.  In  this  general  case  of  non-planar 
displacement,  this  axis  is  not  perpendicular  to  the  displace- 
ment vectors  of  the  various  points.  These  latter  vectors  are 
not  parallel  to  each  other  nor  parallel  to  one  plane,  and  since 
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the  a\i-  retain-  the  same  direction  in  the  field  whatever  point 

aho\v,  it   ran  evidently  have  no  constant  direc- 

tional relation  to  the>e  v<  ct«>rs.     Any  point  A  hein^  so  C!IOM  n. 

tlu-  direction  of  this  axis  ran  he  fouml  as  follows  from  the  dis- 

placed portions  nf  A  and  of  any  two  other  points.  Bay  1>  and 

<  .      I.  '  A    ]'.   <         :    i     \.B,  C,  bo  the  original  and  displact  d 

of  tln-:-e   three    point-.     Through    1>,    uiul   C,    draw 

..    A    A,  and  Cl  Cl  :    A    A  .      Th,  n    I1,1  !'>  ,   and   C''  C,  aiv 

the  r.lit'u,    di-placniK  nts  of  B  and  of  C  round  or  past  A. 

t  each  of  these  relativ.    displacements  Bl  B^  and  C1  C2, 

and  through  the  points  of  hi>.  c-tion  draw  p  Ian.  >  p.  rju  ndirnlar  Non- 

to  these  same  lines  B1  B2  and  C1  Cr     Both  these  planes  must  displace- 

188  through  A,  hecause  of  the  rigidity  of  tlie  l.ody   ment 
whm-hy  we   hav«-   A.  :  B,  and  A2  B1  ^f  A    B,,  tin  n  ton* 

A,  B,  =  A2  B1,  and  similarly  A4  Ca  =  A2  C1.     The  intersection 
of  these  plan  axis  sought  for.     It  passes  through  Ar 

hall  not  find  frequent  use  for  this  analysis  in  graphics 
because  its  graphic   use   involves  a  con>tiu<  ti<>n    in    ti 
dimensions,  and  tli.-se  are  BO  much  more  tedimis  than  oon- 

-ns  that    in  them  onfi  finds 

that  many  of  the  chara  antages  of  the  graphic* 

•iiod   have   hrell    lost. 

•I'lem  always  one  Bet  «-f  p-'int-  lyin^ 

along  a  straight  line  parallel  to  the  axis  of  rotation,  either  in 
tin-  hody  itself  or  outside  it  in  its  Held,  whose  displacem< 
are  all  equal  and  in  fc]  ion  of  the  axis  of  rotation,  thai 

ill.    line  it>elf  mi  which  t  lie.      If  tin- 

of  di-plii  D  in  the  ahove   analysis  as  Comhiiud 

witli  tlj.  n  0,  the  niotiiin  is  seen  to  he  the  same  as  that    Screw 

of  a  :he  M-rew  c(,incid,>  \\ith   the   line  on 

\\hi<-h  the  ahove-mention,  li,  .     The  pitch  of  the  screw 

2  7T 

times   the   displacement    of  .hits      that    i.-.    the 


:    that    the   axial   screw  motion   corn  -ponding   to 
the    angular  niMtion    t>  equal-    tlii.-  displa«-«  ment  .      Thi-    IS    the 
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simplest  analysis  of  the  general  non-planar  displacement  of  a 
rigid  body.  This  line  coinciding  with  the  axis  of  the  screw 
may  be  called  the  '  axis  of  screw  displacement.' 

It  must  not  be  supposed  that  in  this  combination  of  trans- 
latory  and  rotary  motions  the  vectors  representing  the  trans- 
lation and  the  rotation  6  can  be  added  together  in  the  manner 
already  explained  for  vector  summation.  They  are  vectors 
of  different  kinds :  one  represents  a  set  of  parallel  locors, 
and  the  other  is  a  rotor,  and  they  are  incapable  of  being 
added. 

23.  We  have  hitherto  considered  the  addition  of  displace- 
ments occurring  in  one  field  only.  Let  us  now  consider  the 
meaning  of  the  addition  of  displacements  occurring  in  one 
body  in  two  different  fields. 

Suppose  a  body,  say  an  engine-piston,  suffers  a  translatory 
displacement  in  the  field  of  a  ship.  Call  this  displacement  in 
this  field  a.  Suppose  that  the  ship  is  also  given  a  translatory 
displacement  b  in  the  field  of  the  earth.  The  diagram,  Fig.  46, 
may  make  the  addition  clearer.  If  the  piston  had  no  dis- 
placement in  the  field  of  the  ship,  it  would  be  simply  carried 
along  with  the  ship,  and  would  thus  be  given  in  the  field  of 
the  earth  the  displacement  b.  It  shares  this  displacement 
with  the  ship  in  the  latter  field,  and  besides  this  it  suffers  the 
former  displacement  a  of  its  situation  as  regards  the  decks, 
bulkheads,  &c.,  of  the  ship.  Its  total  displacement  through 
the  field  of  the  earth  is  thus  the  vector  sum  of  the  two  vectors 
a  and  b.  This  is  the  evident  result  whether  the  two  displace- 
ments take  place  successively  in  point  of  time  or  simulta- 
neously. There  is  here  no  question  of  displacements  due  to 
rotation,  because  both  motions  are  supposed  translatory. 

Take  next  the  connecting-rod,  which  has  a  rotation  ac- 
companying its  translation ;  and  suppose  also  that  the  ship 
rotates  in  the  field  of  the  earth  through  an  angle  s  at  the 
same  time  as  it  moves  with  translatory  motion. 

Eeferring  to  Fig.  47,  let  A  indicate  the  cross-head   pin 
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centre  and  B  the  crank-pin  centre.  The  field  of  the  ship, 
\\hich  is  the  same  as  that  of  the  engine-frame,  heoause  they 
an-  rigidly  l».»hel  tether,  is  sulVieieiitly  indicated  in  the 
diagram  l»y  drawing  in  the  guide-l»ars  and  the  engine  centre 
line.  The  paper  it-  If  will  indicate  the  field  of  the  earth. 
The  displacements  in  hoth  lields  will  he  supposed  wholly  co- 
planar.  Th«-  n»tati«)!i  £  of  the  ship  may  he  supposed  due  to 
rolling  if  it  i  A-propt-lK-r  ship,  or  to  pitching  if  it  he  a 

paddle  hoat. 

Th<-  displacement  of  tlu  ul  in  the  Held   of,  or 

'he  ship  or  eii^ine-fram--  consists  of  the 

displacement   "     of  the   point   A    and    the    rotation  cr.     This 

i  I!  into  tin-  position  i  tin-  ship-field. 

The  di-plac.-nient   of  tin-  .ship  and  its  field  over   the  earth 
>f  the  displace!!!'  <f  the   point   A,  (the  original 

position  of  A  in  this   tit  Id)   and   tin-   n.  tat  ion   c-.      This   l.ri 
the  original  i  \  and  1'.  in  tin    >hip  from  A    1'.    in  the 

earth-tit  Id  to  A,1  B,1  in  the  same  ti.  M.  n  no  simui 

di-pla.-.-nn-nt   of  tin  'in^-rod  in  the   ^hip-li.-M,  the   rod 

would  now  nenipy  the  p  '.      But  th«    di-placriiirnt 

:he  ship  has  shift.  -d  A  from  A1,  to  Ar  and   round  this 
iiich    has  already  been   rotated 

thn.ti^h  £  h;  led  along  with  the  ship  in   its  motion 

further  0    l>\  the 

mtation    relati\.-ly   to    the  .ship.      This   lin.    is    thus    hroi 

into  the  direction  Ai  B,,  and  th»-  !  taken  along 

lin.-  from  A,  determines  th«'  final  i>M.-itiM]|   ,,f   I',.    nann-ly, 

B,,  in  the  earth-lield.      In   th.-   illu-tratinn   hnth  c-  and  tr  are 


taken  po^itiv.-      i..  .  ri^ht-hand.  .1. 

'\  ,!t  of  this  analy.-is  may  he  shortly  de.scrihed  thus: 

di-phuM.-iuent  of   the  rod  over  the  earth  equals  the  dis- 


in  the  earth-field   of  any  point    A  of  the   rod   com- 


i  with  a  (e  +  a}  round  an  ftrifl  through  the 

point   A  of  ti  the  di~plac.  in.  nt  «>f  A    heing   the 

rum  of  ,/.,  th,   ,ii.^|  h,,  thai  1  "hit  "f  the 
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ship  which  was  coincident  with  the  original  position  of  the 
point  A  of  the  rod,  and  of  a  vector  equal  to  as  rotated  through 
the  angle  s  where  ag  is  the  displacement  over  the  ship  of  the 
same  point  A  of  the  rod. 

24.  In   the   diagram   this   last   vector,  namely  «•„  turned 

6 

through  e,  is  marked  (—  l)~^as.  This  symbol  maybe  used  as 
representing  the  result  of  turning  a  through  the  angle  g,  the 

e 

symbol  (  —  1)*  implicitly  indicating  the  direction  of  the  axis 
round  which  the  turning  is  to  take  place.  The  symbol 

e 

(  —  1)  *  represents  algebraically  the  operation  of  turning  per- 
formed by  the  rotor  s.  If  the  angle  s  were  180°  =  TT,  then 

e 

(  —  1)*  =  —  1,  and  the  operation  would  be  a  simple  reversal 

of  the  vector.     If  the  vector  a  were  turned  through  2  e,  or 
Hamii-       through  in  s,  m  being  any  number,  the  result  would  be  written 


ton's  2e 


ciature       (—  !)"»  «i  <*  (—  1)  *  «•     The  same  result  could  be  obtained 

by  two,  or  m,  successive  turnings  of  a  round  the  same  axis 
each  through  the  angle  s.  This  latter  process  would  have  its 

e  e^  e 

result  symbolised   by  (—!)»(— 1)»O|  or   by   a  with    (— 1)* 

written  before  it  m  times.  But  according  to  the  ordinary  rule 
of  multiplication  and  addition  of  indices,  these  expressions  are 

2e  me 

equivalent  to  (  —  1)V  a  and  (  —  1)V#.     This  ordinary  rule  of 

multiplication,  therefore,  can  be  followed  in  finding  the  result 
of  combining  a  number  of  successive  rotations  expressed 
according  to  the  above  algebraic  convention.  The  graphic 
representation  of  this  rotational  operation  has  already  been 
mentioned  and  will  be  dealt  with  in  detail  subsequently. 

With  this  nomenclature  the  above  analysis  of  the  whole 
motion  of  the  connecting-rod  may  now  be  further  shortened 
into  the  following :  the  displacement  of  the  rod  over  the  earth 
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e.jlials     tllf     displacement     '  <l  .+  (  —  1  I  -.     tt^        of     UllV    point     A     of 

I 

tin-  rod  i-ombined  with  a  rotation  (e  +  <r)  round  an  axis  through 

-;ime  point  A  in  tin-  mil. 

In  order  tin-  more  thoroughly  to  explain  this  i-onstnu-tion. 

ill  now  slmw  tlu-  i-oiTirtness  of  the  result  of  applying  it 

to  solve  tin-  eoim-rse  pmblem  to  liiul  tin-  displacement  of  tin1 

m«l  relatively  to  tin-  ^hip  win  n  it>  displaeeinent  over  the  earth 
and  tin-  displacement  of  tlu-  i-arth  \  a>t  the  ship  arc  ^iveii. 
All  displacements  h<  inur  pun-ly  n-lativc,  tin-  two  pr«.l»l.-ni> 
to  be  equally  easy  of  solution.  Tin-  n-Milt  of  t-oiu- 
tin-  t\\o  Lri\«  n  «lisplar«-nn-nts  must  be,  of  OOUTBe,  to 
<jivr  a  r<  >ultant  iliVplan-nirnt  through  tin-  ship-lidd  from 
A  15,  to  A1  Bl  in  the  last  figuiv. 

The  data  of  the  present  pmhh  in  .  lii>t,  in  the  difl- 

placement  over  the  earth  of  thr  point  A  of  the  roil  from  A,  to 
A,  (call  this  vector  A,  A,  =££)•  and  its  rotation  in  this  earth- 
li.  1.1  muml  tin-  .same  point  A  through  the  at  \  B,  Hamil- 

icall    this   angle  0<  in    the   displart  in.  lit    of   the    n°0men. 

earth  past  tin-  .-hip.      In  terms  of  the  data  of  tin    laM  problem    clftture 
we  1; 

*#*+<- 

and  0  =  e+<r. 

,  lae»-m«-nt   of    the   earth    past    tin-    ship    D 

;  as  tin-  movement  of  the  point  of  the  earth  originally  at 

\,  to  A1  combined  \\ith  a  rotation  —  s  round  A1  as  axis.     Hut 

he  ori-inal  position  of  A  of  the  rod  in  the  earth-field   is  not 

\  ,  but  A,.     Then-fore,  in  order  to  follow  out  the  exact   OOn- 

urse  of  the  proredure  in  the  last  problem  we  must  have  the 

•arth  displacement    \  hip  defined  by  the  moveiin  lit  of 

•  int  originally  at  A,.     Call   this   mov.  ni«  nt  7.      Now  this 
•    would  move    —.1,  throi;  -hip-li»-ld,  if  there  were 

10  rotation  of  the  earth  in  this  field;  but,  seeing  that  th- 

•  rotation   — f,  th«-   <lisplaceni(-nt   is  —  nt.  turned   through 
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the  angle  —  s  in  the  ship-field.     Thus,  according  to  our  pre- 

—  e 

vious  nomenclature,  7^  (  —  1)  ~*  (  —  «e)- 

Then  according  to  the  analogy  of  the  result  in  the  previous 
problem,  namely,  a  displacement  \ae  +  (  — 1)»  a.  I  along  with 


a  rotation  (e  +  cr) ,  we  obtain  from  the  .present  problem  a  dis- 

(  —  ) 

placement  of  the  point  A  of  the  rod  41=  1 7  +  ( —  1)  ~»~8  [   com- 
bined with  a  rotation  (6  —  s}. 

Writing  these  as  above  in  terms  of  the  data  of  the  first 
problem,  the  displacement  becomes 


-U-  —    f  1  ~e+e 

ton's  (  C  J 

nomen-  -U-  # 

clature 

-e-fe 

because  —  ae  +  ae=  o  and  (  —  1)  *  =  (  —  1)°  =  1  ;  and  the 
rotation  becomes 

s  -\-  a  —  s  =  cr. 

Thus  the  whole  displacement  of  the  rod  through  the  ship- 
field  consists  in  the  movement  as  of  the  point  A  of  the  rod 
and  the  rotation  cr  round  the  same  point  A  of  the  rod  as  axis. 

It  will  be  a  useful  exercise  for  the  student  to  draw  out 
for  the  last  problem  the  diagram  corresponding  to  Fig.  47  for 
the  former  problem. 

Evidently  this  solution  is  equally  true,  whether  the  dis- 
placement of  the  body  in  the  one  field  and  the  displacement 
of  that  field  in  the  other  field  be  simultaneous  or  successive  in 
point  of  time. 

25.  It  has  been  explained  here  only  for  co -planar  motions. 
An  exactly  similar  result  can  be  obtained  for  non-planar 
motions  in  different  fields.  This  case,  however',  can  only  be 
understood  after  closer  consideration  of  the  laws  of  the  addi- 
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lion  of  rotors.  It  need  not  be  given  in  this  book  because  the 
•:raphk-  eoii>truction  is  not  a  convenient  one  ;  the  problem  is 
best  .-olved  by  other  than  graphic  methods. 

What  h;  srdin^  the  addition  of  vector  trans-   Simul 

latory  displa.  of  points  or  ri^iil  bodies  applies  equally 

to  tl  n  we  have  called  '  Integral  Volume  ])isplacuueiit ' 

and  '  lilt-  ^Displacement.'  mcnts 

•Jo.    In   none  of  these  cases  is  tin-re  involved  any  consider- 
ation of  tiiiif-mt-  .     i    <  changes  occurring  concern  only  the 

dilie!  •  iht     initial  and  final   conditions  of   the 

quantities  changed  ;  the  c<m>id«  ration  of  the  intermediate 
conditions  of  portion.  A,-.,  is  entirtly  eliminated  from  the 
•robleni.  Let  us  DOW  866  what  the  addition  of  time-iatr 
rectors  means.  The  simpl.-t  of  th«-e  is  linear  velocity.  The 
;y  during  tin-  interval  oo-upi»-«l  by  any  di>place- 
in  nt  i-  .-imply  tin-  qiiantita'.  i  i-;iri>«»n  btt\\een,or  the 

piantitative  measure  of  the  physical  relation  between,  the  dis-   Time- 

•illie  OCCiipi.  d.      Hy  analogy   \sith    purely 
iiiiiierical  ra;'  -luantities  of  the  same  kind,  it  m;i\ 

•il.-d  the  ].hy.M(-;il  ratio   b, -t\\,  ,  n  tin-  »li-pl:;  and  the 

ime,  but  it  i  •  in  tin-  ordinary  and  >trict  M 

>f  the   \\ord.      \\\n  n   \ve   talk  of  tin-   v«  locity  of  a   body  at  a 
t  \v»-  m.au  tin-  ftTenge  N.loriiy  during   tin-   \« TV 
-mall  interval  of  tim-  1  to  a>  that  infant. 

n    the    simultaneou.-  di-j.la  of    tin- 

litT.  rent  parts  of  a  body  or  assemblage  of  bodies  are  added 
ogether  as  pr»  \ioii-ly  explained,  no  difference  in  the  jirocess 
•vill  be  etV« ct.  .1  if  t  ach  di  ut  is  di\id<d  by  the  intenal 

f  time  in  \\hich  all  have  occurred.  This  intt  rval  of  tinn- 
•eing  common  to  all,  all  are  atTectrd  by  this  division  in  the 
jame  ratio.  The  summation  of  the  vector  velocities  now 
the  \elocity  of  the  'criitn-'  of  th«-  >y^tcm  multiplied  by 
he  numb,  r  (.f  equal  ]>arts  into  which  it  has  b<-en  divided,  and  simul- 
hi.-  .'locity  of  the  centre  may  In-  obtained  by  dividing 

h«-  vrctor-sum   by  tin-   numb-  rts.      If  the   parts  be  of 
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Integral 
momen- 
tum 


Difference 
of  velo- 
cities 


Velocities 
in  differ- 
ent fields 


equal  mass,  the  velocity  of  the  centre  of  mass  multiplied  by 
the  sum  of  the  masses  will  be  the  integral  vector  momentum 
of  the  system. 

No  physical  meaning  can  be  given  to  the  vector  summa- 
tion of  the  velocities  of  the  individual  parts  of  a  system  if  these 
do  not  occur  simultaneously,  but  at  different  periods  of  time. 

27.  The  vector  differences  of  the  simultaneous  velocities  of 
the  parts  are  the  velocities  of  these  parts  relative  to  each 
other.     Thus  in  Fig.  48,  if  a  ft  and  7  be  the  velocities  of  the 
parts  A  B  and  C,  and  if  from  any  point  p  chosen  as  pole,  these 
vectors,  «  (3  7,  be  drawn  to  any  convenient  scale ;  then  the  line 
marked  (a  —  /3),  directed  as  shown  by  the  arrow,  is  the  velocity 
of  A  relatively  to  B  ;  the  velocity  of  B  relatively  to  A  being  the 
exact  reverse  of  this.     Similarly,  (7  —  ft]  and  (7  —  «)  with  the 
directions  shown  by  the  arrow-heads  are  the  velocities  of  C 
relatively  to  B  and  of  C  relatively  to  A ;  the  velocities  of  B 
and  A  relatively  to  C  being  the  exact  opposites  of  these. 

28.  When  a  body  has  a  translatory  velocity  in  one  field, 
and  that  field  has  a  simultaneous  translatory  velocity  through 
a  second  field  ;  as,  for  example,  when  a  portion  of  water  flows 
with  a  certain  velocity  along  a  pipe  in  a  locomotive,  and  that 
pipe  at  the  same  time  moves  with  the  locomotive  with  a  certain 
velocity  over  the  earth ;  then  the  velocity  of  the  body  through 
the  second  field  is  the  vector-sum  of  these  two  velocities.     For 
if  in  Fig.  49  the  two  velocities  be  «  and  ft,  then,  calculating  the 
displacement  over  the  earth  from  the  position  0  in  any  time 
t,  by  means  of  oblique  co-ordinates  parallel  to  «  and  ft  re- 
spectively, and  calling  these  co-ordinates  a  and  b,  we  have 

a  =  «  t,  and  b  =  ft  t,  and  therefore  ~  =  ^  =  a  constant  ratio 

b      ft 

for  different  t's,  so  long  as  the  velocities  «  and  ft  are  main- 
tained constant,  that  is,  during  the  interval  of  time,  long  or 
short,  during  which  we  reckon  «  and  ft  to  be  the  velocities  of 
water  through  pipe  and  of  pipe  over  earth.  This  ratio  being 
constant,  the  locus  of  the  displaced  position  is  a  straight  line 
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coinciding  with  tin-  vector  (at  +  ft)  drawn  through  0,  that  is, 
thf  water  moves  alon^  this  line  in  the  field  of  the  earth;  and 
a-  the  length  of  this  di>placement  alonj;  this  line  hears,  by 
similar  triangles,  tin-  constant  ratio 

magnitude  of  (x  4-  ft) 

magnitude  of  a 

to  the  length  of  the  simultaneous  di>plac.  -in«  -nt  along  the 
pipe  (in  the  field  of  the  pip.  •},  therefore  the  velocity  over  the 
earth  equals  h<»th  in  magnitude  and  direetion  the  vt-t-  tor- 
sum  («  +  ft). 

Similarly,  differences  of  simultaneous  velocities  through  the  Velocities 
or  ditlVreiit  fields  ma  j  be  obtained  ^niphii-ally.    Thus,  ent  field8 


it   ire  know  (see  1  i  to  he  the  velocity  over  the  earth  of 

he  water  entering  a  turhine,  and  ft  to  be  the  velocity  over  the 
•arth  of  the  part  of  the  turhine  which  the  water  is  entering, 
hen  (*  —  ft)  is  the  v«  locity  of  th-  urough  the  turhine, 

;hat  is,  i  to  th.    turhine. 

physical   meaning  to  be  attached   to  the  addi- 
:ion   or   suhtraetion   of    m  Cities  of  one   hody   in 

litTerent  fields. 

21).  Hut  the  rooeesftivi  <    hody  in  the  same 

ti.  Id  may  be  c«.mpart.l   h\  means  of  th<  i  diiTereiices. 

changes  may  be  called  time  differences  to  di>- 

tinguish   them   from    the   simultaneous  differences   previously 

:in.d.      If  these  <  H  he  divided  hy  the  time  during 

\\hich    tl  :pari.s«in  will   !„•  the 

tge  tim.  during  that  interval  of  Change  of 

velocity 


Thus   if  (see    1  i   .  "'I     inj   p"int  A  of  a  hody  have  at 
.no  ion  A,  and   a  velocity   a,  :   if  it    m0V€    from    h< 

ilon^    the    curved    path    A    A    A,    to    the   position    A,    in    the 

,al  ,'.  and    ha\e  then  the  \.locity  -j,\   then,  drawing  from 

any  j»ole  //  and    to  any  conxeiiic  nt  scalt     the  \.  eton  *,  and   ct.2, 

the  line  -  x^)  in  the   li^ure,  din  cted   EM  imlirate.i 

6  arrou  tlie  change  of  vel.  city  that  has  ccciin.  d 
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in  the  interval  t.  If  this  vector  (*2  —  «,)  be  divided  by  t  we 
obtain  the  average  time-rate  at  which  the  velocity  has  changed 
during  this  interval.  This  time-rate  is  called  the  average 
velocity  acceleration. 

30.  If  the  interval  of  time  be  taken  small  the  change  in 
the  direction  and  magnitude  of  the  velocity  will  be  small  in 
a  corresponding  degree,  because  there   occur   in  nature  no 
absolutely  sudden  changes  of  velocity.     If  a  large  number  of 
velocity  vectors  occurring  at  successive  small  intervals  of  time 
be  drawn  from  p,  a  continuous  curve  can  be  drawn  through 

Hodo-  their  extremities.  This  curve  is  called  the  '  hodograph  '  of 
the  motion.  During  any  instant  the  velocity  acceleration  is 
evidently  the  linear  velocity  along  the  hodograph  of  the 
extremity  of  the  velocity  vector  radiating  from  p.  Thus  the 
acceleration  is  continually  tangential  to  the  hodograph. 
Velocities  reckoned  from  averages  taken  over  only  a  minutely 
small  interval  of  time  may  be  called  '  instantaneous  '  velo- 
cities. 

31.  Velocity  accelerations  are  thus  vectors,  and  can  be 
added  in  the  usual  vector  way.     The  addition  of  simultaneous 
accelerations  in  different  fields  being  very  important,  we  give 
here  Fig.  52  in  order  to  show  clearly  the  truth  of  the  state- 
ment that  '  the  acceleration  of  the  resultant  velocity  is  the 
resultant  or  vector-  sum  of  the  accelerations  of  the  component 
velocities.'      Let   there   be  three   velocities  a  b  and  c  added 
together  in  one  body,  which  in  a  given  time  change   from 

Sum  of        a\  bl  and  cl  to  a,  b2  and  c2.     Call  a2  —  a1  ^{=  «  and  b.2  —  bl 


From  the  end  of  b}  placed  as  in  the  figure  draw  «.  This 
leads  to  a  point  to  which  the  vector  from  the  end  of  a2  is 
evidently  6r  From  this  point  draw  (3  ;  this  will  lead  to  a 
point  to  which  the  vector  from  the  end  of  az  is  b.2,  because 
b2  ^  bl  4-  yS.  From  the  end  of  cl  as  drawn  in  full  line  in  the 
figure  draw  («  4-  /&).  This  leads  to  a  point  to  which  the 
vector  from  end  of  b.2  is  cp  because  the  end  of  b.2  is  («  -t-  y5) 
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away  from  the  hrginning  of  r,  in  full  lino.  To  tho  last  (a  +  /3) 
plotted  we  now  add  7,  which  lead-,  therefore,  to  a  point  to 
which  the  vtctor  from  the  end  of  />.,  i-  c  .  since  r.2  -jr  <•,  -f  7. 
This  point,  therefore.  f  />,  +  <'.,  from  tho  point  ;>,  and  it 

differs  from  </,  -f  bl  -f  <-,  hy  u  +  /9  -f-  7.  This  is  the  proof  of 
the  proposition  stated. 

The  "ion  of  velocity  of  a  point   may  often   he  con- 

veniently split   into  1  :    one  along  tho   lino  of 

motion,  termed  '  tangential  ;  '  the  other  normal  to  it,  and  called 
4  centripetal'   or   'radial.'       lletVrrini;   to    section    111)    for   the 
in^  of  the  •  hodograph,* and  calling  the  velocity  along  the 
hodograph  diagrammatic  (a,s  In-ing  only  that  of  an  imaginary 
Moint  in  a  constructed  diagram)  to  distinguish  it  from   that  of 
he  actual  motion  of  a  real  point  now  spoken  of,  the  tangential 
•  11  in  tho  real  motion  IB  clearly  the  component  of  dia- 
^ramnii:':  -y  in   the  hodograph   directed  away  from    the 

ixed  centre  of  the  hodograph;  and  tin  radial  acceleration  is  Radial 

mponenl  ramma!  \  p.  rpeiidicular 

o  the  ra  the  hodo-rap  the  linear  v.  U-ily  in  the 

•eal  motion  h«  r.  thi-  heing  also  the  radius  in  the  hodo^raph  ; 
md  let  the  radius  of  ciir\aturoof  the  path  of  motion  he  I;. 

Che  angular  rek  ntre  of  curvature  is  then    ' 

['his  is  also  the  rate  at  which  the  direction  of  /•  changes,  and 
3,  tlierefor,  ,  the  angular  vel.M-ity  of  the  hodograph  radius. 
I'he  linear  v-  :  the  end  of  the  hodograph  radius  resolved 

M 

•ei-peiidicularly  to  the  radius  is,  thei,  =        =  r,r  H, 


f  to  =  '    1  '^iilar 

1  i 


: 

•rip.  t;il  acr,  1,  ration  maybe  graphically  calciilal.  d 
»y  any  of  the  multiplication  and  dm-ion  constructions  sh<>\\n 
u  I  •  iiaj.ter  III.  Three  special  construction^  for  this 

>urpo*e  are  shown  in  Fi^r.  r.i;.  Chap;-  r  IX. 

The    introduction    of    a    >//</x.<?   factor   into    any   of    the 
•     d- alt   with   alters   none   of  tin-   additi\.     p,,- 


112  GRAPHICS 


CHAP.   VII. 


perties  we  have  considered.  Thus  momenta,  accelerations  of 
momenta,  forces,  stresses,  rates  of  flow  of  water  mass,  sand 
mass,  or  any  other  kind  of  mass  are  all  subject  to  the  same 
graphic  laws  of  vector  addition  and  subtraction  as  have 
already  been  explained  and  illustrated.  These  laws  are  so 
simple  that  the  student  runs  little  risk  of  making  mistake.  In 
applying  these  processes,  however,  to  any  new  kind  of  vector 
Mass  not  previously  dealt  with,  it  is  very  necessary  to  inquire  care- 
fully whether  vector  addition  or  subtraction  has  any  real 
physical  meaning  in  this  new  connection,  and,  if  there  be  such 
a  meaning,  what  it  is  exactly.  The  student  should  in  no  case 
be  content  to  employ  graphic  processes  without  clearly  and 
accurately  understanding  the  physical  interpretation  to  be  put 
upon  them. 

33.  Eotors  are  in  some  cases  added  in  the  same  way  as 
vectors,  but  only  in  special  cases.  Displacement  rotors  can- 
not be  added  in  this  way ;  velocity  rotors  can.  The  difference 
arises  from  the  fact  that  a  velocity  may  be  taken  as  a  function 
of  an  extremely  minute  interval  of  time,  or  of  an  extremely 
minute  displacement.  Displacements  are  not  in  general 
minute.  The  vector  mode  of  addition  may  be  applied  to  dis- 
placement rotors  provided  they  are  extremely  small.  On  the 
other  hand,  this  process  of  addition  cannot  be  applied  to 
velocity  rotors  if  these  are  average  velocities  through  an 
Displace-  interval  of  time  or  through  a  displacement  not  extremely 
™tors  small.  In  fact,  the  general  graphic  formula  for  rotor  addi- 
tion reduces  to  coincidence  with  that  for  vector  addition 
when  the  rotors  to  be  added  are  minutely  small.  Thus  the 
velocity  rotors  which  may  be  added  as  vectors  may  be  called 
'  instantaneous  '  as  distinguished  from  those  that  are  obtained 
by  taking  averages  over  an  interval  of  time  longer  than  an 
instant. 

Suppose  that,  in  Fig.  53,  A  B  represents  a  rod  which 
suffers  first  a  rotation  «  round  an  axis  (supposed  perpen- 
dicular to  the  paper)  through  A,  this  rotation  displacing  the 
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point  B  of  the  rod  to  B',  and  which  subsequently  is  rotated  ft 

round  a  parallel  axis  drawn  through  B  in  its  new  position  B'. 

t  the  angles  «  =  B  AB'  by  A  />  and  0  =  A  B'  A'  by 

,  and  let  tin-so  bisect  ing  lines  intersect  in  P.  Then 
A  1'  =  A  I'  and  B  P  =  B'  P,  and,  therefore,  tin-  actual  double 
:ional  displacement  might  be  produced  by  a  single  dis- 
placement round  a  parallel  axis  through  P.  The  angle 
A  PA  =  B'PB  because  the  first  is  double  rtPA  and  the 
second  is  double  &PB',  while  these  two  last  equal  cadi  other, 
being  formed  by  tin-  crossing  lines  A  b  and  a  B'.  But  each  of 
ials  th<>  sum  PAB'  +  PB'A.  Now  P  A  B'  =  i« 
and  r  l;  A  =  J  0.  Therefore  A  P  A'  =  B  P  B'  =  a  +  ft. 
Thus  a  single  rotation  («  +  ft)  round  the  axis  through  I* 
would  produce  the  same  whole  displacement  as  the  two  suc- 
cessive rotations,  and  this,  therefore,  may  be  called  the  re- 
sultant  or  the  rotor  sum  of  the  two  compon.  nt  rotors. 

The  position  of  P  is  most  simply  defined  as  the  intersection 
to  two  lines  through  A  and  B  making  the  angles  |a  and  Displace- 
—  i£  with   All  and    P.  A.      Con-id,  ring  the    e  v.-rsiil 

>f  the  whole  process  bringing  the   rod  back  from  A' B' to 
\  P.,  the  same  axis  P  can   be  obtain,  d    by   drawing    thro 
3'ai  >lin«-s  making  the  angles  —  i  ft  and  +  Jawith 

3'A'  and  A  P.'.  In  this  reverse  process  the  rotation  —  ft 
nust  first  be  ned  round  B'  and  then  —  *  round  A. 

If  tl  -ion  ft  had  been  per  formed  round  B  Jirxt,  thin 

vould  have  brought  A  to  A",  and  if  the  rotation  u  had  then 
•een  p<  rformed  round  A"  the  new  position  of  AB  \\ould  have 
•een  br<>  IJ".  The  rotor  sum  would  then  be  a  rotation 

?  -f  a   round    P"    instead  of   round    P:     P'   being   found   by 
<  i  awing  from  B  and  A  two  lines  making  the  angles  +  $ft  and 
-±*  with  B  A  and  A  15. 

Tim-  in  this  <-a>«  -  of  the  rotor  sum  «  +  ft  («  being 

1  rst  in  point  of  time  and  ft  subsequent  to  a)  has  not  tin  same 
1  osition  as  the  axis  of  the  rotor  -uni  ft  +  «.    Notin  that  I 
t  le  axes  art  -itiuns  in  the  moving 

I 
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body  and  are  carried  along  with  the  body  through  the  field  in 
which  the  rotation  takes  place. 

In  this  case  the  magnitude  («  +  ft)  =  (0  +  «)  of  either 
of  these  rotor  sums  (a  +  ft)  or  (ft  +  a)  equals  the  arithmetic 
sum  of  the  magnitudes  of  the  component  rotors.  This  results 
from  the  parallelism  of  the  two  axes. 

Now  suppose  that  the  two  axes  of  rotation  are  given  fixed 
in  position  in  the  field  through  which  the  rotations  take  place, 
not  in  the  field  of  the  moving  body. 

In  Fig.  54,  let  A  be  the  axis  in  the  field  of  rotation  round 
which  the  first  rotation  «  takes  place.  This  brings  point  B  of 
the  body  to  B',  B  being  the  position  in  the  field  round  which 
the  second  rotation  ft  takes  place.  This  second  rotation  round 
B  brings  point  A  of  the  body  to  A7  and  the  point  originally  at  B 
but  now  at  B'  from  B'  to  B"  The  axis  of  resultant  rotation  is  to 
be  found  by  bisecting  line  A  A'  and  drawing  through  the  bisect- 
ing point  a  perpendicular  to  A  A' ;  drawing  a  perpendicular  to 
Displace-  B  B"  through  the  middle  of  B  B'',  and  taking  the  intersection  P 
rotors  of  these  two  perpendiculars.  But  this  last  perpendicular  passes 
through  A7,  because  the  triangle  B  A7  B"  is  simply  the  triangle 
BAB'  turned  round  through  ft,  and  in  this  latter  triangle  BAB' 
the  sides  B  A  and  B'  A  are  equal,  so  that  the  perpendicular  to 
B  B'  through  the  middle  of  B  B'  passes  through  A.  The  per- 
pendicular through  A  on  B  B'  makes  the  angle  J  «  with  A  B. 
Therefore  the  line  A'  P  makes  the  angle  ^  a  with  A'B.  Also, 
since  P  B  bisects  angle  A'  B  A,  and  since  A'  B  =  A  B,  therefore 
angle  PAB  =  PA/B  =  £*.  Thus  BAP  =  -  \a.  There- 
fore, the  position  of  the  axis  P  is  found  by  drawing  through 
A  and  B  lines  making  angles  —  \ «  and  +  \  ft  with  A  B 
and  B  A. 

Similarly,  if  ft  round  B  were  performed  first  and  «  round  A 
second,  the  axis  P"  of  the  rotor  sum  (ft  +  «)  would  be  found  by 
drawing  through  B  and  A  lines  making  angles  —  J  ft  and  +  J  a 
with  B  A  and  A  B.  The  two  axes  P  and  P"  are  placed  sym- 
metrically on  opposite  sides  of  the  line  AB  at  equal  distances 
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from  that   line.     The   angle  of  the  rotor   sum  in  cither   ease 
-  +  ffi. 

evident  that  the  axis  of  the  rotor  sum  (a  4-  ft)  with  the 

of  at  and  ft  fixed  in  the  lield  of  the  rotating  body  coii icicles 

with  that  of  the  rotor  sum  (ft  -f  a)  with  the  axes  of  *  and  /3  fixed 

in  the  lit  Id  through  which  the  rotation  takes  place  coincidently 

with  the  initial  po>ition>  of  the  pivviou>ly  mentioned  axes  in  the 

Again,  the  axis  of  (ft  +  a)  with  axes  of  f3  and  *  fixed  in 

the  hody  coincides  \sith  that  of  (x  -f  /?)  with  t!  •!'  x  and 

^  fixed  ill  the  li«  Id  of  rotation. 

In  all  those  ras«-s  tin- distanc.  s  of  the  ivMiltant  axis  P  from 
tin.  component  axes  A  and  \>  have  the  ra: 
AP  ^sinjff 
BP       sin  i  a* 

If  the  audits  u  and  ft  are  of  opposite  si^ns  and  nearly 
il   in  ma  the   resultant   a  < TV  far  oil'.      If 

a  and  ft  are  exactly  e«jnal  and  of  nppoMU-  >i.  Displace- 

rotors 

Tin  ra  i>  .-till  a  third  ea.-r  r«  ally  more  imp"rtant  than  either 
of  the  others — nanu  ly,  that   in  \\hieh  on-  1   in  the 

fn  Id   through   which   the    motion   0001  i    the  otln  r   axis 

,   in  th«   moving  body.      1 

on    ai  in    th.     li.  Id   of  tin-   «  arth,   and    •  H  ith 

a   crank-pin    a    \\lnel    or  a  rod   \\hidi  round 

tliis   pin   through  a  -i  the   crank,  then 

the  motion  of  the  wl.-  pond.-  \\  ith   the 

third   case   of   the    pr-'Mrm    now    heii  rrfng   lo 

it  will    he  seen  that  th«    p..>iti..n   of   the  re,ultant  B 
in  this   case   i>  pr.ci~.ly  the  same  as  ill  that    figure,  with  the 
;roviso  that  the  a\i>  iixed   in  tin-  fn  Id   must  be  conoid, 
the    fn-.st    taken    in  th.     prol.lem    of  that    figure.      There  is,  in 
M  no  .pie.^tion   of   the  order  of   the   rota- 
tion. :   the  rotor  Him  of  the  oomponenl  rotors  is  the   -ante   in 
whic:  l.r  th.y  he  taken.      If  A  IM    :  lix.d    iii  the 

field  and  *  the  rotation  round  it,  and  if  U  he  the  I  i  in 
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the  displaced  body  and  fi  be  the  rotation  round  B,  then  the 
place  of  the  resultant  axis  is  found  by  drawing  through  A  and 
B  two  lines  making  angles  J  a  and  —  ^  j3  with  A  B  and  B  A. 
This  position  is  the  same  whether  the  rotations  be  performed 
in  one  or  the  reverse  order,  or  if  they  be  simultaneous.  The 
rotor  sum  is  a  rotor  round  this  resultant  axis  equal  to  («  +  /3) 
in  magnitude. 

34.  Suppose  now  the  axes  to  be  inclined  to  each  other, 
and  to  intersect.  We  have  here  also  the  three  cases  distin- 
guished as  above  with  precisely  similar  variations  in  the 
result.  In  the  first  two  cases  the  position  of  the  resultant 
axis  depends  on  the  order  in  which  the  rotors  are  taken ;  in 
the  third  case  it  is  independent  of  that  order  ;  the  magni- 
tude or  angle  of  the  rotor  sum  is  the  same  in  all  three  cases, 
and  does  not  depend  on  the  order  of  rotation. 

In  Fig.  55  let  C  A  and  C  B  be  the  two  axes  intersecting  in 
C.  Diagrams  I.  and  II.  are  two  views  at  right  angles  to  each 
other,  the  first  (I.)  being  taken  backwards  along  the  axis  of  «, 
that  is,  from  A  towards  C,  or  in  the  negative  direction  along 
this  axis  ;  the  second  (II.)  being  taken  in  the  direction  per- 
pendicular to  both  CA  and  CB,  that  is,  the  plane  of  (II). 
coincides  with  that  containing  the  two  axes  of  «  and  /?. 
Imagine  a  sphere  of  unit  radius  described  about  C,  and 
suppose  A  and  B  be  the  points  where  the  axes  of  a  and  p 
intersect  the  surface  of  this  sphere.  The  great  circle  per- 
pendicular to  C  A  is  marked  in  both  views  a  a  a.  It  appears 
a  straight  line  in  II.  and  a  circle  in  I.  The  great  circle  per- 
pendicular to  C  B  is  marked  b  b  b,  being  a  straight  line  in  II.  and 
an  ellipse  in  I.  «  and  /3  are  taken  both  positive — i.e.  right- 
handed,  as  viewed  in  the  positive  directions  along  their  axes. 
In  (I.),  a  and  /3  appear  left-handed  because  the  view  is  taken 
in  the  negative  direction  as  regards  both  axes. 

Through  C  A  draw  two  planes  making  angles  J  «  on  the 
opposite  sides  of  plane  A  C  B.  Through  C  B  draw  two  planes 
making  angles  %  fi  on  opposite  sides  of  the  same  plane  B  C  A, 
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Let  these  intersect  in  C  P  and  C  P'.  These  lines  C  P  and  C  P' 
are  the  resultant  axes  cmm-ing  in  the  three  cases  of  the 
problem.  For  a  line  in  the  body  originally  coincident  with 
C'  P  would  be  shifted  to  C  P'  by  the  rotation  a  round  C  A,  and 
would  be  shift ed  bark  again  from  the  position  CP'  to  CP  by  a 
subsequent  rotation  ft  round  C  B.  These  two  rotations  taken 
in  this  order,  therefore,  leave  finally  the  line  C  P  without  dis- 
i,  and  C  P  is  therefore  the  resultant  axis  of  a  followed 
by  ft,  tli>  ing  fixed  in  the  field.  C  P' is  the  resultant 

"fa  followed  by  ft  if  the  axes  be  fixed  in  the  displaced 
body. 

Similarly,  the  rotations  ft  and  «  taken  in  this  order  round 
CBand  C  A  would  shift  a  line  originally  coincident  with  C  P' 

to  C  P  and  then  back  again  to  C  P'.     This  last  is,  tli 
fore,  the  resultant  axis  if  the  component  axes  be  ti\<  d  in  the 

Suppose  the  plain-  C  P  B  to  be  fixed  in,  and  moved  along 
with,  the  body.  Tin-  first  r<>t;tti<>n  *  round  (A  would  bring 
thi-  plane  into  the  portion  CFB'where  the  angle  B'  P'  15  Displace- 

m6nt 

e.juals  double    the   angle   BP  -r  the  second   rotation   rotors 

which  swings  BP/  round  CBback  into  the  position  15  P,  the 
above  plane  will  make  with  I;  PC  (that  is,  its  original  position  i 

same  angle  B  P'  B'  or  double  a  P  B.   This  angle  is,  tb 

rotor  magnitude  of  the  rotor  sum  («  +  ft),  and  its 
direction  is  right-handed  or  p«  "iind   the   resultant   a\is 

C  P.    The  angle  a  P  B  is  the  supplement  of  B  P  A,  and  double 
0PB  is,  then-fore,  one  whole  revolution  minus  double  U  P  A. 

e  one  whole  revolution  leaves  the  resultant  displacement 
^ro,  a  revolution  less  2  X  BPA  taken  right-handedly  gi 
the  displacement  the  same  as  would  be  effected  by  a  left- 
hand,  d  rotation  2  x  BP  A.  The  total  rotation  may  thus  be 
d  —  -2  /  l;  P  A,  but  for  many  purposes  it  seems  better 
to  wi  2*  —2  x  EPA),  which  indicates  more  unam- 

'ii.-ly    the    real    magnitude    and    direction   of  the   an 
through  which  the  body  has  been  turned. 
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The  arc  or  angular  distances  of  the  resultant  axis  from  the 
component  axes  have  the  ratio 

sin  A  C  P       sm  a 


This  result  can  be  graphically  represented  in  another  way, 
which  shows  a  more  evident  analogy  with  vector  summation. 
Draw  Qpf  perpendicular  to  plane  B  C  A.  Draw  C  b{  perpen- 
dicular to  plane  AGP.  Thus  angle  bl  C  pf  =  %  «.  Draw  C  a2 
perpendicular  to  plane  P  C  B,  thus  making  angle  p'  C  a2  =  ^  /?. 
Make  the  angles  bl  C  pl  =  b'  C  p'  =  p'  C  bl  —  \  a  in  the  plane 
perpendicular  to  axis  CA.  Make  angles  #2  Cp2  =  a'  Qpf  — 
pf  C  a2  =  J  /3  in  plane  perpendicular  to  axis  C  B.  On  the  sur- 
face of  the  sphere  make  the  angle  blpl  av  =  angle  V  p'  of  = 
bl  p1  a2,  and  the  arc  pl  al  =  p'  a'  =  p2  a2  =  \  ft.  Draw  a  great 
circle  arc  from  a^  to  br  Suppose  the  spherical  triangle  a^pl  6, 
Displace-  to  be  fixed  in  and  moved  along  with  the  rotated  body.  The 
rotors  nrs^  rotation  «  round  C  A  will  bring  this  triangle  into  the 
position  a' p'])'  because  angle  p{  Cp'  =  «.  The  second  rota- 
tion fi  round  CB  will  bring  the  side  a'  p'  of  this  triangle  to 
position  a2p2  because  angle  p'  Cp2  =  yS.  Suppose  the  triangle 
now  to  stand  in  the  position  a2  p2  Z>2.  Draw  a  great  circle  arc 
from  bl  to  a2.  Comparing  the  triangles  alplbl  and  a2p'  &,, 
since  the  arc  sides  alpl  =  a^p'  and  pl  b^  =  pf  bl  and  the  angle 
alpl  b}  =  a' p'  b'  =  a2p'  bl ;  therefore,  the  arc  bl  a2  =  bl  al  and 
the  angle  al  blpl  =  a2blpf,  and  b{  a2pl  =  bx  a}p{  =  b^a^pr 
Therefore,  the  three  arcs  avblf  bl  a2,  and  a2b2  all  lie  on  the 
same  great  circle.  Thus  the  triangle  could  be  brought  from 
its  first  to  its  final  position  by  a  single  rotation  through  the 
angle  al  C  a2  =  2  x  bl  C  a2  round  an  axis  perpendicular  to  the 
plane  b}  C  ay  It  can  be  shown  that  this  last  axis  coincides 
with  C  P  previously  found. 

Thus  if  the  component  rotations  be  represented  to   half 
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size  (i.e.  i  y.  —  u]   by  arcs  on  great  circles  perpendicular  to 
their  :ul  these  arcs  be  placed  joining  each  other  so  as 

to  form  two  >ides  of  a  spherical  triangle,  taken  in  the  order 
in  which  the  rotations  occur,  the  great  circle  arc  forming  the 
third  side  of  this  triangle,  taken  in  the  direction  from  starting 
point  of  the  first  rotation  arc  to  end  of  second  rotation  arc, 
will  represent  the  true  direction  and  magnitude  ^this  also  to  Displace- 
half  >i/e)  of  the  resultant  rotation  or  rotor  sum,  the  resultant  ™^1B 

bring  perpendicular  to  this  last  arc. 

liy  this  last  construction  any  number  of  rotors  round 
intersecting  in  one  point  can  be  added  by  a  precisely 
similar  process  to  that  of  vector  summation,  there  bring  sub- 
stitutrd  for  the  straight  line  representations  of  the  vectors 
great  circle  arcs  on  a  sphere  of  unit  radius  to  represent  the 
rotors. 

\Vbrn   the  rotors  have  minutely   small   displacrmmt- 
magnitudes.  their  arc  ivpn  .x-ntatidis  in  tin-  1,  traction 

me  practically  straight  lines.  In  thi-  case  the  law  of 
rotor  summation  becomes  identical  with  that  of  the  addition 
of  vectors.  The  vector  method  of  addition  can  he  apphVd  to 
tb.  lin,-s  taken  along  the  axes  of  the  rotors  to  n-pr.  .  ni  both  Small 

!••  and  diivrtion  ,.f  the  rotors;  hecause,  in  the  case  of 
adding  two  rotors  of  minute  magnitude,  evidently  the  axis  of 
their  sum  lie-  in  the  same  plane  as  the  component  axes,  the 

e  arcs  to  which  these  axes  are  perpen die u la r  all  lying  on 
a  minutely  small  >ph«  rical  surface,  i.e.  practically  in  one 
plane. 

rring  to    minutely 

,  and  are  therefore  subject  to  this  graphic 
law.     Angular  momenta,  accelerations  of  angular  velocity  or 

*of  angular  momenta,  and  force  couples  are  other  examples  of  Angular 
11   falling  in  this  class  and  all  to  be  dealt  with 
pbically  by  thi-  vector  method  of  Mimmation. 

When  the  rotor  magniti.  r  to  minutely  small  dis- 
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Angular 


placements  the  angular  distances  of  the  resultant  axis  C  P 
from  the  component  axes  C  A  and  C  B  have  the  relation 

sin  A  C  P 


. 

velocities  Sin  B  C  P        a 

If  the  axes  be  also  parallel,  the  linear  distances  of  these 
axes  have  the  ratio  — 

AP       £ 
BP       a* 
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CHAPTER   VIII. 

LOCOR   ADDITION 

AND 
MOMENTS   OF   LOCORS   AND   OF    ROT* 

1.  WK  have  already  seen  how  to  find  the  average,  mean  or 
'  central '  position  of  a  number  of  points,  mass-particles,  or 
volume-particles.  The  process  consists  in  adding  the  vectors 
from  an  origin  to  the  different  units  and  dividing  the  vector 
sum  hy  tin-  number  of  in 

We  have  also  dealt  with  the  pmhk-ra  to  find  the  mean 

or  central  position  of  a  number  of  parallel  locors.     The  solu- 

consists  in  multiplying  each  locor  l»y  it-  ]H  -rp. ndicular 

from  a  datum  axis,  adding  these  products,  which  are 

1  the  moments  round  this  axis,  and  dividing  the  sum  of 

tlu-  mom. -lit.-  hy  the  sum  of  the  vector  magnitudes.     The 

graphic  execution  of  this  process  has  been  fully  explained  in 

Chapter  \  1..  and  from  what  follows  it  will  be  seen  that  it  is  moment 

only  a  special  case  of  a  general  construction  applicable  to  all 

locors,  whether  parallel  or  not. 

'lli*  moment  of  a  locor  round  an  axis  perpendicular  to  it 
the  physical  product  of  the  locor  and  of  its  perpendicular 
ice  from  that  axis.  The  magnitude  of  the  moment  is 
the  arithmetical  product  of  the  magnitudes  of  the  two  factors 
in  the  product.  The  unit  of  the  product  is  a  quantity  having 
a  dt -finite  rotational  direction  round  an  axis  which  has  definite 
din  rtioii  and  position.  A  locor-moment  is,  therefore,  a  rotor. 
Hut  in  tli»-  moment-product  all  indication  of  the  definite 
position  or  direction  of  the  locor  is  lost.  From  the  moment 
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one  can  only  deduce  that  the  locor  has  one  of  the  infinite 
number  of  possible  directions  and  positions  perpendicular  to 
the  axis  of  the  moment. 

2.  While  locor  moments  thus  afford  no  indication  as  to 
the  positions  of  the  component  locors,  still  they  afford  means 
of  finding  the  average  or  central  position  of  a  number  of  locors. 
If  the  moments  round  any  axis  chosen  as  a  datum  be  summed 
up,  and  the  moment  sum  be  divided  by  the  vector  sum  of  the 
locors,  a  position  is  obtained  defined  by  a  distance  from  the 

Central  axis  and  by  parallelism  to  the  vector  sum.  A  locor  taken  at 
position  this  distance  from  the  axis,  parallel  and  equal  to  the  vector 
sum,  will  have  a  moment  round  the  axis  equal  to  the  above 
sum  of  moments.  This  locor  may  be  looked  on  as  the  sum 
of  the  given  locors  both  with  regard  to  moments  and  with 
regard.to  vector  sum.  This  equivalence  with  regard  to  moment 
and  to  vector  sum  is  expressed  by  the  sign  $=. 

3.  The  locor  sum  of  two  locors  whose  lines  intersect  lies 
in  the  line  passing  through  this  intersection.    Thus  in  Fig.  56 
let  AB  and  BC  be  the  two  locors,  and  P  the  projection  of 
the  axis.    From  C  draw  C D =j|= A B.    Then  BD^jr  AB  +  BC  ; 
and  since  B  D  considered  as  a  locor  lies  through  the  inter- 
section of  the  lines  of  A  B  and  B  C,  the  proposition  is  that 
BD4£AB  +  BC.     The  magnitude  of  the  moment  of  AB 
round  P  is  double  the  area  of  triangle  A  B  P ;   that  of  B  C 

intersect-    round  P  is  double  the  area  of  triangle  B  C  P  ;  and  that  of  B  D 
Idled00™  round  P  is  d°uble  the  area  of  triangle   B  D  P.      The   two 
triangles  ABC  and  C  D  P  having  their  bases  A  B  and  C  D 
parallel,  the  sum  of  the  heights  of  their  vertices  C  and  P 
above  these  bases  equals  the  height  of  P  above  A  B.     Their 
bases  being  also  equal  to  each  other  and  to  that  of  A  B  P,  the 
area  AB  P  =  area  AB  C  +  area  C  D  P. 
=  areaCDB  +  areaCDP. 

Add  area  B  C  P  to  each  side  of  this  equation  and  note  that 
B  C  P  +  C  D  B  +  C  D  P  =  B  D  P.  We  find  area  AB  P  +  area 
B  C  P  =  area  B  D  P.  Therefore,  taking  moments  round  P, 
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moment  of  A  B  +  moment  of  B  C  =  moment  of  B  D,  or 


The  proof  of  the  proposition  is  independent  of  the  position 
of  P  ;  it  is  true  for  every  possible  axis.  Thus  B  D  is  the  locor 
sum  independently  of,  ajid  without  reference  to,  any  special  axis. 

4.  From  this  it  becomes  evident  that  any  locor  may  be 
split  into  component  locors  at  any  point  of  its  line,  the  Resoiu 

•n  i  Hides   and   directions   of  the   components   having  the 
same  relations  to  those  of  the  resultant  as  in  the  case  of 
>rs,  and  the  component  and  resultant  locors  having  their 
lin«  I  all  intersecting  in  one  point. 

•~.  The  above  refers  only  to  the  case  of  components  and 

'.taut  Ivinj;  all  in  one  plane  perpendicular  to  the  axis.  If  a 
locor  be  parallel  to  an  axis,  it  has  no  rotational  direction  round 
that  axis,  and  it  1  to  have  no  moment,  or  zero 

moment,  round  that  axis.  If  now  a  locor  be  oblique  to  an  axis, 
tin  locor  may  at  any  point  of  :h  he  split  into  two  coin- 

poin  paralM  t"  tin   axis  and  tin-  other  perpendicular  to 

it.    The  former  component  lias  zero  moment,  BO  that  thr  whole 
moment  of  the  locor  equals  that  of  its  latter  component  perpen- 
dirular  to  the  axis.     This  convention  or  sy.-tem  of  calculating 
moments  corresponds  exactly  \\ith  physical  facts,  as,  for 
ample,  tin-  total  turning  power  or  influence  round  an  axis  of  a  Axial 
number  of  different  forces.   It  also  enables  the  above  proposition 
regarding  locor  summation,  or  composition  and  resolution,  to  be 
stated  perfectly  generally,  no  matter  into  how  many  components 
the  resultant  maybe  split  up,  or  whether  they  all  lie  in  one  or 

ivnt  planes.  If  S  he  thu  sum,  and  ABODE  be  five  com- 
ponents into  which  it  is  split  up,  such  that  the  vector  equation 

S#A+B+  C  +  fl  +  E 

is  B«iti>tied,  and  if  A,  B,  C,  D  and  E  be  taken  as  lyin^  along 
lines  all  passing  through  one  point  in  the  line  of  S,  then, 
looking  on  these  as  locors,  the  equation 

8#A  +  B+C+D+E 


124 


GRAPHICS 


CHAP.   Till. 


Co-planar 

locors 

added 


will  be  also  satisfied,  no  matter  which  point  on  the  line  of  S 
be  chosen  as  the  common  intersection ;  the  meaning  of  this 
last  equation  being  that  the  moment  of  S  round  any  axis 
whatever  (perpendicular,  parallel,  or  oblique  to  S)  will  equal 
the  sum  of  the  moments  of  A,  B,  C,  D  .and  E  round  the  same 
axis. 

6.  Thus  a  force  F  may  be  resolved  into  three  rectangular 
components  Fx  Fy  Fz.     If  these  three  be  taken  as  all  acting 
along  lines  through  any  point  in  the  line  of  F,  the  sum  of 
their  three  moments  round  any  axis  whatever  equals  that 
of  F  round  the  same  axis.     Similarly  with  a  velocity  V,  or  an 
acceleration  of  velocity  ;  with  a  momentum  or  an  acceleration 
of  momentum,  or  any  other  kind  of  locor. 

7.  If  there  be  a  number  of  locors  not  meeting  in  one  point, 
the  following  graphic  process  gives  their  sum  or  resultant 
very  easily.     Using  the  notation  explained  for  parallel  locors 
at  end  of  Chapter  VI.,  let  in  Fig.  57  the  spaces  A,  B,  C,  D,  E 
be  separated  by  the  lines  of  the  locors  AB,  BC,  CD,  DE, 
whose   magnitudes   and   directions   are   given  in   the  vector 
diagram  abcde',  the  vector  sum  being  a e. 

At  any  point  in  the  line  of  A  B  resolve  this  locor  into  two 
component  locors  A  P  and  P  B  chosen  in  any  two  directions. 
In  the  vector  diagram  draw  through  a  and  b  the  two  lines 
a  p  ||  A  P  and  b  p  \\  B  P.  Then  the  magnitudes  of  these  two 
components  in  the  chosen  directions  A  P  and  P  B  must  be 
ap  and  p  b.  These  two  A  P  and  P  B  may  be  taken  as  a  locor 
substitute  for  the  single  locor  A  B.  Now  combine  the  locor 
P  B  with  B  C.  The  resultant  is  P  C  $=p  c  and  taken  through 
the  intersection  of  P  B  and  B  C.  Since  AP-fPB^ABand 
PB  +  BC^PC;  therefore, 

AB  +  BC^fAP+PB  +  BC^AP  +  PC. 

Next  add  locor  PC  to  C  D.  The  sum  is  ^=  P  d ;  and  if 
P  D  be  drawn  ||  p  d  through  the  intersection  of  P  C  and  C  D, 
this  sum  will  lie  along  the  line  P  D.  Then  we  find 
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Similarly,  from  the  intersection  of  P  D  and  D  E  draw  the 
line  PE\\pe,  the  vector  sum  of  p>l  and  <le.  Take  along 
this  line  a  locor  4f7>  ^  If  this  locor  be  called  PE,  we  have 

Therefore, 

DEfiAP  +  PD  +  DE^AP  +  PE. 
have  now  got  AP  4-  PE  as  a  locor  substitute  for 
A  B  +  BC  +  CD  +  DE.  But  we  can  combine  AP  +  PE 
into  one  locor  AE^ae  and  taken  alon^  the  line  AE 
drawn  ||  <i  0  through  the  intersection  I  of  A  P  and  PE.  Thus 
!»j  locor  A  K,  whose  magnitude  and  direction  are  those 
;M  vector  sum  aet  is  the  locor  equivalent  or  sum  of 
A  1  :,  B  C,  C  D,  D  E.  By  this  statement  it  is  meant  that  the 
moment  of  AE  round  any  axis  whatever  is  equal  to  the  sum  co-planar 
of  the  moments  round  the  same  axis  of  AB,  B  C,C  J>  and  D  K, 
tli«  locor  sum  having  also  the  same  magnitude  and  direction 
as  tl.  i>  same  four. 

space  P  is  called  the  chain  or  the  'pen,1  or  'single 

A  1>  (    I  >  K,  and   tin-  liin  -  drawn   from  tlie  pole  ]>  are 

d  the  'pencil'  «  The  wlml,    process  may  be 

thus  indicated:  '-pen  (l'i  \  I:  <    DE  parallel 

t<»  tile  pencil 

!i  as  explained  in\.»lv,-  th«-  assumption 
that  all  the  locors  lie  in  one  plane.  But  if  they  do  not  do  so, 
.re  still  all  parallel  to  one  plane,  it  \vill  .-till  apply  so  far 
as  concerns  moments  about  any  axis  perpendicular  to  that 
plane,  because  the  moment  of  any  locor  rmind  MK  h  an  axis 
is  not  1  by  its  distance  above  or  below  the  plane. 

8.  The  construction  is,  ho\\,  ver,  not  directly  applicable  to 

animation  of  locors  not  all  parallel  to  one  plane.     In  this 

case  the  locors  may  be  dealt  with  in  either  of  two  modes.     In 

th.  one  construction   the  locors  are  each  to  be  resolved  into 

component  locors.     The  resolution  is  to  take  place  in  each  Parallel 
at  th<-  point  in  which   tit-    locor  line  cuts  any  plain;  that 
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may  be  chosen  as  convenient  for  the  purpose  of  this  resolution, 
the  same  plane  being  adhered  to  for  all  the  locors.  The  one 
component  is  to  lie  wholly  in  this  plane ;  the  other  is  to  be 
perpendicular  to  it.  This  furnishes  two  sets  of  locors.  The 
first  of  these  sets  lie  all  in  one  plane  and  can  be  summed  up 
by  the  construction  already  shown.  The  second  set  are  all 
parallel  but  are  not  co-planar.  They  are  to  be  reduced  to  a 
single  resultant  as  explained  later  in  this  chapter  (v.  section  15, 
Fig.  58  I).  If  the  lines  of  these  two  resultants  intersect,  the 
two  can  be  added  so  as  to  give  a  single  locor  as  the  complete 
locor  sum  of  the  whole  given  set.  If  they  do  not  intersect,  it 
is  impossible  to  reduce  the  system  to  any  single  equivalent 
locor.  Eeduced  to  its  simplest  form,  its  equivalent  is  either 
the  above-mentioned  pair  of  non-parallel  and  non-intersecting 
locors,  or  else  a  single  locor  combined  with  a  rotor.  The 
method  of  reduction  to  this  last  form  is  given  at  the  end  of 
the  present  chapter. 

The  second  mode  of  dealing  with  this  problem  in  locor 
summation  is  to  form  three  orthogonal  projections  of  the 
given  set  of  locors.  Projections  on  any  three  different  planes 
will  serve,  but,  especially  in  engineering  practice,  three  planes 
at  right  angles  to  each  other  are  most  convenient,  and  these 
may  be  called  the  '  front  elevation,'  the  'side  elevation/  and 
the  '  plan.'  The  plan  projections  of  the  locors  form  a  set 
all  parallel  to  one  plane,  and  by  the  construction  already 
given  can  be  reduced  to  a  single  locor  parallel  to  the  same 
plane,  which  single  locor  will  be  their  equivalent  so  far  as 
vector  sum  and  so  far  as  total  moment  round  any  axis 
normal  to  that  plane  are  concerned.  This  plan  resultant 
is  not  the  total  resultant  of  the  whole  set  of  locors.  The 
whole  is  equivalent  to  this  plan  resultant  taken  at  a 
definite  distance  from  the  plane  of  the  plan  combined 
with  a  locor  perpendicular  to  the  plan  taken  in  a  definite 
position.  This  latter  locor  will  be  represented  by  a  point 
in  plan,  and  the  position  of  the  point  depends  on  the 
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hi  above  tlu-  plane  of  the  plan  at  which  the  plan  resultant 

to  art. 

The  front  elevations  ami  side  elevations  of  the  locors  are 

<d   similarly.     Each  is  by  the  ordinary  process  reduced 

to  a  single  resultant.     In  the  front  elevation  the  whole  system 

•  >f   locors  is  repre.-entt  d  by  tin-  front  elevation  resultant  and  a 

point  ;    and   similarly  in    the  side  elevation.      It  remains  to 

mine  the   proper  positions  of  the  points  in  each  of  the 

three  \i. 

In    what    follows    the   three   views  arc   referred   to  by  the 

r),  plan;   (e)  front  elevation:   and  (a}  side  elevation. 

In    Fi.ur.  '"»*«   the  three  partial   resultants  are  p_  pt  and  poJ 

supposed  to!:  :  obtained  from  the  proje. -lion  eoinponents 

of  the  several  locors  by  means  of  suitably  chosen  poles  and 

single  pens  drawn  with  sides   parallel  to  the  pencils  radiating 

from    the    poles.       The    components    of   pw  and  pt   measured 

horixontally  on  the  paper  are  equal ;  those  of  pt  and  ^measured 

the  ].;iper  a  iv  e.pial;  and  that  of  pw  measured  on 

the  p;ij  illy  equals   that  of  pir  measured   horizontally. 

Theendsofp    are  placed  dhvctlv  above  those  of  p    and  on  parallel 

locors 

>1  a-  those  of />a  merely  for  eon \enid ice  ;  they  arc 

not  necessarily  so. 

K,  OS  and  OS'  may  be  called  Around  lines;  0V  tlu-  plumb 
line.     0  Sand  (i  MttneKne,  and  it  may  be  sup- 

posed  to  be  a  level  south  line.  ()  K  may  be  thought  of  as  a  l<  /  -  / 
hue  ;   and  ()  Vas  a  vertical  line. 

plan  resultant  pn  may  be  looked  upon  as  having  In  en 
resolving  into  a  hori/.oiital   and   a  vertical   com- 
ponent each  of  I  '  that   point  of  its  line  of 
.tCtioii  wh-rc  it  cuts  a  given   hori/oiital  plan-,  .-ay  at  the   |<\el 
</  I'.      All  the  hori/nntal  eoinponents  then   lie  in  one  plane  and 
their  resultant  pn   lies  in   the  .sum-  plane,  vi/.  at  the  level  //  I>. 
of  locors  is  now  equivalent  to  pw  at  the  1«  \«  1 
fcrtand   .                      •:'•:,!    Incur,  the   position  Of  which    is  to  be 

n  (c)   tin  m  of  t\\<»  locors  may 
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be  considered  as  three  by  resolving  pn,  which  lies  along  b  a, 
into  two;  one  along  la  parallel  to  plane  of  (e),  one  perpen- 
dicular to  same  plane  (i.e.  really  ||  0  S)  through  some  point 
in  b  a,  and  a  third  vertical  ||  0  Y.  Since  the  second  is  a  point 
only  in  (s)  it  contributes  nothing  towards  the  formation  of  pe. 
Therefore,  since  the  vertical  component  together  with  that  along 
b  a  gives  pe,  the  former  must  act  through  a  where  b  a  meets  pe ; 
i.e.  in  (s)  it  lies  along  line  a  c  and  in  (TT)  it  is  represented  by 
some  point  in  the  same  line  c  a.  Now  in  (<r)  the  locor  sum  of 
the  same  set  is  represented  by  pv  and  a  point.  This  point 
represents  the  component  ||OE,  viz.  that  lying  along  b  a  in 
(s) ;  and  in  (cr)  this  contributes  nothing  towards  the  formation 
of  pff,  which  is  the  locor  sum  of  the  vertical  component  and 
the  horizontal  component  ||  0  S  in  (TT),  or  ||  0  S'  and  along  the 
line  ab  in  (cr).  The  vertical  component  must,  therefore,  act 
in  (cr)  through  b  where  a  b  meets  pv.  Measure  the  distance 
of  b  from  0  V  in  (a)  and  plot  it  off  in  (TT)  from  0  E  along  the 
line  a  c.  This  gives  the  point  d  in  plan  through  which  the 
vertical  locor  lies.  The  magnitude  of  this  latter  is  the  vertical 
(or  0  V)  component  of  pe  or  p^.  We  may  call  this  pv,  naming 
the  two  other  components  of  the  resultant  parallel  to  0  E  and 
0  S  by  the  letters  />«.  and  ps.  The  whole  given  group  of  locors 
is  now  reduced  to  the  horizontal  pn  =  \/p'2e  -f  p2s  at  the  level  of 
a  in  (e)  and  the  vertical  pv  acting  through  d  in  plan. 

The  position  of  d  depends  on  the  level  chosen  for  pn,  namely, 
that  of  a.  It  is  easy  to  recognise  that  the  locus  of  the  different 
positions  of  d  is  the  straight  line  dd'\  pn. 

If  now  it  is  desired  to  represent  the  whole  group  in  (s)  by  a 
single  locor  pe  parallel  to  plane  of  (e)  and  another  ps  perpen- 
dicular to  the  same,  the  distance  in  front  of  the  plane  of  (s)  at 
which  pe  is  to  lie  must  be  chosen.  In  (cr)  set  this  distance  off 
||  0  S'  from  0  V  and  draw  a  line  ||  0  V  at  this  distance  cutting 
pv  in  e.  Set  the  same  distance  off  in  (TT)  ||OS  from  OE, 
and  at  this  distance  draw  a  line  ||  0  E  cutting  pn  in  /.  From  e 
and  /  draw  lines  ||  S'  0  and  ||  S  0  to  meet  in  g.  g  is  the  point 
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in  u)  through  which  ps  must  lie  in  order  that  it  along  with  pe 
at  the  cho>Lii  (iistanee  in  front  of  plane  of  (s)  may  he- equivalent 
to  the  whole  group  of  lo< 

The  similar  Construction  for  the  projection  (a-}  isal-o  slmwn 

ill  the  ligure.     The  distance  in  front  of  the  plane  at  which  pa 

taken  the  saint-  as  for  the  other  two  pro- 

ions,  and  this  distance  is  set  off  in  (TT)  from  O  S  aiul     O  B, 
giving  the  point  h  on  pw,  and  also  in  (s)  from  0V  and  ||  0  I'., 
ghing  thi-  p'.int   /  on  pt.     From  /  is  drawn   //,•     K  ( )  S  ,  and 
aloi:.^r  this  line  from  0V  is  plotted  to  I:  tin-  di-taiuv  of  //  from  Non- 
OE  nn  tin-  lim-  ih.     Thru  in  (a-}  the  group  of  Inc.  -  :iva-    anTnon. 

K-iit  to  p.    passing  through  A-  and  /)„  at   th  nice   f^g61 

of  (<r). 

It  n.  nderstood  that  for  the  solution  of  any  practical 

prnhh-m  any  <>m>  of  these  three  represent  ifl  suHicicnt  ; 

hut  to  nhtain  any  one  of  them  it  is  necessary  to  iind  all  the 

»-,  pw,  p<,  and  pa.    In  dealing  with 

Dually  convniiri:-  tin-  eon>truetioii 

in   plan,  and   \«  ry  commonly  one  particular  pn>iti«.n  nl' 
point  d  on  the  line  <l '/'  will  he  f.»und   more  convenient   than 
others.  \H  d  in  < 

1».  I:  iltant.     A  locor  exactly  (.jual 

and  npi  ig  the  same  line  would  hal. 

n  with  regard  hnth  to  vector  sum  and  al-o  to  it 

Thi  »cor  may  be  called  K  ni.-h  it  from   Balancing 

AE.      'J  may  express  tin-  halaiire  hy  \\riting, 

AB  +  BC  4-  CD  -    DB   f  EA^fo. 

10.  The-  chain   of  auxiliary   locor    lines  (P)  A  I ;  (    I  >  \ •',    in 
:<7   may   he    used  as  a  moment    diagram   in   a  similar 
manner  to  that  air.  ady  explained    for   parallel    locors.     Thus,   Moment 
supp'^»-  the  sum  of  the  moiiK -nts  round  any  B  .-.anh -d.   dia&ra 

Through  li  draw  a  line  ||  AE  || //  <•  and  acr<  tx  tw<  80 

the  lin-  B  1'  M  and  I'  A.      L»  t  ///  he  the  inUrcepl  hetuicn  ti 

K 
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lines.  Then  the  triangle  whose  base  is  m  and  whose  vertex 
is  I  has  the  same  shape  as  the  triangle  e  ap,  whose  base  is  e  a 
and  whose  vertex  is  p.  But  the  height  of  vertex  above  base 
in  the  former  triangle  is  the  leverage  of  A  E  in  its  moment 
round  E ;  and  the  base  ae  is  the  magnitude  of  A  E .  The 
product  of  these  latter — namely,  the  moment  of  A  E  round  R — 
therefore  equals  m  multiplied  by  the  distance  of  the  pole  p 
from  a  e.  Call  this  pole  distance  from  e  a  by  the  symbol  p  (a  c) . 

Then, 

m  x  p  (ae)  —  moment  of  AE  round  R, 

=  sum  of  moments  of  A B,  B  C,  CD  and 
D  E  round  R. 

It  is  of  theoretic  importance  to  recognise  this  use  of  the 
chain  (P)  ABC,  &c.,  as  a  moment  diagram  and  the  identity  of 
its  principle  with  that  of  the  moment  diagram  for  parallel 
locors.      But   the   construction    is    of    comparatively    little 
Moment      practical  utility  for  two  reasons— first,  it  is  as  easy  to  mea- 
iagram      ^^  directly  ae  and  the  perpendicular  distance  of  R  from 
A  E  and  to  multiply  them  together  as  it  is  to  measure  m  and 
p  (a  e)  and  to  multiply  these  ;  and,  secondly,  in  practice  we  are 
not  at  liberty  to  choose  the  position  of  p  so  as  to  make  p  (a  e) 
an  easy  number  to  multiply  by  and  thus  to  make  m  measure 
the  desired   moment   to   any  desired  simple  scale.     For  in 
practical  problems,   such  as  those  regarding  the  forces   on 
bridge,  roof,  and  other  work,  in  dealing  with  the  locors  by 
means  of  the  chain  (P)  ABC,  &c.,  we  find  we  wish  to  deal 
successively  with  different  groups  of  the  locors.    For  instance, 
we  first  wish  to  find  the  total  moment  ofAB  +  BC  +  CD  round 
any  among  a  given  set  of  axes ;  then  to  find  the  total  moment 
ofAB  -f  B  C  +  CD  +DE,  and  so  on.    Thus,  if  we  chose  the 
position  of  p  so  as  to  give  m  to  read  the  moments  of  the  first 
set   to  an  easily  readable  scale,  this  position  would  give  a 
different  and  most  probably  an  inconvenient  scale  to  which 
the  new  m  would  represent  the  moments  of  the  other  sets. 
The  vector  diagram  a  b  c  d,  &c.,  is  a  rapid  and  convenient 
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method  of  finding  the  maynitmlf  and  tUrccti<m  of  the 
resultant  of  any  group  of  the  locors.     The   chain   diagram 
,,ifi  an  equally  simple  graphic  method  of  tindingthe 
-ultant.     These  being  found,  to  calculate  the 
:-  nt  of  this  resultant   round  any  desired  axis,  the  proper 
procedure  is  to  p<  rforni  tin-  multiplication  of  magnitude  by  Moment 
either  by  help  of  measuring  these  to  scale  dia&ram 
and  D  iinary  arithmetic,  or  by  help  of  one  of  the  graphic 

-  for  multiplication  already  fully  explained  ^see  Fig.  8), 
inhering  that  the  two  quantities  to  be  multiplied  appear 
on  the  paper  at  right  ai:  ich  other  and  at  a  distance 

b  other. 

11.  Thi  E  a  gm  n  set  of  locors, 

•hove  em  the  >ame  line  A  K  whatev.  r 

chai:  I   in   obtaining  it.      Tin-  chain   can   be   varied   in   Variation 

•iiu-t  ways,      i  ^ides  are  parallel  to    ment°" 

tin-  radii  in  the  vector  diagram  fmm  I  p  to  the  corners  dift&ram 

.  The  variability  of  the  din  ctions  of  the  >id<  s  nf  the 
chain  may  thus  be  simply  expressed  by  stating  that  the  pole 
P  may  be  ch..sMi  any\vh 

\~2.  But  for  any  one  j  "f  y»,  and,  tlierefore,  any  one 

set  of  dir  for  the  chain  sides,  the  decomposition  of  the 

loOOT  A  li  into  A  P  -f  P  \\  in.  i  at  any  point  of 

the  line  of  A  B.     By  shifting  this  point   the  chain   n 
shifted   parallelly  to  then.  ••'inv.^pnnding  d«  : 


mil:  iid    the   corners   of  the   chain   are   .-1  lifted    Propor- 

al<>ng    the    locor    lines,   some   outwards   and    some   inwards,  displace- 
through  Inch    always    maintain   constant    ratios  ment 

iig  themselves  whether  tin-  displacement  along  the   ih>t 
line  :    OT    .-mall.     If  these  shiftings  of   the    corners 

all  outwards  or  all  inwards  one  might  call  this  kind  of 
variability  of  the  chain  that  of  proportional  enlargement  or 
contraction  without  change  of  .-hape  ;  but  although  these  dis- 
placements may  sonietin  11  in  one  direction,  they  are 

not  necessarily  or  generally  so.    It  may,  then  fore,  be  referred 
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Propor- 
tional 
displace- 
ment 


Two  sup- 
porting 
forces 


to  as  a  parallel  displacement  of  the  sides  or  a  proportional 
displacement  of  the  corners.  As  will  afterwards  be  seen,  this 
proportionality  of  these  displacements  is  of  very  important 
utility  in  some  problems  where  special  difficulties  arise. 
Thirdly,  the  order  in  which  the  locors  are  taken  in  this  pro- 
cess of  addition  is  indifferent;  and  the  chain  is  varied  by 
changing  this  order.  However  the  chain  be  varied  in  any 
one,  or  in  all  three  of  these  ways  together,  the  process  will 
give  always  one  and  the  same  straight  line  A  E  ;  that  is,  the 
intersection  of  the  first  and  last  link  of  the  chain  will  always 
lie  in  one  definite  line  whose  direction  is  the  same  as  that  of 
the  vector  sum.  As  a  proposition  in  pure  polar  geometry  this 
result  is  a  very  interesting  one,  but  engineers  will  pay  more 
attention  to  its  physical  importance.  It  evidently  furnishes 
an  easy  means  of  checking  the  accuracy  of  one's  work  in  the 
summation  of  locors  by  this  graphic  mode. 

13.  In  the  last  section  of  Chapter  VI.  the  subject  of  inde- 
terminate abutment  thrusts  was  referred  to.  When  a  mass 
acted  on  by  a  given  system  of  loads  is  kept  in  balance  by  two 
supporting  forces  acting  through  two  given  points,  the  condi- 
tion of  balance  is  sufficient  to  determine  three  only  out  of  the 
four  elements  defining  these  two  forces — viz.  two  directions 
and  two  magnitudes,  all  the  forces  being  supposed  to  act  in 
the  same  plane.  If  any  one  element  be  given,  the  other  three 
can  be  at  once  calculated.  Thus  if  the  two  forces  to  be  found 
be  called  a  and  b,  and  if  they  act  through  the  two  known 
points  «  and  ft ;  then,  if  the  direction  of  a  be  given,  draw  in 
this  direction  through  «  a  line  to  meet  the  resultant,  say  p,  of 
the  known  loads  as  found  by  the  last  explained  construction. 
The  line  joining  this  intersection  with  ft  gives  the  direction  of 
the  second  supporting  force.  The  directions  of  both  being  now 
known,  their  magnitudes  are  found  by  drawing  in  the  vector 
diagram  two  lines  in  these  directions  from  the  two  ends  of  p. 

If  the  abutment  thrust  be  indeterminate,  the  line  r  p  of 
Fig.  43  may  be  found  either  by  assuming  the  two  supporting 
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forces  both  parallel  to  the  resultant  of  the  known  loads  and 
proceeding  precisely  as  in  Chapter  VI.,  Fig.  43,  for  parallel 
Inads  txr.pt  in  u>ing  the  more  general  construction  now 
explained  for  non-parallel  loads  ;  or  else,  the  resultant  of  the 
known  loads  being  found,  /*////  direetioii  isiu-h  as  .•  p  in  Fig.  \-^ 
may  be  chosen  as  that  of  one  of  the  supporting  forces  and  the 
other  found  as  above.  This  gives  in  the  vector  diagram  an 
intersection  (viz.  p  in  Fig.  l'<^  which  in  cessarily  lii-s  on  the 
line  p  r ;  and  through  this  point  a  line  is  to  In-  drawn  parallel  to 
the  abutment  line.  This  line  is  the  locus  of  the  indeterminate 
I  of  intersection  of  th  ctor 

diagram. 

The  former  of  these  t  'ructions  may  be  conveniently 

when  the  direction  of  one  supporting   force  is  giv.  n  and 
when  tin-  intersection  of  its  line  \\ith  that   of  the  resultant  of  Two  «up- 
known  loads  falls  outside  tin-  limits  of  the  drawing-hoard.  forces* 

line  r  p  <  ;:!  being  obtained,  tip  point   p 

upon   it   can    \>  ry  ea>ily  he  ohtaii  ly  a  siitlicieiit  extra 

condition    he  iding    the  supporting    fore.  B.     This 

ition  maybe  given   in   any  «.f  tin-  following   form 
dired  one  force  may  bo  giv.  n  ;    the  one  •  ing 

imagined    rex.lv.d    into   com;  in   any  :  mgular 

directions,  the  magnitude  of  om  «.f  these  components  may  he 
given:  the  ratio  of  t;  I  the  .•niiipmu-nts  in  any 

definite  dir.rtion   of    the   two  f,,rces  may  be   ;-iv.  n.   it   being 

y  in    this   case  to  diatingOiab   carefully  het\v.  en 
and  a  —  ratio,  the  former  indicating  components   in   the  same 
direction  land  this  not  al  ible),  \\hile  tin-  oilier 

indicates  oppo-it.  din-ctions  for  the  two;  or  again,  the  magni- 
lude  of  the  abutment  thrust  may  be  given,  this  being  men  ly 
a  Special  Ca06  coming  under  the  second  heading. 

11.   If    the   given   >>-t  of   loads  be  balanced  by  ////•«••  sup- 
porting forces  acting  through  three  given  [joints  x,  (3,  7;  then  Three 

support* 

in  order  to  determine  th«->e  three  then-  require  to  be  given  ing  forces 

three  conditions  tition>  of 
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and  moment  balance.  The  only  case  that  need  be  considered 
here  is  that  in  which  the  three  directions  are  given.  This  case 
is  illustrated  in  the  plan  of  Fig.  94.  Here  pn  or  D}  D2  is  the 
resultant  of  the  known  loads  and  appears  as  d}  d2  in  the 
vector  diagram.  The  directions  of  3  4,  4  5,  and  5  1  acting 
through  points  «,  fi,  and  7  are  known.  3  4  is  produced  to  its 
Three  joint  /JL  with  pn,  and  the  joint  of  4  5  and  5  1  is  marked  v. 
ing^orces  The  points  ILV  are  joined  and  there  is  drawn  d-,41 1|  V/A  and 
d2  41  ||  34.  Then  there  is  drawn  41  51 1|  45  and  d{  51 1|  1  5.  This 
construction  evidently  gives  d2  41,  41  51,  and  51  i1,  the  true 
magnitudes  of  the  three  supporting  forces  at  «,  /3,  and  7. 

At  the  end  of  Chapter  XII.  this  same  problem  is  solved 
under  a  set  of  three  conditions  much  more  difficult  to  deal 
with  than  that  of  three  given  directions. 

15.  When  a  number  of  parallel  locors  not  in  the  same 
plane  have  to  be  summed,  the  method  of  procedure  is  as 
explained  in  Fig.  58  b. 

Let  the  lines  of  the  parallel  locors  be  represented  by  their 
point-projections  on  a  plane  perpendicular  to  them.  These 
points  are  in  the  figure  surrounded  by  small  circles.  Through 
these  points  draw  sets  of  parallel  lines  vertically  and  horizon- 
tally. Plot  off  on  a  vertical  line  to  a  convenient  scale  the 
vector  magnitudes  ab,  b  c,  c  d,  de,  ef.  To  the  same  scale  choose 
Parallel  a  convenient  distance  from  the  vector  line  af  such  as  1,  10, 
planar  100,  &c.,  at  which  to  place  the  pole  p.  Suppose  now  all  the 
locois  locors  to  be  turned  through  90°  round  a  horizontal  axis  lying 
on  the  paper.  They  will  now  lie  parallel  to  the  paper  and 
their  projections  will  be  along  the  vertical  lines  AB,  B  C,  C  D, 
D  E,  E  F  already  drawn  parallel  to  af.  In  the  example  shown, 
A  B  coincides  with  B  C,  so  that  the  space  B  has  zero  breadth. 
Form  a  chain  by  drawing  lines  through  the  successive  spaces 
A,  B,  C,  D,  E,  and  F  parallel  to  the  radii  of  the  pencil  (p) 
ab  c  d  ef.  The  line  parallel  to  pb  is  of  zero  length — i.e. 
does  not  need  to  be  drawn,  .because  the  space  B  is  of  zero 
width.  Let  the  first  and  last  sides  of  this  chain — namely, 
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those  parallel  to  p  a  and  pf  and  drawn  through  the  spaces  A 
and  F — be  produced  to  meet  in  I'.  Draw  a  vertical  line 
through  F.  Take  now  a  locor  of  magnitude  a/ perpendicular 

to  the  paper   (i.e.  parallel   to   the   <;iven   loeors  as   originally 

ivpr-  MII  tin-  papen    through  any  point  of  the  vertical 

drawn  through  I'.     This  single  locor  will  have  thr  same 

mom. -nt   round  any  axis  parallel  to  the  paprr  and  whose  pro- 

>n  on  the  paper  is  vertical  as  thr  sum  of  the  nionirnts  of 

i  locors  round  the  same  a 

A^rain.  all  th«-  locors  turned  through  (.HV  round  a 

on    th«-   paprr.     Thrir   projrctions   will   now    be 

alonr;  the  horizontal  linrs  already  drawn,  and  will  all   he  prr- 

prndirular  loa/   Suppose  thr  p. ncil  'to  be  turned 

through   (}()•  80  as  to   brin^   of  Imri/ontal.     We  could  then 

dra w  a  ehain  through  the  .  I1.  <    i1  I.  flying  between 

thr  1  tl  linrs  with  :  parallrl   to  thr   radii  of  the 

<-il.      ]>ut  it  is  as  eas;  lefl  of  this  sreond    Parallel 

chain  prrpmdiriilar  ncil  as  it  stand-   in   pi^nar 

thr  li^urr.  ]»mvidr«l  oiir  i>  furni>hrd  with  an  areuratrly  ri^ht-  locora 
'••d  set  81111:1  r.  .    'I  -fore,  no  rt-draw  thr 

Let  tb     '  ret    and   1,1  sreond  chain  — 

nan.'  :n»u^h   t  in     I    . 

J>raw  a  Imri/.mtal  linr  tl:  .      A  ln«-<u-  r.pial 

in  thr  pr.ij.rr  sense  perpendicular  to   '  md   thn- 

any  point  in  this  Imri/mital  linr  tlirou.-'ii  I ".  will  ha\«  a 
nioiiiriit  tin-  sum  of  the  moments  of  th«  -i\.  n  locors 

round  any  axis  parallrl  t"  thr  paprr  and  with  a  horizontal 
projection  on  the  paprr.  L«t  the  vertical  through  I'  and  the 
horizontal  through  1"  nir.  i  in  I.  Through  I  and  ]•«  rprndi- 
cular  to  the  paprr  takr  a  loror  r«jnal  to  <//.  Thr  mom.  lit  of 
this  round  any  axis  parallrl  to  thr  paprr,  whether  it  hr  hori- 
zontal or  vrrtieal,  will  he  thr  same  as  thr  sum  of  those  of  the 
^iven  locors  round  the  same  axis.  It  will,  thnvforr,  evidently 
have  a  moment  equal  to  the  sum  of  these  moments  round 
any  axis  whatever  parallel  to  the  paper;  and,  therefore,  also 
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round  any  axis  whatever  whether  parallel  or  not  to  the  paper, 
because  the  components  parallel  to  the  axis  have  no  moments. 
This  locor  taken  through  I  ^=  af,  the  vector  sum,  is  the  true 
locor  sum,  or  resultant  as  regards  moments  as  well  as  regards 
vector  sum. 

Bound  any  axis  passing  through  I  the  integral  moment  is 
zero.1  A  locor  through  I  equal  and  opposite  to  af  would 
balance  the  given  locors  as  regards  moment  and  vector  sum  ; 
that  is,  the  system  with  this  balancing  vector  included  would 
have  zero  vector  sum  and  have  zero  moment  round  every 
possible  axis. 

In  the  moment  of  a  locor  we  have  the  product  of  two 
directed  quantities  or  vectors  whose  directions  are  at  right 
angles  to  each  other.  The  product  is  a  rotor  whose  axis  is 
perpendicular  to  both  the  factors  of  the  products. 

16.  In  a  rotating  body  the  linear  velocity  of  each  point  is 
the  product  of  the  angular  velocity  and  of  the  distance  of  the 
point  from  the  axis  of  rotation,  and  the  direction  of  the  linear 
velocitity  is  perpendicular  to  both  the  axis  of  the  rotation  and 
the  line  from  point  to  axis  used  as  a  multiplier  of  the  angular 
velocity.     Here  we  have  a  directed  line — i.e.  a  vector — multi- 
plied by  a  rotor  whose  axis  is  perpendicular  to  the  vector.     The 
product  is  a  vector  at  right  angles  to  both  the  factors.     There 
is  an  evident  and  interesting  analogy  between  these  results, 
but  the  closeness  of  the  analogy  must  not  lead  the  student  to 
think  the  two  processes  identical. 

17.  The  addition  of  two  finite  rotations  round  parallel  or 
oblique  axes  has  been  already  explained  (Figs.  53,  54,  and  55). 
That  of  rotational  velocities  round  parallel  axes  is  accomplished 
graphically  in  a  manner  precisely  similar  to  that  of  the  last 
figure  (Fig.  58  1).     In  that  figure  let  A  B,  B  C,  0  D,  D  E,  and 
E  F   represent   angular   velocities   whose   axes   are   parallel, 

1  I  is  a  point  in  the  '  paper,'  which  may  represent  any  plane  normal  to  the 
given  locors.  The  axis  here  spoken  of  may,  therefore,  be  otherwise  described  as 
any  axis  passing  through  any  point  of  the  line  parallel  to  the  given  locors 
through  I. 
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having  their  projections  at  the  points  surrounded  by  the 
circles  and  whose  magnitudes  are  represented  to  scale  by 
ab,  lc,  cd,  &c.  The  construction  is  carried  out  precisely  as 
re  is  obtained  the  resultant  a\i-  1.  and  the  mag- 
nit  ude  of  the  resultant  angular  velocity  is  «/ 

18.  In  FLr.  .">:»  Irt  1  he  the  same  point  as  I  in  Fig.  f>S,  and  Parallel 
through  it  let  there  he  drawn  two  straight  lines  parallel  to  ;MI  moment 
and  ]>  ''.  Let  0  be  any  poinr.  and  through  it  draw  a  line  <//.  dia&ram 

;he  intercept  on  this  line  hetween  the  last  two  lines  he  r. 
Then,  as  before,  v  x  /*(<*.''»  =  •'/  x  perpendicular  distance  of 
I  from  line  through  0 

=  /i/x  I  (r). 

.  ///being  the  angular  velocity  of  a  body  rotating  round 
axis  I,  the  linear  <>f  the  point  0  resolved  in  the  di: 

tion  nf  r  is  af  x  !  .  li.  represents,  to  a  certain  scale 
dependent  on  the  pole  distance  p  (af),  the  vertical  compo- 
nent of  the  linear  velocity  of  any  point  0.  The  two  lim  s 
drawn  through  I,  tin  -n  lore,  form  a  complete  diagram  of  the 

•  locity  of  •  at  li  and  every  point  of  tin- 

body  rotating  round  I.     '1  he  scale  of  the  linear  velocities  will  Linear 
be  a  convenient  one  if  the  pole  > 


,  one  to  multiply  by.  for  i  1.  10,  100,  or  1,000  ^nrotbao"d 

per  second  or  per  inii 

Now,  through  the  same  point  I  let  two  lines  be  drawn  per- 
p.  n.liciilar  to  //,/  and  j>/,  and   let   h   bi»  the  intercept   IM-IW.  .  n 
a  horizontal  line  drawn  through  0.     By  reasoning 
similar  to  the  above  ;  •  the  same  scale  as 

that  to  wlii*  h  /•  represents  the  vertical  component  of  linear 
veloc;     .  •  nt-  the  hnri/ontal  component  of  this  lii, 

i)  of  the  rotating  body. 

of  line-   p.-rpendicular  to  each  other  and 

jointed  in  I  i  in  a  complete  diagram  of  the  linear  \<  lo- 

of  all   points  of  the  h.,.ly  rotating  round  I  with  angular 

if.     To  complete  the  representation  a  cip.-ular  arrow 
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should  be  drawn  round  I  to  show  without  ambiguity  the  direc- 
tion of  the  rotation.  This  arrow  will  also  show  distinctly  the 
directions  of  all  possible  vertical  and  horizontal  components 
of  linear  velocity  of  all  points.  The  total  linear  velocity  = 
\/  v-  +  h2,  which  can  easily  be  found  graphically  after  v  and 
h  have  been  obtained  on  the  diagram.  In  place  of  the  circular 
arrow,  four  straight  arrows  may  be  drawn  in  the  four  angles 
Parallel  in  which  the  intercepts  in  the  directions  of  the  arrows  measure 

rotor 

moment      the  linear  velocities. 

We  have  here  spoken  of  Fig.  59  as  giving  the  linear  velo- 
cities due  to  a  single  angular  velocity  round  I,  assuming  from 
the  proof  given  on  p.  72  that  for  each  point  the  resultant  of 
the  linear  velocities  due  to  the  separate  component  angular 
velocities  round  different  axes  is  equal  to  the  linear  velocity  due 
to  the  single  resultant  angular  velocity  round  the  resultant 
axis  I.  This,  however,  can  easily  be  proved  directly  and  in  detail 
by  help  of  Fig.  58,  proceeding  precisely  by  the  method  of  Fig.  41. 
19.  When  two  angular  velocities  are  about  axes  which 
intersect,  it  has  already  been  shown  that  their  sum  is  to  be 
found  by  representing  their  magnitudes  by  proportional 
lengths  along  their  axes  and,  treating  these  representations 
as  locors,  finding  their  sum  as  if  they  were  locors.  It  follows 
that  any  number  of  co-planar  instantaneous  rotors,  whether 
parallel  or  not,  can  be  summed  up  by  exactly  the  same  graphic 
Moment  constructions  (see  Figs.  41  and  57)  as  have  been  given  for 
o^non"1  co-planar  locors.  The  diagrams  drawn  form  diagrams  of 
parallel  linear  velocities  if  the  rotors  be  angular  velocities.  When  the 
rotors  are  neither  co-planar  nor  parallel,  they  must  be  resolved 
into  two  sets,  one  all  lying  in  any  chosen  plane  and  the  other 
all  perpendicular  to  this  plane  and  therefore  parallel  to  each 
other.  These  two  sets  are  to  be  summed  up  separately  by 
the  methods  already  explained.  If  the  two  resultant  axes 
intersect,  the  two  resultant  rotors  can  be  combined  into  a 
single  rotor.  If  not,  the  system  reduces  either  to  a  pair  of 
rotors  or  else  to  a  single  rotor  combined  with  a  locor. 
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20.  Angular  momenta  are  simply  angular  velocities  mul- 
tiplied by  masses.  They  form  rotors  whk-h  are  to  be  dealt 
with  pre<-'  angular  velocities  by  the  fore^oin^  methods. 

The  product  of  an  angular  momentum  ami  a  radius  p»  qu-n- 
dicular  to  it  is  evidrnlly  a  liiu-ar  momentum. 

These  are  the  only  rotors  v  have  to  be  in- 

•  1  in  ordinary  m, chai 

The  product  of  two  rotors  with  parallel  ;  /ally   Moments 

an   undin  et«  d   quantity.     Tor   ii  that  of  an   angular  mo^nfnt^ 

ity  and  of  a  force-mo  work  ihorse- 

n.      That    of   an    angular   ?(  moment   of 

an  a  -n  of  lii  rate  of  increase  of 

-ular    i  ;  nd    of    the 

moment  of  an  acceb  f  momentum  is  a  quantity  of 

:i-»n  and  of  a  f-, 
moment  is  a  quantity  of  mechanieal  wor) 

•2\ .  AO  locors  alon^  parallel  but  differ,  nt 

,  OppOfiil  il   in   magnitude.      Th(    COH- 

,,-e.      In 

(       086   any 

p  and  draw  A  1'  BP  ||  lp,  and  C  P  ||  cp\\o  j>.    The 

.-allrl.    do    not    intersect,   and    it 

becomes  impossil  :i  for  tin    locor  sum  or 

i    A.  PC 
still  form  tl  '  iiiMim-nt  diagram  for  tin-  ]  air  of  Jurors— 

nd  any  axis  \\h;i;  Locor 

parallel  lines  on  the  line  dra\vn   couples°r 
through  the  axis   parallt  1  tin-   BCal  d«  t«  riuined 

one 

•:md  all  possible  axes  perpendicular  to  the  plane 
containing  the  two  locor  re.-ultant  vector  bein^  eero, 

system  ;ule 

and  has  lost  the  two  .  fcicsof  locors — viz.  dii 

ind  jx.Mtinn.      I:  i'  ^ivin^ 

.•lit  bi-in^'  a  rotor  and  ha\in^  a  d«  li: 
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direction  for  its  axis.  The  resultant  of  the  two  locors  cannot 
be  said  to  be  a  rotor,  but  it  has  lost  all  locor  character  except 
this  of  giving  a  moment  which  is  a  rotor. 

When  the  two  equal  and  opposite  locors  are  forces,  the 
pair  is  called  a  '  couple  '  or  '  force-couple.'  If  the  two  equal 
and  opposite  forces  be  A  B  and  C  D,  the  couple  is  written 
(AB=j=CD). 

Again,  if  in  the  above  figure  A  B,  a  b,  and  B  C,  b  c,  repre- 
sent equal  and  opposite  angular  velocities  round  parallel  axes, 
the  magnitude  of  the  resultant  angular  velocity  is  zero  and  its 
axis  has  neither  position  nor  direction.  The  two  parallel  lines 
P  A  and  P  C,  however,  continue  to  form  a  diagram  of  linear 
velocities  of  all  points  of  the  body  that  has  these  two  simul- 
taneous angular  velocities  superimposed  upon  it.  These  linear 
velocities  are  all  equal — that  is,  the  body  is  moving  with  a 
velocity  of  translation  only.  The  angular  velocity  has  become 
infinitely  small  and  the  distance  of  the  axis  of  rotation  infi- 
nitely great ;  the  product  of  the  two,  or  the  linear  velocity, 
being  in  the  limit  the  distance  between  the  parallels  A  P  and 
C  P  taken  ||  a  b. 

Here  the  combination  of  two  rotors  has  lost  all  rotor  cha- 
racter except  that  of  giving  a  moment  which  is  a  vector.  It 
cannot,  however,  be  correctly  said  that  the  resultant  of  the 
two  angular  velocities  is  a  translatory  linear  velocity,  this  latter 
really  being  the  moment  of  the  resultant  zero  angular  velocity. 
The  resultant  of  the  two  angular  velocities  may  be  called  a 
'  rotor-couple.' 

22.  Neither  a  locor-couple  nor  a  rotor-couple  having  any 
but  moment  properties,  all  couples  giving  the  same  moment 
must  be  considered  as  equivalent ;  any  one  of  an  equivalent 
set  of  couples  may  be  substituted  for  any  other  so  far  as  vector 
or  moment  phenomena  are  concerned.  Thus  for  the  two  equal 
and  opposite  forces  at  a  given  distance  apart  may  be  substi- 
tuted two  other  equal  and  opposite  forces  of  different  magni- 
tudes and  directions  from  those  of  the  original  couple,  provided 
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the  distance  apart  of  the  new  pair  is  greater  or  less  than  that 
of  the  first  pair  in  the  inverse  proportion  in  which  the  mag- 
nitudes are  less  or  greater,  and  providt  d  al.-o  that  the  plane  of 
.1  is  parall.-l  to  tin-  plane  of  the  first  pair.  This  latter 
condition  |  that  the  axes  of  the  two  coupK  s  li;ne  the 

same  direction.     A  similar  substitution  may  he  made  in  the 
case  of  rotor  couj 

AVhen    students  ohserve    how    freely  this    Mib>titutio: 
made  use  of  in  text-hooks  of  nn -chanics  they  art-  apt  to  imagine 
that  the  e fleets  of  these  equivalent  couples  as  applied  to  pi, 
of  material  are  in  every  respect  the  same.     They  should  care- 
fully avoid  this  error.     The  distributions  of  stress  and  strain 
throughout  ;i  il  are  amojig  the  most  important 

conditions  that  engineers  have  to  inquire  into.     The  states  of  Equi- 
stress  and  strain  in  bodies  due  to  the  action  of  ditVeivnt  hut  coupUs 
4  equivalent  '  couples  are  wholly  different.     If  tin-  <jiu  >tion  to 
Mvolves  stress  and  strain,  the  above  sort  of 

•itution  cannot  be  made.     If  only  ti  ng  mom 

on  a  certain  section  of  material  has  to  be  found,  then  this 
•ion  is  pernii  i-ut  no  problem  of  h  or 

stillness  is  completely  solved  by  the  cal«  of  bend; 

mom  K  ,  and  this  —  vi/..  the  case  of  bending  moments — 

e  only  it.  m  of  -tress  and  strain  calculation  in  \\hich  an 
•  e.piival* nt  ' 

in^  cnujilf.      A   >imilar  warning  may  be  <r  ardin^  tlie 

substitution  of  a  '  resulta  .  kind  >u«-h  as  are  explained 

in  this  chapter.     The  n-sultant  can  only  be  substituted  for 
the  group  of  units  for  purpose  tot  MUD 

to  the  ni'  '•  n-Miltant  appl:  id  of  the  actual 

forces  would  not  !  •  n  appp  i    in 

stressing  and  straining  the  mat.  rial. 

In  V\^.  <',!  1,-t  tin  -plain  of  a  coiiph-  be  p<  -rpendiciilar  to   Resolu- 
the  pap.r  ;  let  its  force-  h<-  r-  h  d  by  n  l>  and  In  ;  and  let   composi 

Diomeni  be  represented  to  *  oonyenieni  scale  by  am.    «m  tionof 

couplet 

may  be  taken  as  couple;  it  is  parallel  to  the 
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paper,  and  perpendicular  to  the  plane  of  (ab^ba).  Each 
of  these  two  equal  forces  may  be  resolved  in  any  two  rect- 
angular (or  oblique)  directions  a  c  and  c  b.  Then  (a  c  E%=  c  a) 
will  be  equal  and  opposite  forces,  and  will  form  a  couple  whose 
moment  is  a  n  obtained  by  drawing  a  n  J_  a  c  and  m  n  j_  cb. 
Also  (c  b  ^  b  c)  are  equal  and  opposite  forces  forming  a  couple 
whose  moment  is  measured  by  n  m.  Again,  a  n  and  m  n  are 
perpendicular  to  the  planes  of  these  two  couples  (ac=fcc  a) 
and  (cb^Ebc),  and  these  may,  therefore,  be  taken  as  their 
axes.  It  is  now  evident  that  couples  may  be  resolved  and 
compounded,  subtracted  and  added  in  exactly  the  same  way 
as  vectors  or  instantaneous  rotors,  and  that  these  operations 
may  be  effected  by  treating  as  vectors  or  instantaneous  rotors 
lines  measured  along  their  axes  (such  as  a  m,  a  n,  n  in)  to  such 
lengths  as  will  represent  the  moment  magnitudes  to  any  con- 
venient scale.  These  axial  lengths  are  complete  graphic  de- 
scriptions of  the  couples,  and  the  term  *  axis  of  a  couple  '  is 
usually  employed  to  indicate  this  definite  length  perpendicular 
to  the  plane  of  the  couple. 

24.  A  locor-couple  combined  with  a  single  locor  K  per- 
pendicular to  the  axis  of  the  couple  evidently  reduces  to  a 
bingle  locor,  which  is  equal  and  parallel  to  E  but  along  a 
different  line.  If  a  set  of  locors  reduce  to  a  couple  and  a  single 
locor  parallel  to  the  axis  of  the  couple,  these  cannot  be  added 
so  as  to  give  any  simpler  result. 

If  the  set  reduce  to  a  couple  and  a  single  locor  E  oblique 
to  the  couple  axis,  the  couple  may  be  resolved  into  two  com- 
ponents, the  axis  of  one  component  being  parallel  and  that  of 
the  other  perpendicular  to  E.  The  latter  component  combines 
with  E  to  give  a  single  locor  4j=  E,  and  the  whole  set  is  now 
reduced  to  the  above  last-mentioned  case. 

If  the  set  reduce  to  two  non-parallel  and  non-intersecting 
locors,  Q  and  E,  either  of  these,  say  Q,  may  be  resolved  into 
two  components,  one  component  being  equal  and  opposite  to 
E  (i.e.  ^E).  This  component  forms  with  E  a  couple,  and 


I 
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the  whole  set  is  now  reduced  to  a  couple  and  n  single  locor, 
which  is  in  general  oblique  to  tin-  axis  of  the  couple,  but  by  the 
previous  method  can  he  further  reduced  to  a  couple  and  a  locor 
parallel  to  the  couple  axis. 

It  is,  howe  whether  there  are  many  cases 

in  which  there  is  any  practical   advantage  to  be  piined  by 

•itatin;4  a  couple   and   locoriwhirh   touvtlu  r  really  mean 

three  locors)  fora  <>f  two  single  DOD-interseoting  locors. 

Two  oblique  non-intersecting  locors  may  alwa\-  be  redi 

iii-uhir  non-intt -rsectin^  locors.     Thus,  in 

62,  l«-t  <i  //  be  the  one  locor  in  th<  f  the  pap.  r  and   General 

the  projection  on  the  same  plane  of  the  other.     This  rotor " 

in    I-.-    resolved    at    the    point    C    wh.-re    it    cuts    the   reductlon 
plane  of  the  papt-r  into  two  components,  of  which  the  pro- 
OHfl  and  tin-  oth-  -priidicular  to  this  plane, 

nd  •/  l>  can  br  add.  d,  tin-  sum  locor  efiu  tlie  plane 

«•  pap*  r.     The  system  is  i   to  ,-/'m  tliis  plane 

and  th«-  :it  of  tin-  srcnnd  locor  perp.  n.licular 

to  same  plan,    and  passing  through  c.     One  is  at  lib.  rty  to 
choose  any  plane  that  may  be  most  convenient  for  this  reduc- 
tion, and    f.ir  thi-  reason   among   oth.  rs  tin's  solution  i 
in  man .  bo  more  •  ul   than   the 

n-ductinn   to   a   c«.uplf   and   a   p.  r   which 

latter  there  is  only  on.-  d.l'n./  for  the  couple. 


144 


GRAPHICS 


CHAP.   IX' 


Definition 
of  'me- 
chanism ' 


CHAPTEK  IX. 

KINEMATICS    OF    MECHANISMS. 

1.  IN  this  chapter  there  are  dealt  with  the  relations  between 
the  velocities  and  accelerations  of  velocity  of  the  various  parts 
of  a  Mechanism. 

A '  mechanism  '  may  be  denned  as  a  combination  of  frames, 
plates,  bars,  or  flexible  members  jointed  together  in  such 
manner  as  to  ensure  that,  while  the  parts  may  move  relatively 
to  each  other,  the  relative  positions  of  all  parts  are  determi- 
nate for  each  given  possible  relative  position  of  any  two  parts. 

The  different  rigid  members  of  a  mechanism  may  be 
termed  *  links '  or  *  bars.'  The  flexible  members  may  be  called 
1  bands  '  or  *  belts.' 

That  bar  relatively  to  which  the  motions  of  the  other  parts 
Bed-plate  are  measured  is  here  termed  the  '  base-plate '  or  '  bed-plate  ' 
or  '  frame.'  The  motions  of  these  other  parts  are  thus  con- 
sidered as  taking  place  in  the  '  field  of  the  bed-plate ;  '  and  in 
this  field  the  parts  of  the  bed-plate  itself  have,  of  course,  no 
displacement,  velocity,  or  acceleration  of  velocity. 

2.  In  the  next  chapter  (Chapter  X.)  there  is  explained  the 
relation  that  must  subsist  between  the  number  of  joints  and 
that  of  links  in  order  that  a  flat  structure  may  be  *  stiff' — i.e. 
non-deformable  without  stretching,  contracting,  or  bending  the 
links.     The  relation  is 

I  =  2  j  -  3, 

where  I  =  number  of  links  and  j  =  number  of  joints.  When 
a  link  has  more  than  two  joints  in  it,  only  two  of  them  must 
be  included  in  the  count  of  j ;  and  such  a  link,  which  is  called 
a  beam-link,  is  to  count  as  one  only. 


Joints 
and  bars 
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If  a  flat  pin-and-cye  linkage  have  a  number  of  links  less 
than  the  above,  it  is  no  longer  stiff  and  can  be  moved  into 
different  shapes.  If  the  number  of  links  be  one  less  than  the 
above,  or 

l  =  *j-  4, 

there  is  >»i>  drum-  of  freedom  in  the  possible  motion.  This 
means  that,  although  there  is  an  infinite  number  of  possible 
shapes,  still  for  each  definite  position  of  two  parts  relatively 
to  each  other  there  is  a  definite  relative  position  of  every  other 
pair  of  parts.  This  agrees  with  our  definition  of  a  mechanism. 
The  definition  of  a  innrhine  will  he  given  in  Chapter  XIII. 
A  machine  has  two  more  bars  than  a  imrhanism  with  the 
same  number  of  joints,  and  two  of  its  bars  are  not  rigid,  but 
are  capable  of  re>istant  deformation.  In  a  pin-and-eye  joint 
mechanism  the  relation  between  the  numbers  of  links  and  of 

joints  is,  theref< 

l  =  -2i-  i. 

In  a  quadrilateral,  f»»r  instance  (ft       1  :    .  I'M),  which  is  the  Joints  and 
.-in  .-banisni,  there  are  4  joints  and  4  links,  and 

i  =  >2  s    1-1. 

In  applying  this  rule  only  tv.  -  are  to  be  counted  to 

each  bar,  no  matter  how  many  may  -actually  exist  in  it.  Thus 
in  Fig.  TO  tin-re  are  0  bars;  there  are  also  7  joints,  but  two  of 
the  bars  have  in  each  3  joints,  so  that  the  number  of  joints 
to  be  counted  in  order  to  apply  the  criterion  i.-  ~>.  Now 

6  =  2x5-1, 
and  the  mechanism  has,  therefore,  definite  motions. 

A  pin-and-eye,  or  full  and  hollow  cylindric,  joint  is  called 
I/  Beuleaux  a  '  lower-  pair,'  as  distinguished  from  the  joint 
between  two  spur-wheels  in  gear  with  each  other,  which  latter 
illed  a  'higher  pair.'  The  above  criterion-equation  re- 
quires modification  for  mechanisms  including  higher  pairs. 
For  each  'higher  pair'  joint  existing  in  the  mechanism,  the 
number  of  bars  becomes  one  more  than  that  given  by  the 

L 
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above  rule.  This  is  evident  because  a  higher-pair  joint  may 
be  looked  upon  as  a  substitute  for  two  lower-pair  joints  with  a 
link  between  them.  The  suppression  of  one  of  these  joints 
would  correspond  to  the  suppression  of  two  links,  but  actually 
only  one  link  disappears  in  the  conversion  of  the  link  and  two 
joints  into  a  single  higher-pair  joint. 

3.  The  motion  of  any  one  point  in  a  bar  relatively  to  any 
other  point  in  the  same  bar  may  be^conveniently  resolved  into 
two  components  :  one  along  the  line  joining  the  two  points, 
which  will  either  lengthen  or  shorten  the  dimensions  of  the  bar 
along  this  line  ;  the  other  at  right  angles  to  this  same  line.     If 
the  bar  be  '  rigid,'  that  is,  if  its  dimensions  be  incapable  of  altera- 
tion, the  former  component  is  always  zero.     Kigidity  does  not 
interfere  with  the  latter  component  taking  any  value  whatever, 
great  or  small.     Thus,  in  a  rigid  bar,  the  instantaneous  dis- 
placements and  velocities  of  the  various  pairs  of  points  rela- 
tive to  each  other  are  all  normal  to  the  lines  joining  the  pairs  of 
points,  and  all  parts  have  the  same  angular  velocity. 

4.  The  graphic  determination  of  the  simultaneous  positions 
of  the  various  bars  of  ordinary  mechanisms  is  easy.     When 
difficulties  occur,  as  in  some  reversing  link-motions,  the  methods 
here  explained  enable  them  to  be  readily  overcome.     The  loci 
of  the  successive  positions  of  the  various  parts  may  be  called 
the  'motion  curves,'  or  more  simply  the  *  paths,'  of  these 
parts.   These  paths  are  drawn  in  on  the  '  mechanism  diagram.' 

5.  From  these  '  paths  '  the  displacements  from  any  assumed 
initial  configuration  can  be  directly  measured.     It  may,  how- 
ever, be  often  advantageous  to  have  a  separate  '  displacement 
diagram,'  consisting  of  a  series  of  curves  showing  the  succes- 
sive simultaneous  displacements  of  all   important  points  of 
the  mechanism  as  vector-radii  from  one  and  the  same  pole. 
These  curves  in  the  '  displacement  diagram '  arer  of  course, 
exact  copies  of  the  '  paths '  in  the  '  mechanism  diagram.' 

Let  ABC   and  BDE    in  Fig.  63  be   two   bars  jointed 
together  at  B.     Let  P'  be  the  pole  of  the  displacement  dia- 
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^ram,  and  1ft  the  CUTVefl  A' A',  B'B',  D'D'  be  the  displace- 

t  curves  of  the  three  points  ABD.     All  these  curves,  of 

throu-h  fe  F.     FA',,  FB'lf  ami   r'D'p 

simultaneous   displacement-   of   A  P>   and   D,   draw   on 

A  .  I)',    and    B',D'!    as   bases,    the    trian  !'>.(",    and 

];'.  D  'nilar  to  tli.-  trian-les  ABC  and   BDE   in  the 

ni.-rliMiiism.      It  can  easily  he  sh«»\Mi  that  P'C',   and    P'E^ 

are  the  simultaneous  displa*  of  C  and  E  if  the  two 

L     By  joining  all  the  points  C'  and  E'  found  by 

Mich  eon  of  C  and  E  for 

•id-bar  mechanism  can   be  drawn   in.     Numerous  simul- 

OOfl  points  on  the  va  placement  curves  should  he 

marked,  and  numbered  1,  "2,  B 

Tin-    advantage    of   such   a   displacement    diagram    «\   r 
-et  of  'paths'   dispersed   ov«-r   tin    mechanism  diagram 
consists  in  the  greater  facility  of  comparison  betwi-m  the  dis-    Displace- 

-f   tin-   various    parts    of   tin-   iin-cbanism    that    it 
affords.      Thus,  comparing   simultaneous   points  A'  and   C' 

i ,  the  vector  A'C'  is  the  displacement 

of  C  !   relatively  to)  A  in  the  base-plate  field.    Con- 

it  of  A  past  C  in  the  same 
ame  holds  for  point-  in  d  b«Xfl;  thus,  1 

-placement  of  C  past  I>  in  the  ha-e-plate  ti.  Id. 
It   ii  "ted  that  any  line,  such  as 

to  otf  liar  i>  ].erpeiidiciilar   to  the  lim- 
between  the  simultaneous  and  'initial'  pn-itii.ns  of  the  line 
AC  in  the  mechanism.     This  does  not,  however,  apply  to  a 

V.'  C",  joining  points  bcl..n^in.uf  to  ,l(n,  nut   \ 
This  latt-  i-  feetOE  may  be  L.nked  on  as  the  sum  (E'B'  +  B'C'), 
tv>  each  ;de  applies,  although 

it  does  not  api-ly  to  tin-  resolta 

i  lie  method   of  obtaining  the   v.  :  i»y   taking  the   Differ- 

small   di  placements,  \\hidi   m.-thod   is  the   velocity 

basis  of  kinematic  analv  ,p,  d  by  means  of  the  dilYeren-    diagrami 

tial  calculus,  has  oft<  n   1  i[)hic  process  for 

i  - 
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the  solution  of  specially  complicated  problems.  After  con- 
structing the  velocity  hodographs,  the  same  method  may  be 
followed  to  find  the  velocity  accelerations.  As  a  graphic 
process,  however,  this  method  is  capable  of  no  accuracy ;  it 
s,  in  fact,  practically  useless. 

Eeu-  Professor  Eeuleaux's  method  of  centroids,  more  properly 

ceiufoids  ca^e(^  axoids,  has  now  become  famous.  These  axoids  are,  how- 
ever, very  tedious  of  construction,  and  when  constructed  furnish 
no  direct  easy  means  of  measurement  of  useful  quantities. 

7.  The  method  now  given  furnishes  velocity  and  accele- 
ration diagrams,  somewhat  similar  in  appearance  to  stress 
diagrams,  which  show  the  true  directions  and  magnitudes  to 
scale  of  the  velocities  and  velocity  accelerations  of  all  points  in 
the  mechanism ;  there  being  one  pole  only  for  each  diagram 
from  which  all  vectors  radiate,  so  that  the  velocities  or  accele- 
rations of  all  parts  and  at  all  times  of  the  complete  cyclic 
period  can  be  compared  with  maximum  facility. 

Fig.  64. — Let  A  B  C  D  be  a  rigid  bar.  Suppose  the  velocity 
of  A  over  the  base-plate  P  to  be  known.  Choose  any  pole  p, 
and  draw  p  a  parallel  to  the  velocity  of  A,  and  of  a  length  to 
represent  its  magnitude  to  any  scale  considered  convenient 
Polar  for  the  velocity  diagram.  If  now  the  angular  velocity  o>  of  the 
diagram  ^ar  ^e  a^so  known,  a  b  may  be  plotted  perpendicular  to  AB,  and 
equal  in  length  to  co  •  A  B  to  the  above  velocity  scale.  Then, 
p  b  is  the  velocity  of  B  over  the  base-plate.  If,  instead  of  co 
being  known,  we  know  the  direction  of  the  velocity  of  B,  then 
p  b  may  be  drawn  from  p  in  this  known  direction  to  intersect 
in  b  the  line  a  b  drawn  JL  A  B  from  the  point  a.  This  gives 
p  b  the  velocity  of  B ;  and  the  angular  velocity  of  the  bar  may, 
if  desired,  be  calculated  by  dividing  ab  by  AB.  Since  the 
(relative)  velocity  of  C  round  A  is  perpendicular  to  AC, 
and  its  relative  velocity  round  B  is  perpendicular  to  B  C  ;  if 
a  c  and  b  c  are  drawn  perpendicular  to  A  C  and  B  C,  their 
intersection  c  gives  pc  the  velocity  of  C  through  the  base- 
plate field.  Similarly,  p  d  is  found  to  measure  the  velocity  of 
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D.  The  diagram  gives  not  only  the  velocities  over  the  base- 
plate P,  but  also  all  the  velocities  of  pairs  of  points  relative 
to  each  other.  For  instance,  Id  is  that  of  D  round  B,  and 
<l  li  is  that  of  B  round  D,  these  relative  velocities  being  through 

the  field  of  the  bast-plate  P. 

It  is  dear  that  the  figure  I  <i  c  d  forms  a  diagram  of  the 
bar  B  A  CD  to  a  diminished  scale  and  turned  through  a  ri^ht 
in  tin-  direction  of  &>.  It  may  be  called  the  'velocity 
'  of  the  bar.  Further,  on  this  new  diagram  of  the  bar, 
altered  in  scale  and  rotated  through  «>(/  ,  the  pole  ]>  represents 
the  position  of  tin-  instantan<  of  rotation.  Theoreti- 

cally, the  original  diagram  A  BCD,  with  the  position  P  of  the 
instantaneous  axis  add.  d,  would  B  11  M  :i  dia- 

gram of  vel.. cities  the  scale  b.  iii'j;  dioseii  suitably  so  that    V  \ 
would  represent  the  velocity  of  A.      In  fact,   this  construction 
is   really    the   gist   and    basis   of  Reul.  aux's   method    al 
mentioned,   various  modes  of  finding  the   instantaneous  axis   Velocity 

I'.ut    for  practical 
•  ruction  it  cannot  be  SO  u 

i    variation  of  the    position   of   the    install- 
•  mely    inconvt  nient,    and    in   almost    all 

mechanisms  this  axis  periodically  an    intinite   dis- 

Secondly,   the  scale  to  which  the  diagram    I1  A  T>  C  D 
could  rep r.-i-nt  the  vdodti  throughout  tin- 

die  motion  of  the  mediani-m  :    it  is  alwa;  //•////  an 

awkward  scale  to  m<  >,  and  it   periodically  becomes  in 

i  cases  an  impo^ihle  scale  by  b.  -coming  infinitely  la; 
Thirdly,  the  various  bars  of  a  mechanism  have  all  dilVeivnt 
instantaneous  axes,  and  the  scales  of  the  velocities  would  be 
entirely  different  for  the  different  bars.  As  will  be  shown 
presently,  in  the  method  explained  in  this  chapter  the  velocity 
diagrams  of  all  the  bars  of  even  the  most  complicated  median- 
are  grouped  together  so  as  all  to  radiate  from  one  pole, 
and  so  as  to  be  to  the  same  scale  for  all  the  bars  and  at  all 
times  throughout  the  periodic  motion  of  the  mechanism. 
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8.  A  similar  construction  is  applicable  to  accelerations  of 
velocity.  In  Fig.  65  let  A  B  C  D  be  one  rigid  bar.  Let  the 
acceleration  of  velocity  of  point  A  through  the  field  of  the  base- 
plate be  known,  and  represented  in  direction  and  magnitude 
by  p'  a'  drawn  from  any  convenient  pole  p'  to  any  convenient 
acceleration  scale.  The  acceleration  of  B  can  be  obtained  by 
adding  to  the  vector  p'  a'  the  vector  acceleration  of  B  in  its 
relative  motion  round  A.  If  w  be  the  angular  velocity  of  the 
bar  in  the  base-plate  field,  and  if  &/  be  the  acceleration  of  an- 
gular velocity,  the  radial  or  centripetal  component  of  velo- 
city acceleration  is  &>2  •  A  B  and  the  tangential  component  is 
ft)'  •  A  B.  Thus  plot  A  7  =  1,  and  from  7  plot  backwards  to- 
wards A  the  magnitude  w2  to  any  convenient  scale.  From  the 
point  so  obtained  plot  to  same  scale  ft/  _1_  A  B  to  the  point  a. 
From  B  draw  B  ft  \\  7  a  to  meet  A  a  in  /3.  Then  B/3  equals 
the  acceleration  of  the  velocity  of  B  round  A.  The  whole 
Acceiera-  acceleration  of  relative  velocity  is,  therefore,  AB  '  Va>4  +  ft)'2, 

tion  f 

diagram      an(j  ^g  direction  is  inclined  to  B  A  by  the  angle  tan"1  — . 


CO 


.This  angle  is  the  same  for  every  pair  of  points  in  the  same 
rigid  bar,  for  every  part  of  the  bar  has  at  each  instant  the 
same  &>,  and,  therefore,  also  the  same  &>' ;  and,  since  the 
magnitude  of  the  acceleration  of  one  point  round  any  other  is 
proportionate  to  the  distance  between  them  (e.g.  that  of  B 
round  A  is  oc  A  B) ,  therefore,  if  a'  V  be  drawn  inclined  to  B  A 


CO 


at  the  angle  tan"1   — 2  and  of  length  A  B  \/ft>4  +  ft)'2,  and  if  the 


CO 


figure  ar  b'  cr  d'  be  made  similar  to  that  of  the  bar  A  B  C  D, 
then  p'  br,  pr  cf,  p'  df,  will  be  the  accelerations  of  the  points 
B  C  D  in  the  base-plate  field.  Further,  a'  cf,  for  instance,  is 
the  acceleration  of  C  round  A.  In  the  graphic  construction  it 
is  simplest  to  plot  a'  ft'  =  AB  •  «2,  and  parallel  to  B  A  (not  A  B), 
and  fir  br  =  AB~*  CD'  perpendicular  to  A  B  and  in  the  direc- 
tion given  by  the  sign  of  ft/.  The  radial  component  is  usually 
obtainable  from  the  already  constructed  velocity  diagram, 
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w  here  the  velocity  of  B  round  A  is  called  a  b,  and  the  radial 
ration   is  therefore  ^-^--     Fig.  66  gives  the  two  most 

A  J  > 

^raphic  constructions  for  calculating  ^  ^  .    In  Figs.  (1) 
and  (2)  the  velocity  ,i  b  is  plotted  al«>n.^  B  A  from  B  to  ftt  to- 


wards A  in  (1),  and  away  from  A  in  (*2).     From  B  as  centre 


with  B£  =  //  /'  as  radius,  a  circular  arc  is  struck   intersecting  Accelera- 
in  ft}  any  other  radius  from  A.     From  ft   is   drawn   &  $',  diagram 
parallel  to  that  other  radius,    and  intersecting  B  fSl   in  ft'. 

11,3"  is  the  radial  acceleration    '  '  ''  "'.     In   (8),   (-///)  is 

A  13 

plotted  from  B  as  B  £  perpendicular  to  A  1>,  and  a  circular 
arc  with  centre  in  B  A  i>  struck  through  A  and  ft.     This  arc 
the  diameter  AB  in  ft1  giving  B  ft'  tli  1  radial 

leration. 

9.  If  the  bar  be  plotted  to  the  scale  m"  =  1  inch.  ///  IH  ing  a 
ion;  and  if  the  velocity  be  plot  ted  to  the  scale  n"  =  1  inch 
Mcniid;   then  such  cons  :s  give  the  acceleration 

to  the  scale  (  —  )  inch  =  1  inch  per  second  per  second.     If  it  scale  of 

Vm/  accelera- 

ninish    the  ion    diagram    Diagram 

from  this  scale  in  the  ratio  q,  it  is  only  necessary  to  make  tin 
constructions  of  Fig.  66  with   tin-  radius  AB  H  in  the 

same  ratio  q.    To  increase  the  size  of  the  acceleration  diagram, 
in  any  ratio,  diminish  A  1)  in  l-'i-.  tii;  in  the  same  ratio. 

10.  Uu<  \i  lent  that  the  figure  a'  b'  c'  d'  of  the  accelera- 
tion diagram  is  simply  a  reproduction  of  tin    ii^nre  ABCD 
of   the    har   altered    in    scale  and  rotated  through  an  an^le 

'  1HO°  —   tan     :  '"      in  the  direction  of  w,  where,  in  tan"1  w.   Accele- 

O)2     ration 

the  sign  of  a/  is  to  he  taken  positive  or  negative  according  as  l 

in  the  same  or  th<   "j  ;i«.n  to  that  of  co.     The 

may  l.«e  called  the  '  accelei'ati«  >n  iina^e  '  of  A  B  C  D. 

In  this  image;/  is  the  point  of  the  bar  if  the  l.ar  extends  so 

far,  or  of  its  field  if  it  does  not  extend  so  far,  which  builers  no 
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Accelera- 
tion 
image 


Integral 
momen- 
tum. 

Accelera- 
tion of 
momen- 
tum 


Nomen- 
clature 


acceleration  or  is  moving  uniformly  in  a  straight  line.  This 
point  does  not  in  general  coincide  with  the  instantaneous  axis 
of  rotation.  If  the  velocity  diagram  were  rotated  and  altered 
in  scale,  and  placed  on  top  of  the  acceleration  diagram  so  that 
a! b' cf df  coincided  with  abed,  then  pf p  would  represent  in 
direction  and  magnitude  the  acceleration  of  that  line  in  the 
bar  or  in  the  field  of  the  bar  which  is  at  any  time  the  instan- 
taneous axis. 

Both  the  velocity  image  and  the  acceleration  image  of  a 
rigid  bar  moving  without  rotation,  i.e.  with  a  motion  of  trans- 
lation only,  reduce  to  a  single  point.  The  smaller  the  rota- 
tional velocity  the  smaller  will  these  images  be. 

11.  If  Gr  be  the  centre  of  inertia  of  the  bar  and  the  similar 
points  g  and  g'  be  plotted  in  the  velocity  and  acceleration 
diagrams,  then  the  products  of  the  bar-mass  by  p  g  and  p'g' 
are  respectively  the  integral  momentum   and  the   integral 
acceleration  of  momentum  of  the  whole  bar. 

12.  In  what  follows  the  capital  P  will  denote  the  base-plate 
through  whose  field  the  velocities,  &c.,  are  reckoned. 

The  pole  of  the  velocity  diagram  will  be  called  p.  The 
pole  of  the  acceleration  diagram  will  be  called  p'. 

Points  in  the  mechanism  will  be  named  by  capital  letters, 
ABC,  &c. 

The  corresponding  points  in  the  velocity  diagram  will  be 
named  by  the  same  letters  in  small  type,  a  be,  &c. ;  so  that 
p  c  will  denote  the  velocity  of  C  over  the  base-plate  and  b  c  the 
velocity  of  C  round  B,  and  c  b  that  of  B  round  C. 

The  corresponding  points  in  the  acceleration  diagram  will 
be  named  by  accented  small  letters ;  this  being  in  accordance 
with  the  common  mathematical  convention,  whereby  x'  repre- 
dx 


sents 


dt' 


In  finding,  for  instance,  the  point  b,  it  is  sometimes  neces- 
sary to  find  other  points  which  are  not  afterwards  required 
in  the  completed  diagram.  When  such  construction  points 
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need  to  be  named,  they  will  be  called  0{  #,,  &c.,  if  used  to  Nomen- 
find  b  in  the  velocity  diagram,  and  ft\  £',,  &c.,  if  used  to  find 
I'  in  the  acceleration  diagram. 

In  the  displacement  diagrams  described  above,  the  accented 
capitals  A'B'C',  &c.,  are  suitable. 

18.  The  simple.-t  nurlianisin  is  that  with  four  rigid  bars 
and  with  two  joints,  P,  P.,,  in  the  base-platr.  and  two  joints 
AB  coupling  the  other  three  bars  together.  An  example  is 
shown  in  Fig.  G7,  tin-  calculations  being  made  for  live  dif- 

;t  phases  of  the  periodic  motion. 

The  velocity  of  the  crank-pin  A  is  supposed  known  at  each 
.     From  any  pole  p,  and   to  any  convenient   scale,  this 

•ity  }>it  is  plotted  perpendicularly  to  1'  A.     From  /<  a  line 

awn  perpendicularly  to  p_  !;.      F  \idently  the  extremity  l> 
of  i>1>,  th  B,  must  lie  in  thi>  1:  :  also  ]>t>^ 

l»i  plus  a  \vlority  p«-rin-ndicular  to  AB.     ] 
line  is  drawn  ;o  AB  to  meet   the  above  line  in 

b.    ThoBj>  6  is  determined*     In  the  examplej^a  is  takei: 
the  same  magnitude  at  all  the  live  phases. 

To  obtain  the  acceleration  diagram  we  assume  the  accele-  Four-bars 

:  <>!'   A.      On    the  supposition   that  pa  is  constant    in 
magnitu  i  acceleration  is  also  constant  in   m;i.  intude 

1,  and  is  wholly  radial. 

From  any  pole  ;/  this  acceleration    !>'"  =  ]>'<i'  is  plotted 

parallel  to  A  P,  (not  to  P, 

Th.  calculation  of  the  magnitude  is  performed  by  the 
graphic  construction  previously  explained.  By  the  same 

instruction  the  magn  it  ml-  ',  and1',    '  of  the  radial  com- 

1 .,  \)  A.  13 

wnents  of  the  accelerations  of  B  round  P2  and  round  A  are 

ound  and  plotted  off  from  y/  (as  ;//9')  and  from  '/3') 

parallel  toBP,  and  to  HA.     From  these  two  points  /3'  thus 

>btained,  lines  are  drawn  p.  rp« ndicular  to  B  P2  and  to  BA. 

point  b'  sought  for  must  lie  on  both  of  these  last  lines, 
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and  is,  therefore,  at  their  intersection.  The  acceleration  p'  br 
of  the  joint  B  through  the  field  of  P  is  thus  obtained  for  the 
five  different  phases  of  the  motion.  The  method  of  procedure 
Is  plain.  Each  joint  of  the  mechanism  is  a  point  in  two 
different  bars,  and  therefore  the  calculation  for  that  joint  may 
be  approached,  as  it  were,  from  two  different  sides.  In  each 
of  the  two  calculations  there  is  one  element  missing,  and  the 

Four-bars  last  stage  of  the  calculation  cannot  be  completed  directly ;  for 
example,  approaching  the  calculation  of  the  acceleration  of  B 
through  A,  we  can  calculate  the  radial  component  (parallel  to 
B  A)  of  the  acceleration  that  has  to  be  added  to  that  of  A ; 
while  of  the  tangential  component  the  direction  only  is  known, 
but  this  gives  a  line  in  which  the  desired  point  must  lie. 
Another  conditioning  line  being  similarly  found  by  approach- 
ing the  calculation  in  another  way,  the  point  is  found  at  the 
intersection  of  these  two  lines. 

14.  In  the  ordinary  steam-engine  with  guide  bars,  the 
radius  bar  B  P2  swinging  in  the  base-plate  bearing  at  P2  is  re- 
placed by  the  cross-head  sliding  in  straight  guides  which  form 
part  of  the  base-plate.  The  effect  is  the  same  as  if  B  P2  were 
infinitely  long.  On  account  of  the  cross-head  joint  being 
guided  in  a  straight  line  passing  through  the  crank  journal 
centre,  a  symmetry  is  given  to  the  motion  which  materially 
lightens  the  labour  of  drawing  complete  velocity  and  accelera- 

steam-  tion  diagrams.  Fig.  68  illustrates  this.  The  angular  velocity 
of  the  crank  is  taken  as  uniform.  Therefore,  the  linear  velocity 
Of  A  is  uniform  and  the  points  a  all  lie  in  one  circle  whose 
centre  is  p. 

Here  the  four  positions  1,  2,  3,  and  4  of  the  crank-pin  A 
are  taken  equidistant  from  the  dead-points  0  and  0'.  There- 
fore, the  two  cross-head  positions  B:  and  B4  coincide,  as  do 
also  B2  and  B3.  Therefore  also  the  four  velocities  palf  pa2, 
p  a3,  and  p  a±  are  equally  inclined  to  the  velocity  line  p  b,  and 
the  four  points  a1}  a2,  «3,  a4  are  equidistant  from  the  line  pi. 
Also  at  1  and  2  the  connecting  rod  has  the  same  inclination 
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to  the  centre  line,  which  inclination  is  equal  and  opposite  to 

that  at  3  ami  4.     Thus  the  lines  <i,  />,,  </._>  /  -nul  </,  />t  an* 

equally  inclined  to  p  b,  the  inclinations  of  the  former  two 
bi-in^  opposite  t«>  those  of  the  latter  pair:  and,  therefore,  the 
velocities  ;;/>,  and  }>b{  h  \\  nia^nitiul  10  have 

y>/>3  and  ;>/>.,.     Therefore  ;  radial  accelerations  </',£',, 

a'4/3',h;  '  nia.unit  /',£',  and  a'3£'s,  and  are 

equally  inch;.  /•'  on  opposite  sides;   while  al»»  the  tan- 

.  /:?',//,,  .Vc.,  are  equally  im-lincd  to  the 
same  line.     '1  re,  iinally,  //',  coinrid,  s  \\ith  />',,  and  6', 

with  //,,  hut ;/  //',=;/  //3  dillVrs  in  magnitude  as  well  as  di. 
tion  from  ;/  b'4=j>'  //,. 

This  syiinii.  ',ut  of  unifor-    Steam- 

niity  in  the  rotation  of  the  crank.  mechan- 

The  joint  lines  of  tlie  hars  of  a  mechanism,  the  \\locity  Um 
.  and  tli  M  lines  need  be  drawn  in  full  f«r  one 

ion  only.     T  .is   f..r  the  otlier  p.»iti.»ns  are  indi- 

i  l»y  nui:  three  sets  of  curves,  which 

are  the  fed  of  the  corresponding  points  or  extremitiefl  of  lines, 
first  set  •  :i  of  the  joints. 

second  series  of  c  v  the  hodographs  of  the  \ 

of  these  sani-  ird  series  are  the  lu<  ex- 

tremities of  tin    I  iiting  the  velocit 

In  1  :yand  a<  ion  diagrams  marK  .1  (C) 

in  this  way,  and  show  tl  tifil  and 

UM  joints  A  and  B  for  thirtv  nit 

of  the  crank-pin. 
!."».   Bi  .-har  motion  is  nearly  equally  ea>y  to  <1< -al  with  hy 

'Mod. 

The  iir.^t  example  ^iven  ii  -imple,  hecause 

th.  pa  <>f  the  joint  A  is  assumed  as   knoun,  the   har   Six-bars 

r   \  being  one  of  the  qaadzilateraJ  1\  A !)!'._,.    Tl.  nin- 

:  of  the  .  pi  is,  th-  the  same  as  that  ^i , 

My.     Thus;»A  and  ab  are  drawn  perpendicular  t«>   V.2\\ 

and  A  13,  and  tin  ir  inter.-M.-tion  givef  L     Then  the  triangle 
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a  be  is  made  similar  to  ABC.  p  d  is  then  drawn  per- 
pendicular to  P3D,  and  cd  to  CD,  the  intersection  giving 
pd  the  velocity  of  D.  To  find  the  velocity  of  E,  there  are 
drawn  p  e  and  d  e  perpendicular  to  P3  E  and  D  E.  The  con- 
struction of  the  acceleration  diagram  here  offers  no  special 
difficulty. 

16.  The  solution  of  the  next  example  in  Fig.  70  is  not  quite 
so  direct,  because  here  the  velocity  assumed  as  known,  namely, 
p  a  that  of  A,  is  that  of  a  joint  in  the  pentagon  Pt  A  B  C  P2. 
First,  p  a  is  drawn  of  the  known  magnitude  and  perpendicular 
to  Pj  A ;  and  then  a  /3  of  indefinite  length  perpendicular  to 
A  B.  Then  p  8  and  p  c  are  drawn  of  indefinite  length  perpen- 
dicular to  P3D  and  P2  C — that  is,  in  the  directions  of  the 
velocities  of  D  and  C.  The  points  b  c  and  d  now  sought  for 
are  known  to  lie  on  the  lines  a  fi,  p  c,  and  p  8,  and  also  it  is 
known  that  the  line  joining  b  and  d  is  perpendicular  to  B  D. 
Any  point  fi  on  a  /3  is  chosen,  and  from  it  ft  8  drawn  perpen- 
Six-bars  dicular  to  B  D  ;  and  then  the  triangle  /3  8  7  is  constructed 
similar  to  B  D  C,  corresponding  sides  being  perpendicular. 
The  triangle  bdc  that  is  sought  for  must  evidently  be 
similarly  placed  to  /3  8  7  between  the  lines  p  8  and  a  /3.  Other- 
wise stated,  the  locus  of  7  for  various  positions  of  /3  and  8  is  a 
straight  line  passing  through  the  intersection  of  the  line  a/3 
and  p  8.  Therefore,  7  is  joined  with  the  intersection  of  p  8 
and  a  /3,  and  this  line  is  produced  to  intersect  p  c  me.  This 
gives  the  true  position  of  c,  and  the  triangle  d  c  b  is  then  com- 
pleted by  drawing  c  d  and  c  b  perpendicular  to  C  D  and  C  B  to 
meet  p  8  and  a  /3.  The  point  e  is  obtained  by  drawing  p  e  and 
de  perpendicular  to  P3E  and  DE. 

The  acceleration  diagram  has  in  this  case  to  be  con- 
structed according  to  a  similar  indirect  method.  The  accelera- 
tion of  A  being  supposed  known  can  be  plotted  at  once.  Then 
the  radial  components  of  the  accelerations  of  B  round  A,  of  C 
round  P2,  and  of  D  round  P3,  are  calculated  and  plotted  off 
from  a'  and  p'  in  their  proper  directions — namely,  parallel  to 
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J1,  A,   CIV,  and  1)P3;  their  magnitudes  being    ('y'V"',    ('"'V, 

13  A       1 0  0 

From  the  tlnve  points  so  obtained,  three  lines,  which 

we  may  call  &',  7',  and  £',  an-  drawn  of  indelinite  length  per- 
IM  ndicular  to  BA,  P2C,  and  PJ*.  The  tangential  com- 
ponents  of  the  above-  three  accelerations  lie  al«>n^  these  lines, 
which,  therefore,  contain  the  three  points  //,  <•'.  and  </'  sought 
for.  On  the  line  8'  any  two  points  6\  and  8'2,  are  eho>eii, 

and  from  each  the  centripetal  acceleration  C  round  D 

is  plotted  parallel  to  C  1>  ;  and  from  the  two  points  thus  ob- 
tained are  drawn  two  lit  ndicular  to  C  D  to  meet  the 
'ine  7'  in  two  point-,  say  7,'  and  7.'.  (Mi  th.-  t\\o  tMU»  B  8,'  7,' 
ind  V  7-/  are  construct  milar  to  J>CB, 

0  vertie*  >  may  be  cai  Neither  »>f  tl. 
mints  ^,'  y9/ will  be  found  to  lie  on  the  line  ,:?',  and  their 

li.M;  in  this  line  may  be  taken  as  measures  of  the  six-ban 

m>r-  inv. lived  in  the  l\\o  gucrises  8,'  5,'  at  the  po.-itii.n  i-f  <!'. 

1  thus  fmind  in  the  r.-ulting  position  of/?'  is  a  Hi. 
'uncti«»n  of  the  error  in  tin-  ^ue»,  ..n  of  5' ;  and,  there- 

n    tin  ft  OTi   in   order  to 

is  to  be  performed  by  simple  pn»p,,rti'>n. 

linear   iiil«-rpnl;iti..n   is   at   once   -  -raphically    by 

lra\\in^  a  line  through  ftt'  and  /9./,  and  p  it    until   it 

line  ,:?'.  >und  \\ill  be  tlie  true 

•ii  of  6'.     Or,  otherwise,  tl i.  ooef  "I '  /?,' 

from  tb«-  line  ^  may  be  plotted  off  fr«»m  the  points  8,' 

•:dicularly  to  the  line  c'  mr  l,(,th  in  anyone  din  <  - 

;  >n  inclined  to  £'),  and  through  the  two   pm'ni 

c  straight  line  is  dra\\n   to  cut  the  line  £'  in  tin-  tru.-  position 

>f  d'.     From  d'  or  //  thus  d< •>< -rmined,  the  other  points  are 

constructed  as  usual.     This  construction  of  the  acceleration 

lia^ram   of  Fig.   70  will  be  easily    followed   without    further 

.xplanation.      From    //,   found  as  above,  is  plotted  off  ^ 

C  13 
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parallel  to  CB,  and  from  the  point  so  obtained  is  drawn  a 
line  perpendicular  to  C  B  to  meet  the  line  7'  in  c'.  Then  on 
l>  c'  as  base  is  constructed  a  triangle  similar  to  BCD,  the 
other  corner  of  which  is  marked  df  and  should  fall  on  the  line 
S'  if  the  drawing  has  been  accurate. 

Six-bars  This  indirect  method  of  '  two  trials  and  two  errors '  and 

linear  interpolation  between  them  is  adopted  in  drawing  the 
velocity  and  acceleration  diagrams  for  the  ordinary  forms  of 
steam-engine  reversing  link  motion.  These  diagrams  could 
not  be  obtained  except  by  this  method. 

17.  In  the  common  steam-engine  mechanism  we  have 
already  had  a  case  of  one  bar  sliding  on  another — namely,  the 
cross-head  sliding  in  the  guide-bars  of  the  bed-plate.  A  cir- 
cular slot  in  which  sliding  takes  place  may,  of  course,  be 
looked  upon  as  simply  an  incomplete  pin-joint  of  large  size, 
the  radius  of  the  pin  becoming  infinite  when  the  slot  is 
straight.  But  when  the  radius  of  the  slot  is  large,  this 
manner  of  regarding  the  joint  is  not  practically  useful  owing 
to  the  very  distant  position  of  the  centre.  A  more  direct 
application  of  the  present  graphic  method  to  sliding  joints  is 
effected  thus  :  If  B  be  a  bar  sliding  over  the  bar  A,  the  differ - 

Four-ijars    ence  of  the  velocities  of  any  two  touching  points  in  B  and  A 

\^itli 

sliding-  is  a  velocity  parallel  to  the  slide- surf  ace,  or  *  guide-surface.' 
joint  Thus,  the  velocity  of  the  ba.r  A  being  known,  the  velocity 
of  any  point  in  B  can  be  obtained  by  adding  to  the  velocity  of 
any  touching  point  in  A  a  velocity  parallel  to  the  guide- surface, 
and  further  adding  a  velocity  perpendicular  to  the  line  joining 
this  touching  point  with  the  point  in  B  whose  velocity  is  to  be 
found. 

This  last  added  component  is  that  due  to  the  rotation  of  B 
in  the  field  of  the  base-plate.  If  the  touching  surface  of  B 
has  the  same  shape  as  that  of  A,  so  that  B  always  '  fits  '  on  to 
all  parts  of  A  into  contact  with  which  it  comes,  and  if  during 
the  sliding  these  fitting  surfaces  are  forced  always  to  lie  close 
together,  then  the  angular  velocity  of  B  is  different  from  that 
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of  A  only  in  consequence  of  the  sliding  that  occurs  in  the  slot. 
In  t:  .  if  the  velocity  of  A  he  completely  known,  the 

linear  velocity  of  any  pcint  in  B  can  he  calculated  hy  adding 
t<>  the  velocity  which  the  point  would  have  if  B  were  rigidly 
attached  to  A,  a  I  to  tlu  }»trt  of  the 

guide-surface — tl  .  liciilar  to  a  normal  let  fall  from 

the  point  mi  the  guide-surfa*    , 

In  the  illustration  (Fig.  71<0  th-  'y  of  point  A  round 

Mippos.-d  to   he  kimwn,  an  ;  ; 'lotted  as  pa.     Tin- 

slot  is  a  straight  one.  Tlu-n  p  0  and  «£are  drawn  perpeii- 
dicular  to  P,  B  and  A  B.  This  :ty  that 

point  B  would  have  if  the  cross-head  wt  re   rigidly  attach- d  to 
-hars,   and   if  .1  !•   he  drawn   ]>arallel  to  the  slot    the 
point  /'  must   lie  in  this  last  line.     But  B  is  guided  hy  the 
radius  r<  Then  f,,iv,  j>l  is  drawn    perpendicular  to 

to  meet  /3b  in  i> ;  tl:  B  in  the  F 

.  and  0b  is  the  velocity  of  sliding  in  the  slot.     In  Fig.  7 1/»  Four-bars 
the  slot  N  curved.     ]  .\n\p/3  in  same  manner  Jh-Jfng 

7  :  v,  locity  of  A,  and  }>  l>  is  drawn  J°int 

' -ular  to  1'    1;.      1'roni  ft  is  drawn  £/>  parallel  to  tin- 
guid'  'ot   of  tin-   perp.  ndicular   from  1>  on 

.     Note  that  C  is  an  actual  point  of  tl 

surface  only  if  th-  in-  of  t;  r  he  uniform.      If  it 

hen  C  ID  i.sion  of  the 

circular  arc  at    I)   which  is  coincid.'iit   with   the   small  por: 
of  th  --urface  over  wt 

Such  guide-Mirfaces  in  mechanisms  are  commonly  of  uniform 
curvatui'  lition  of  continuous 

close  lit  1  ars. 

If  a  hlork  C  (see  hi  -.  72    -lide  in  two  Blotfc  d  ban  A  and  P., 
the  first  of  which  has  a  tr  /,  at  and  the  s«-(.nd 

a  tninslatoi-y  vel.,city  ;//»,  evidently  the  m«-tlmd  of  finding  the 

ityyr  of  the   1.1  fco   draw   from   //  and  I   two  li 

parallel  to  the  two  slots  in  A  and  \\.     If  these  lines  meet  in  r, 
i  ]>  r  i.s  the  velocity  required. 
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If  the  slotted  bars  have  rotational  instead  of  purely  trans- 

latory  velocities,  then  precisely  the  same  construction  is  to  be 

followed,  making  p  a  and  p  b  the  linear  velocities  of  the  touch- 

Four-bars    ing  points  of  the  guide-surfaces  in  A  and  B.     Now,  however,  it 

sliding-      is  evident  that  one  and  the  same  block  cannot  constantly  fit 

jomt          c]ose  f-0  ^h  gutted  guide-  surfaces.     But  if  two  fitting  blocks, 


one  fitting  the  one  slot  and  the  other  the  other,  be  pinned 
together,  then  the  above  construction  may  be  applied  to  find 
the  velocity  of  the  centre  of  the  joining  pin,  and  from  the 
velocity  of  this  centre  it  is  easy  to  deduce  by  methods  already 
explained  the  velocities  of  all  other  points  in  the  two  sliding 
blocks. 

18.  The  following  application  (see  Fig.  73)  of  the  con- 
struction for  sliding  motion  to  toothed-wheel  gear  well  illus- 
trates the  complete  generality  of  the  method. 

The  sketch  represents  four  wheels,  PA  A,  PBB,,  PBB2,  and 
Pc  C,  pinned  to  the  base-plate  at  PA,  PB,  and  Pc.  The  point 
A  of  the  first  touches  the  point  Bj  in  the  second,  the  two 
surfaces  having  here  a  common  tangent  to  which  the  line 
(A  BL)  TAB  is  drawn  normal.  The  third  wheel  being  mounted 
on  the  same  shaft  as  the  second,  these  two  are  to  be  looked 
upon  as  forming,  along  with  the  shaft,  one  bar  of  the 
Toothed  mechanism.  The  third  and  fourth  wheels  touch  at  the 
common  point  (B2  C),  and  the  line  (B2  C)  TBC  is  drawn  normal 
to  the  common  touching  surface.  The  points  TAB  and  TBC  are 
in  the  centre  lines  PA  PB  and  PB  Pc. 

The  velocity  of  the  wheel  A,  and  therefore  of  its  touching 
point  A,  is  supposed  known,  and  this  velocity  is  marked  off  as 
p  a  from  any  pole  p,  the  line  p  a  being  drawn  perpendicular  to 
PA  A.  Then  pbl  and  abl  intersecting  in  b{  are  drawn  perpen- 
dicular to  PjjBj  and  to  Bj  TAB.  This  gives  p  bl  the  velocity  of 
Bj  and  a  bl  the  velocity  of  sliding  of  one  tooth  over  the  other. 

Then  p  b2  and  bl  62  intersecting  in  b2  are  drawn  perpen- 
dicular to  PB  B2  and  to  B,  B2  ;  p  b2  is  the  velocity  of  the  point 
B2.  Finally,  p  c  and  b2  c  intersecting  in  c  are  drawn  perpen- 
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dieular  to  P, T  and  to  the  normal  C  T,,,..     This  gives  }>  c  the 
ity  of  ('.  and  /»,  <•  the  sliding  velocity  of  this  second  pair 
th  over  each  other.     The  process  may  he  carried  on  in- 
definitely tlipjugh  a  whole  train  of  wheel  work,  however  com- 
plicated.    As  a  method  of  finding  the  velocities  throughout 
such  a  train,  however,  it   is  not  a   practically  useful  one,  be- 
the  directions  of  the   normal-  t>  the  touching  surfaces 
cann  'tely  nbtahn  d  on   the  drawing  unle>>  the 

'pitch    point-'    T     ,    T     .    A-.,   are   known,    and    if  the-e    are 
known   to  start  with  tin-   vai\  -imply 

.uined   from   them   directly   \\ithout    r-  to  the 

•neliing  poi: 

The  point  TAB  maybe  look- d  on  a-  indicating  two  poi: 
e  in  the  first  wheel,  which  may  be  called  TA,  and  the  other 
n  the  second,  which  will  be  called  TB.     To  obtain  the  velocity 

ictrd   similar  to  the  triangle 
In  thi.-  triai  h  tin-  line  >i  1^,  and   Toothed 

P  .      Making  a  similar  con-truction   8 

or  tl  d  that  tlii    point  /,  coin- 

with  tlie  point  /...     Thus  the  points  Tv  in   the 

wo  wheels  ha\e  the  sam»  /»/....  and  the  poin; 

herefor, call,  d  the  •]  t.'     Th«  angular  v«  l.u-itit  s  of  the 

distances  PATA  and 

a  familiar  them.  .  d   in   the  ordinary 

reatment  of  toothed  gearing.      Similarly,  it  drawn 

•eriiendieular  to  ;  ,    line  PB  P,  00  \\ith 

it^thi>  '   the  pitch  point  Tll(    of  the  pair 

'  f  wl  'ii.-tant 

;  ngular  >s  between  the  wheels,  and  the  angular 

^  .-lOC'i'  in  el   of   the   train   be   k«-pt   eon-taut,  the 

I  oiir  in  th.    diagram  of  the   mechanism   and 

I  be  points   /,,/,,,  Ac.,   in   the   velocity  diagram   remain    fixed 

t  iroii;_'hout  the  periodic   motion  of  the  train.      It  may  al.-o  he 
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n  i  AT  7)   /         T^T 

at«-  Ai*   and  b^  rrgi  j-  . 


therefore 

**      M      .   a*«&      .  ATA      PBTB  __  PBTB 


Pta  '   M*    "  V«*        PATA*   B/IB       PATA' 

so  that  -  —  ^  also  measures  the  ratio  of  the  angular  velocity 

PI  £«& 
of  wheel  A  to  that  of  wheel  B.     The  condition  that  the  angular 

velocity  ratio  should  remain  constant  may  thus  also  be  ex- 
pressed by  the  condition  that  the  line  a  b  in  the  velocity  diagram, 
representing  the  velocity  of  sliding  of  tooth  over  tooth,  should 
be  divided  in  a  constant  ratio  by  the  fixed  point  tub.  [This 
point  tab  is  only  fixed  if  the  angular  velocities  themselves,  as 
well  as  their  ratio,  remain  constant,  the  magnitudes  of  these 
Toothed  angular  velocities  being  proportional  to  p  tab.~\  Whether  this 
proposition  can  be  utilised  in  simplifying  the  practical  drawing 
out  of  the  .teeth-profiles,  so  as  to  secure  a  constant  velocity 
ratio,  the  author  has  not  yet  investigated. 

This  kinematic  method  has  been  applied  to  many  actual 
mechanisms.  The  diagrams  when  fully  drawn  are  to  a  certain 
degree  complicated,  although  not  difficult  to  produce  ;  and  in 
order  that  a  large  number  of  points  should  be  distinctly 
marked  and  lettered  on  each  of  the  various  curves,  the  dia- 
grams should  be  drawn  to  a  moderately  large  scale.  This 
fact  prevents  any  of  these  diagrams  being  usefully  reproduced 
in  the  atlas  to  this  book  ;  but  the  student  should  not  fail  to 
work  out  for  himself  a  sufficient  number  of  practical  examples 
to  familiarise  him  with  the  method. 
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1.    \\'K   have   already   de-t -rihed   the  construction  of    the 

'Moment  iMa-jram'    f..r  parallel  fora*,  and   in  Chapter  VIII., 

this  construct]  i<d  t<>  non-parallel  co-planar 

s.      The  construction   consists   in  drawing  a  count •< -t. d 

-  nf  lines  across  the  spaces  lyinjj  hrtwi m  tlu-  force-lines, 
the  joint-points  of  the   lines   lyin.^  «.n   the  joint-lines  of  tin- 

:nl  the  lines  being  draun  parall.-l  t«»  tin-  radii  drawn 
from  a  'pole'  to  the  j.unts  of  the  vector-addition  diagram. 
'I  hi-  >.  ries  of  lines  across  these  spaces  forms  a  closed  polygon 
f  the  ^rouj)  of  forces  '  balance*  hot h  with  regard  to  Y..-I..I- 
.11111  and  with  itomoin.  nt.  Thfc  -;  •.:.  of  '  bftlanc 

nvnlvi-s   two  distinct   cniiditioii.- :    lir.-tly.  that    tin-  v«  «-t«>r  sum    Conditions 
8  zero,  the  graphic   test  of  which  is   that  th«-  vector-addition   ° 
diagram  f.-nns  a  closed    |  ical  ni«  anin.^  of 

which  i-  that  this  ^rnup  of  fnnvs  \\hen  appli«'il  to  any  pm-timi 
of   material    has   no   intlii. n,-,-  in  chan-in^   the  \.  1,  -cit  \  of  the 

•  of  inertia   of  thi-   material;   secondly,  that  the   sum  of 

of  tli«-  fnrres  is  /.i-o   round   any  and   e\. -r\  a 
raphie    te.-t  of  \\hich  is  that    the   mom.  nt  -dia<jra  m    f'-rms 
i  closed  jiolygon,  and  the  ph\.-i<-al  meaning  of  which  i.-,  that 
.0  appli-  f  this  ^roup  of  forces  to  any  DOS88   do,  s   not 

r    in    any   <•!:  locity  of    this   mass 

round    any    axis    \\hate\vr.       Ill-taught     student    aiv    apt   to 
think    that   when    the  vector  sum  is  /••!•«»   the   nnum-nt    m 
-ai-ily  also  be  zero  round  every  ause  a  resultant 

ma^nitii  -uppos.d,    no    iin-inent. 

M   2 

/ 
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In  doing  so,  they  forget  the  case  of  force-couples,  which  have 
a  moment  although  the  vector  resultant  has  zero  magnitude. 
Conditions  The  locor  resultant  in  this  case  is  not  zero ;  it  is  two  equal 
and  opposite  forces.  If  the  vector  resultant  is  zero,  and  the 
moment  diagram  does  not  close,  then  the  locor  resultant  is  a 
couple.  This  is  indicated  by  the  first  and  last  lines  of  the 
moment  diagram  being  parallel. 

2.  Confusion  also  sometimes  arises  from  the  fact  that  a 
group  of  forces  which  balances  and  has  no  moment  round  any 
axis  still  has  a  '  moment-diagram  '  from  which  one  measures 
bending  moments  produced  by  this  group  of  forces.     It  is  to 
be  remembered  that  these  bending  moments  are  due  to  partial 
sets  only  of  the  whole  balancing  group.     Thus  the  height  of 

Moment-  the  diagram  at  any  point  measures  the  moment  round  an  axis 
lying  in  the  line  on  which  the  height  is  measured,  of  all 
those  forces  of  the  group  that  lie  on  one  side,  either  right  or 
left,  of  that  line. 

When  the  forces  are  not  parallel,  it  was  explained  that 
this  polygon  was  inconvenient  when  used  directly  as  a  '  mo- 
ment-diagram,' although  it  always  remains  of  the  greatest 
utility  in  finding  the  moments  because  it  supplies  the  re- 
sultants of  the  various  partial  groups  of  forces. 

3.  We  must  now  look  upon  this  closed  polygon  in  another 
light,  namely,  as  a  skeleton  drawing  of  a  jointed  linkage  which 

Closed  would  keep  its  shape  and  position — i.e.  be  generally  in  equili- 
brium, under  the  action  of  the  forces.  Looked  on  in  this 
light,  it  is  sometimes  called  a  '  chain,'  sometimes  a  *  link- 
work,'  or  a  'linkage/  The  latter  term  is  preferred  by  the 
author. 

4.  A  stiff  'link'  may  for  our  purpose  be  defined  as  an 
approximately  rigid  piece  of  material  forming  one  part  of  a 

Definition  structure  or  machine  and  jointed  to  the  other  parts  in  such  a 
way  that  the  forces  exerted  between  it  and  those  other  parts 
act  in  lines  passing  through  definite  and  easily  ascertainable 
points  in  the  link,  which  points  are  called  the  'joints  '  of  the 
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link.1     Tin-  word  •  point  '  must  not  here  IK-  understood  in  its 
mathematical  sense.     No  forces  act   through   mathematical 
points:   tl  icy  n  iv  all  more  or  less  distrihuted  through  certain 
volumes  or  masses  ami  art  always  through   sectional  ait  as  of 
Unite  magnitude.     When  one  speaks  ..fa  force  acting  through   Definition 
a  point,  one  either  refers  to  the  point   through  which  passes  oflmk 
•  •litre-line,  or  line  of  the  resultant  (as  previously  delim  d>. 
:roup  of  distril.iite.l  forces;  or  else  one  means  that   the 
di-trihuted    f  -  ntrateil   through   a  very  small   m 

and  mall  sectional  area. 

•".    If  :  "...   links  he  •  -1   hy  a  cylindrical   pin-and-ey. 

joint  in  which  the  pin  fits  the  eye  l.»  ;,-h   link  acts  on 

the  pin  •  :    and    if 

ther-  little  friction   het\\..  n    the  pin-and-eye  surfa. 

then   th«     f,.r.  n.arly   exactly   normal   to   the    surf: 

Iv  through   the   ceiitr.    of  the   pin.      \Vlu-tlu-r 
the   pin    he   loose  OF   !  \<r\    little   fn'c- 

^sure  niii  4  symmetrically  di>trihi. 

assing  through   the  pin-n  ntr«  .  and, 

ther.  .imati  ly 

thr-.uu'h  tlie  pin-c.  ntre. 

Thu>  a  r\'r''u\   mass  <••  oth»  r    p'  mat.  rial   Fleiible 

only  1  is  a  •  link  '  according  to  the  ;ih 

h-tinition,  h«  -cause  it  is   d  kno\\n   that   it    is  acted  on 

>nly   hy   f<.rcos  whose   lines   pa>s   through   th-  of   the 

h  those  cent  .  ,\ith  a  d<  |  rec  ol 

Ippl'  II    .jllite   ,  .|li;il    to   that    of    the     nth.  -Hilled 

n  the  course  of  »  in^  calculations.     For  example,  our 

*iov!  loads  on  the  structure  or  machine  is  always 

ar  fr  •-,  as  is  also  our  knowledge  of  the  siren 

:he   modulus  of  elasticity  of  the   materials  out  of  \\hich 
he  B!  ;ilt. 


'  We  will   wed  afterwards  to  admit   into  our  inv.-ii-.-if  ions  Mi-xihl.-. 

sihlo    links;    luit    in    tlic   iin-antiim-,    an<l   except    \\lien 
tied  as  flexible,  Ac.,  a  '  link  '  will  In  •...,!  ,,i    i,,. 

m  •  appro  x 
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6.  As  applied  to  actual  structures,  the  accuracy  of  this  idea 
is  interfered  with  in  the  first  place  by  the  friction  between  pin 
and  eye.     In  the  case  of  machine -joints  the  coefficient  of  fric- 
tion is  always  small  and  may  usually  be  known  with  consider- 
able exactitude.     In  this  case  it  is  not  difficult  to  take  into 
account  the  effect  of  friction  in  the  graphic  calculations  of  the 
forces  ;  the  method  of  doing  so  will  be  explained  in  a  subse- 
quent chapter  devoted  to  the  dynamics  of  machines.     In  the 
pin-joints  of  roofs,  bridges,  and  similar  static  structures,  the 
coefficient  of  friction  may  often  be  very  large,  and  the  friction, 
moreover,  may  be  increased  very  much  beyond  the  product  of 
the  effective  force  through  the  joint  and  the  coefficient  of  fric- 
tion in  consequence  of  the  pin  being  driven  in  tight.     Also, 
since  there  is  no  relative  motion  between  the  links,  it  is  im- 
possible to  say  in  which  direction  the  friction  at  each  joint  is 
active.     By  laborious  calculation  of  the  stretching  and  con- 
stiff  traction  of  the  various  links  under  stress,  it  would  be  possible 
to  discover  in  which  direction  the  friction  at  each  joint  acts 
during  the  process  of  erection  of  the  structure,  that  is,  when 
the  stresses  are  first  produced.     But  the  friction  during  the 
permanent  life  of  the  structure  is  not  necessarily  the  same  as 
that   during  erection,   and  it  may  evidently  be  reversed  at 
various  joints  many  times  in  consequence  of  to-and-fro  strain- 
ing due  to  rise  and  fall  of  temperature  and  variation  of  load. 
Thus  it  becomes  practically  impossible  to  take  account  of  joint 
friction  in  these  structures ;  it  may  be  theoretically  possible 
to  do  so,  but,  as  a  matter  of  fact,  it  is  never  done,  and  the 
labour  of  the  operation  would  be  out  of  proportion  to  the 
utility  of  the  result.     It  is  useful  to  remember,  nevertheless, 
that,  however  great  the  friction  may  be,  it  can  never  shift  the 
centre-line  of  the  force  through  the  joint  away  from  the  centre 
of  the  pin  so  far  as  the  radius  of  the  pin,  except  in  the  case  of 
a  pin  driven  in  extremely  tight.   Probably  in  actual  structures 
the  deviation  seldom  exceeds  two-thirds  the  radius  of  the  pin. 
7.  Secondly,  it  must  be  noticed  that  the  forces  applied  to 
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certain  niemhers  of  these  structures  are,  instead  of  heing  con- 
centrated, di>trihuted  over  nearly  their  whole  length.     If  the 

s  he  so  large  that  their  own  weights  must   l>e  taken  into 

nit,  then  these  weight-forces  are  distributed  throughout 
the  whole  mass  of  each  i  V^ain,  the  weight  of  a  road- 

borne  hy  the  booms  of  the  girders  is  usually,  ami  should 
alwa  plied  to  these  booms  as  ft  well-distributed  load. 

Similarly,  the  rafters  of  a  roof  carry  the  weight  of  the  roof 

Ing  as  a  di-tributed  load. 

In    con.-tructing   the   fur-  kfflfl   for  such   structures, 

these  distributed  loads  are  usually  supplied   replaced   hy  con-   Distri- 
ceiitrated   loads  jippliid   at   the  j.»int>,  each  \\hole   load 


divided  into  part-  in  proportion  t«»  the  di^t.uu-t  -s  of  the  joints 
from  th«-  centrt  -line  or  ivsultaiit  <>f  the  load.  This  sul»titu- 
ti«»n,  although  it  is  usually  employed  in  the  applications  of 

hy  no  mean-  nee.  s-ary,  and  in  what  foil 

there  \\ill  he  .shown  the  method  of  constructing  the  diagram 
without  u>in^  this  artiti.  disadvantage  of  usin^  this 

method  of  Milotitution  is  that,  in  full<>\\inuf  it,  one  loses  sight 
of  ti  nig  moments  pmdu.-,  1  hy  the  di-tril>uted  1 

The  method  hereafter  explained  will  give  in  the  diagram  tl 
Lending  moments  as  well  as  the  direct  forces  along  the   joint- 
lines. 

Thirdly,    it    may   In-   here    r.  marked    that    the    graphic 
method   appli<-ahle   to   pin-joint  J  commonly 

applied  to  strue  lilt  up  of  members  riveted  together, 

tin-re  heing  many  riv.  ts   in   each  joint.     Even   if  then-   wen-   Moments 
only  on-  the  in.  thod  would  not  he   MnVtly   &  J011 

•ipplicahle,  hecause  such  a  joint  is  x////'    tli  .-apahle 

of  r,  vlalive  rotation  of  the  jointe<l  links,  or,  in   other 

•  transmitting  a  heiiding  moment. 

'.».    h    •  •    many   riyetfl   in   the  joint,  the  magnitude 

of  the   heiiding   nionn  nt   the  joint   is  capaMe  of  transmitting   Stiffnesa 
i-   p  and   the  application   of  the  method   °   J°l 

becomes  proportionately  ohjrctionahle.     A  link  pin-joint  may 
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be  distinguished  from  other  joints  (otherwise  than  as  in  the 
above  definition)  by  saying  that  it  is  incapable  of  transmitting 
a  force-couple.     Any  set  of  co-planar  forces  may  be  reduced 
to  a  force  and  a  couple,  and  by  varying  the  magnitude  of  the 
couple  the  position  of  the  force-locor  can  be  changed  at  will ; 
because  the  resultant  of  a  force  and  a  couple  is  an  equal  and 
parallel  force  shifted  in  position  a  distance  dependent  on  the 
magnitude  of  the  couple.     The  sum  of  the  forces  across  any 
section  of  a  bar  may  thus  be  reduced  to  a  force  through  the 
geometrical  centre  of  the  section  and  a  force-couple.     To  pro- 
duce a  force-couple  there  must  be  opposite  stress- forces  exerted 
at  different  parts  of  the  section,  and  the  magnitude  of  the 
couple  will  be  proportionate  to  the  distance  apart  of  those 
parts  of  the  section  where  the  opposite  stresses  are  exerted. 
Thus,  if  the  cross-dimensions  of  the  section  or  of  the  joint  be 
small,  it  is  incapable  of  transmitting  a  large  bending  moment, 
stiffness      and  the  resultant  force  through  it  can  have  its  line  passing 
only  at  a  proportionately  small  distance  from  the  geometrical 
centre  of  the  section  or  joint.   Otherwise  expressed,  the  section 
or  joint  has  an  amount  of  flexibility  or  rotational  freedom  which 
diminishes  as  its  cross-dimensions  increase.     The  greater  the 
flexibility  or  rotational  freedom  of  the  joints  of  a  structure, 
the  greater  is  the  accuracy  of  the  force  calculations  made  by 
the   graphic  method   of  this  chapter  on  the  assumption  of 
approximately  frictionless  pin-joints.     The  degree  of  error  at 
any  joint  involved  in  the  adoption  of  this  method  is  measured 
by  the  magnitude  of  the  force-couple  the  joint  is  capable  of 
exerting  divided  by  the  vector-force-sum  actually  transmitted. 
This  quotient  is  the  maximum  possible  deviation  of  the  line 
of  this  force-resultant  from  the  centre  of  the  joint,  through 
which  centre  the  resultant  is  assumed  to  act.     Some  examples 
of  the  possible  errors  involved  in  applying  the   method   to 
riveted-joint  structures  will  be  given  subsequently.     Evidently 
the  error  occurring  at  strut  joints  is  apt  to  be  greater  than 
that  at  tie-bar  joints,  because  struts  are  necessarily  made  stiff 
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.••id  hucklini;,  while  tlexihility  is  rather  a  merit  than  a  dis- 
advantage in  a  tie-har. 

10.  When  a  pin-joint  link  lias  only  two  joints  in  it,  then 
the  link  i.-  art.  d  on  l»y  tv.  only.      It'  the  link  he  kept  in 

halance  under  tin  se  t\\<»  :'  -y  must   In-  equal  in  magni- 

tude and  «.pp.»siie  in  direction  in  order  that   they  should   uive 
im.  and  they  must  act  al«>n^  on,-  and   the  same 
line  in  order  that  they  should   n«»t   form  a  force-couple  which 
would  ,uri\e  the  link  an  increasing  angular  velocity.     Since  each   Two-joint 
of  tliem  acts  through  one  of  the  joint-centres,  this  common    m  8 
line  niu>t  he   that  joining  the  two  joints  in  the  link. 

This   line   is  called   the  'joint-line  '  or  the  •  ceiitn  -line  '  of  the 
link.     The    statics  of  structures  huilt   up  of    two-joint  links 
only  is  a  great  deal  simpler  than   that  of  structures  in  which 
than   tv  -.      Tlicsr  simpler  struc- 

\\ill.    tllerefore.    he    exclusively   -tlldie.l    ill    the    first    pi,' 

ntly  the  m.'thod  will  i  1.  d  t"  moiv 


11.    In  1  i    .".,.(          '       VIII.,  looking  on  :  of  lines 

1'^  A  I!  ('  1  >  I',  as  the  centre  line-  of  the  links  of  a  closed  chain 

of  two-joint  links,  the  links  P  A  and  I1 1;  \\ill  push  the  pin  at 

the  joint     1'  \  I '     in   tin-  'id    if  those 

ilmles  as  w.  11  as  the  directions  of  the 

pu.-ln-s  ni  .  then  the  pin  \\ill    1-e  kept    in  halaiice  hy 

the   three    f,.m--   j,  ,i,   n  /.,   and    /•  |  form    a 

I  M8  ID  Compression.     Now  if  l>  j>  he    single- 

magnitude  of  the   pu>h   of  the   link  I!  T  <>n   this   pin,  this 
link  \\ill  push  the  i  !ier  joint   il'liC)   in   the 

direction  /•!>  with  an  e.jual  force,  providid  the  linl. 
ubjYct    to  no  a,  M   ,,f   \,  Thi>   latter    pin   will 

hen  he  in  halanc-    if  it  al.-o  i  :',-oin  the  link  ('  1* 

n  the  d:  md  of  th.    ma^nitud.'  ••  j>,  the  three  halancin^ 

brces  IM -in^  pbt  be,  and  jnilarly,  the  ].in  (PC  D)  will 

I  hen  he  in  ha  la  in-e  if  ,1  j,  in.  a>  lire  the  pull  .  -n  it  hy  link 

'  1',  this  link  heii.  md  pulling  the  n<  \t  pin  ( 1'  I »  : 
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in  the  direction  p  d  opposite  to  that  of  its  pull  on  pin  (P  C  I)). 
e  p  must  now  represent  the  thrust  of  the  compression  link  E  P 
in  order  that  the  pin  (P  D  E)  should  be  in  equilibrium,  and  on 
this  supposition  this  same  link  will  exert  the  opposite  force 
p  e  on  the  pin  (P  E  A)  at  the  point  I.  But  the  link  A  P  has 
been  assumed  to  be  in  compression  to  the  amount  ap,  and 
thus  the  three  forces  ap,  pe,  and  ea  will  keep  this  last  pin 
balanced.  The  pins  being  originally  motionless,  and  being 
kept  motionless  by  the  balance  of  these  sets  of  forces,  the 
whole  linkage  is  also  kept  in  balance  —  i.e.  keeps  its  shape  and 
position  unchanged,  because  the  positions  of  the  joints  define 
that  of  the  linkage  as  a  whole. 

12.  So  far  the  reasoning  shows  that  the  shape  of  the 
linkage  is  consistent  with  the  supposition  that  it  may  be  kept 
in  equilibrium  under  the  given  group  of  forces.  It  will  so  rest 
in  equilibrium  if  the  above  stress-forces  arise  in  the  links.  It 
remains  to  be  examined  how  and  why  these  stresses  do  actu- 
ally arise  when  the  external  forces  are  applied.  Suppose  the 
linkage  to  be  given  this  shape  before  these  external  forces 
are  applied,  the  links  being  all  unstressed.  Since  there  are  no 
stresses  in  the  links  at  the  instant  of  application  of  the  forces, 
it  is  evident  that  at  this  first  instant  the  above  balance  cannot 
exist,  and  the  first  effect  of  the  application  of  the  external 
forces  at  the  joints  is  that  the  pins  begin  to  move  through  at 
least  minute  distances  in  the  directions  of  the  applied  forces. 
Since  these  forces  form  a  balancing  system,  and,  therefore,  do 
not  move  the  centre  of  mass  of  the  linkage,  the  small  motions 
of  the  joints  are  in  different  directions  and  produce  changes  of 
length  of  the  joint-lines  of  the  links.  The  material  of  the 
links  is  resistant,  and  these  changes  of  length,  or  strains, 
cause  stresses  to  arise  in  the  links  of  such  character  as  to 
resist  the  further  motion  of  the  joints.  The  further  the  joints 
move,  the  greater  necessarily  become  the  strains  in  the  links 
and  the  resisting  stresses  increase  in  magnitude  towards  the 
above  limits  which  produce  balance  at  the  joints,  and  which 
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limits  ;uv  actually  nadu-d  provided  they  are  not  beyond  the 
ultii;  ikin^  strengths  of  the  links.  The  extent  of  the 

iiiov.  -incuts  of  the  joints  and  of  the  strains  of  the  links  that 
actually  occur  during  the  application  of  the  load  In-fore  this 
e<|iiilibriated  condition  is  reached — that  is,  the  general  defor- 
mation or  .-train  <>t  the  linkn  whole  that  is  necessary 

-•  balance   ran    be   attained,  depends  on   the  extensibility 
and  compressibility  of  tin-  various  links.      Tin -r  latter  depend 
on  the  modulus  of  elasticity  of  tin-  matt  rial  and  upon  tin-  A 
tions  of  tin-  links.      In  linkages  containing  three-joint   links  it 
fapendfl  also  on  the  llexibility  of  the   links.      The  greater   the 

ability,  compressibility,  and   tlexibility  of  the  links,  the 
great'  general  strain  net  ded  before  balance  is  attained, 

and  balance  is  never  attained  if  the  links  do  not  possess 
sutVicient  strength  to  exert  the  stress- forces  shown  by  the 

am. 

In    tin-   above   it   ha-  i    only  to   explain   the   Origin  of 

general    way   in   which    the    stresses   arise.      It    has   not    be,  n    s 

1  to  .show  that  the  smal!  motion-  of  the  joints  due  to 
th.  applieati..n  of  the  e\t.  rnal  forces  are  exactly  Midi  as  will 
produce  the  j.reci.-r  -trains  needed  to  devtl-.p  th«  rces 

that  will  pro<luce  i  to 

show  that  these  stresses  as  they  develop  bear  to  each  other 
the  ,  i •!•« .pin-lions  as  shown  on  the  balancing  sin 

I  //.      In  such  an  in\<  D  one  would 

account  the  distribution  of  mass  throughout 
.he  linkage  as  well  as  the  distribution  of  sccti«>nal  .stiifn. 
because  during  this  adjustment  to  the  condition  «.f  eijuilibrium 
ae  has  to  do  with  unbalanced  forces  prnducin^  acceleration  of 
iiomeiitum.  This  ditlicult  and  complicated  investigation  is 
imircessary.  lirstly.  berausr  our  graphic  calculations  will  be 
imite<l  to  such  frames  the  links  of  which  are  sectionally  so 
as  to  pn  \ent  the  actually  occurring  strains  bein^  lar^e 
to  pi-o.luce  any  sensible  alteration  in  si/.e  or  shape  of 
,he  structure  ;  and,  secondly,  <  in  actual  < -n-in.  ej-ing 
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structures  the  loads  are  applied  almost  invariably  very  gradu- 
ally, so  that  at  no  instant  of  the  erection  and  loading  does 
there  exist  at  any  part  any  considerable  unbalanced  force. 

Again,  in  all  practical  cases  in  which  the  linkwork  is  in 
itself  flexible — i.e.  capable  of  taking  different  forms  under  the 
action  of  different  sets  of  forces,  as  in  the  case  of  a  simple 
chain  such  as  that  of  Fig.  57— we  do  not  find  it  set  out  in  the 
shape  suitable  for  equilibrium  before  the  loads  are  applied. 
It  has  at  the  outset  some  other  shape,  and,  when  loaded,  not 
being  in 'balance,  it  is  drawn  into  a  new,  possibly  an  entirely 
different,  shape  such  as  may  (or  may  not)  produce  balance. 

13.  Now  there  are  two  cases  to  be  distinguished  carefully 
from  each  other.  The  distinction  depends  on  the  shape 
possessed  by  the  linkage  in  relation  to  the  particular  forces 
applied  to  it.  If  the  shape  be  such  that,  when  the  forces  are 
applied,  the  linkage  is  drawn  by  the  action  of  the  forces 
further  and  further  away  from  the  shape  which  would  har- 
monise with  balance  under  these  forces,  then  the  loading  will 
result  in  the  complete  collapse  of  the  linkwork.  If,  on  the 
other  hand,  the  forces  draw  the  linkwork  nearer  and  nearer 
the  configuration  in  which  it  would  balance  under  these  forces, 
then,  conversely,  stability  will  be  the  result.  A  similar  dis- 
stabiiity  tinction  is  to  be  made  between  two  kinds  of  equilibriating 
shapes.  If  the  balancing  forces  be  slightly  altered  or  dis- 
turbed in  any  way  and  the  linkage  have  in  consequence  its 
shape  slightly  changed,  and  if  then  the  external  forces  be 
exactly  restored  to  their  former  magnitudes  and  directions  ; 
then,  if  the  shape  be  of  the  one  kind,  the  linkage  will  come 
back  to  its  original  position  and  shape,  but  will  deviate  still 
further  from  these  if  it  be  of  the  other  kind.  The  first  kind 
of  shape  is  said  to  be  one  of  '  stable  '  equilibrium,  and  the 
second  of  *  unstable '  equilibrium.  Thus,  if  the  links  be 
arranged  in  the  form  of  an  arch  and  the  loads  be  directed  in 
the  general  direction  more  or  less  towards  the  centre  of  the 
arch,  then  collapse  will  take  place  under  the  disturbing  con- 
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ditions  deserihed.  But  if  the  form  IK-  tliat  of  a  suspension 
bridge  or  inverted  arch,  and  the  loads  art  away  from  the 
centre  of  curvature,  then  after  the  disturbing  intluenee  has  Stability 

I  away  the  linkage  will  tend  to  draw  hark  to  its  original 
shape,  and  i.-,  therefore,  in  >table  e.niilihriuni. 

1  1.   A-  th.  iv  can  he  drawn  an  infinite  nuinher  of  moment 
or  locor-summation  diagrams   for  the  same  set  of  balancing 

-  and  of  sixes  of 
linkages  which  would  keep  in  balance   under  the  same  set   of 

>.      Tli.'  joints  of  all  th.-se  possible  linkage-  lie,  of  con 
on  the  same  forre-lin.  •>.      The   pn-Mhh-   variety  of  sliape   may 
>-o  by  saying   that    th.  I  the   force- 

am  may  have   any  position,  and   the   si/e   may  lie  vari«-d 
without  .-hiftin^  this  pole.      If  tin-   onh  i-   i  i    in   \\hieh    Three 

the  1    hy  the    variable 


links,  tin  n   the   pos.-il.lr   variety  of  linkage   may  he   otlur\\i-e 
-s»  (1    hy   sa\  iii^    that    l\ 

n   inywl  •  -lines  ;   or  that    the 

lion  and  pn-itimi  of  one  link  and  the  direction  of  one  con- 
irhitrari  d.      Th.  -illy 

:  as  soon  as  these  artM  h 

Of  the  >tl  lic- 

ame   time   the  iii   all   the   links 
li\i  d. 
15.    I.-  :  ihe  full  li: 

^  on   Mich  a  1  linkage  and   the  correspond- 

.  \\ith  it>  i  ..],  'li  tli.    in 

in!     P71)  or  K  We  have  the  t  \((  i-nal 

71    halan<-ed    hy  tin    :  /<    I   />  7  <  \«  rt«  d    hy  the   links 

I  i'  and  I1  7.  ',  hich  i-  in  ten.-i«.n  and  the  &  eoiul  in   Six  points 

variable 


On  the  two   link.-  1'7  and    Pi    choose   any  t\\o  |,o>iti.  . 
and  .ippMM-  i  d  hy  the  aholition  of  the 

ad  \  B,  of  !i.«  M  linkfl  and  the  iii 

new  links  \  \'>.  DP.  and  1  >  A.  jointed  at   D  and  A 
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to  the  links  P  7  and  P  1,  and  also  jointed  at  any  point  D  on 
tbe  force-line  7  1.  We  will  now  prove  that  the  linkage  so 
altered  will  still  be  in  equilibrium  under  the  same  set  of 
forces. 

From  7  and  p  in  the  force-diagram  draw  ip'  and  ppr 
parallel  to  B  D  and  A  B.  Then  at  the  joint  B  we  have  the 
force_p7  exerted  on  the  pin  by  the  link  P7.  This  link  may 
be  kept  in  balance  under  this  force  and  the  forces  exerted  by 
links  B  D  and  A  B.  These  latter  are  in  the  directions  of  these 
lines,  and,  therefore,  must  equal  ip'  and  p'  p  in  order  to  pre- 
serve the  balance.  The  pin  at  D  is  now  acted  on  by  the  forces 
p'  7  (exerted  by  link  D  B  and  opposite  to  the  thrust  of  this  link 
at  its  other  end  B)  and  71.  It  can  only  be  kept  in  balance  by 
a  force  ^ip',  and  this  force  can  only  be  exerted  by  the  link 
DA.  It  has  to  be  proved,  therefore,  that  \pr  \\  DA.  If  this 
be  proved,  then  the  pin  at  joint  A  will  also  be  in  balance, 
Six  points  because  it  will  be  acted  on  by  the  three  forces  ip  (already 
determined  as  the  stress  in  the  link  1  P  of  the  original  un- 
changed linkage)  and  pp'  and  p'  i,  which  three  form  a  triangle 
in  the  force-diagram.  The  intersection  of  \p  and  p'  i  we  will 
call  q,  and  that  of  P  1  and  B  D  we  will  call  C. 

The  triangle  pp'q  has  its  sides  parallel  to  those  of  the 
triangle  ABC;  therefore, 


The  triangle  q  i  7  has  its  sides  parallel  to  those  of  the 
triangle  C  E  D  ;  therefore, 


CD 


The  triangle  pql  has  its  sides  parallel  to  those  of  the 
triangle  E  C  B  ;  therefore, 

£i=EC_or£?x_CB  =  1.  .  (f) 

q^        CB        ql        EC 


CIIAV.  x  STATIC  LINKAGES  175 

Tin 


1  If  1)  II          ('  1)          1  II    f 

=  — -,  x  —  x  17-7-1  =  -  ,  from  (*')• 

iiit         ii  7          FJ  (^/       '/  /' 

Dill  -ince  A  C     i  v  and  C  D    </y/,  therefore  angle  ACD  = 

The  triangles  AC  I)  ami   i  7  y/,  having  these  angles  e.pial 

and  the   sides  containing  tin-in   in  the  same  proportion,  are, 

then  lilar;   and  these  sides  bring  parallel,  the  n-main- 

;de  A  I>  in  the  one  triangle  is  parallel  to  the  corresponding 

//  in  the  other.     This  is  what  had  to  he  proved. 
For  the  >imple  linkage  of  one  pen   P  only  we  have  now 
•iited  a  linkage  of  two  pens.     The  second  pen   may  be 
I  the  links  A  P..  1'.  1 ».  and  \)  A  n.ay  now  he  called 
1"  1'.  1"7,  and  1"  1. 

pen  i.  now  (P)  1  -2'.\   1  :.  r,  7  1".  and  corresponding   six  points 

i   the  force-diagram  the  pole  y-  from   which  vanable 
radia'  pencil  .    the    radii    of    which    are 

parallel   to  the   m  alwve  pen.     The  second   pen 

I1'    1  1'  7.  ;•!:  1  •  U)  it  there  i>  the  pmcil  iy'>  i  y  7, 

6  radii  from  the  pole  y/ are  parallel  to  t  of  the 

111   coliin  the    mil    '  ilial     nlie-p.-n 

inkage,  or  say  that  of  the  pen  I'  of  the  new  two-pen  linK.i 
jre  saw  that   there  \\.  el,  nieiits    left    to   the   arbitrary 

•hoice  of   th-  t      that  is,  rath.  r.  left  t-  .  n  from 

unconnected    \\ith    the    problem    of   obtaining 
•ijuilibrium   in  the   h  .:id«r   the  giv«  n   external   forces. 

K'Mtistmoting  the  second  pen  F  we  lind  that  three  more 
lements   of   arbitrary  choice   hav  -npj.lie«l.      Tims  all 

hree  point-  A  ];  1 )  may  he  chosen  arbitrarily  anywhere  on  the 
line.  1'  7.  7  1,  and  1  1*  ;   or  the  din  ction  and  position  of 
f  tin-  three  new  links  and  the  direction  of  a  Hemnd   n 
)e  so  chc 
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A  linkage  of  one  pen  for  a  given  set  of  loads  thus  leaves 
the  designer  with  a  free  choice  of  three  elements.  A  linkage 
divided  into  two  pens  leaves  him  free  to  choose  six  elements. 

It  can  easily  be  shown  that  the  link  dividing  the  whole 
into  two  pens  can  be  introduced  at  any  place.  Thus  in 
Fig.  74  it  might  stretch  from  a  joint  such  as  A  in  PI  to  a 
joint  at  any  position  in  link  P  5.  With  the  link  A  B  as  taken 
above,  the  forces  through  links  P  7  and  P 1  added  together  as 
locors  equal  the  locor  resultant  of  all  the  external  forces 
applied  to  the  linkage  to  the  one  or  the  other  side  of  the 
dividing  link  A  B.  These  two  forces  taken  each  in  one  direction 
— namely,  in  the  directions  in  which  they  act  on  the  joints 
A  and  B— equal  the  locor  resultant  of  the  forces  12,  23, 
Six  points  34,  45,  56,  and  6  7 ;  taken  in  the  opposite  direction  - 
that  is,  as  they  act  on  the  joints  (P  6  7)  and  (P  1  2) — they 
equal  the  single  force  7  1,  which  is  the  only  force  to 
the  right  of  the  dividing  link  AB.  But  in  investigating 
the  balance  of  the  pins  at  the  new  joints  A  and  B  we  had 
only  to  consider  the  substitution  of  the  forces  through  the 
links  A  B,  B  D,  and  D  A,  for  the  stress-forces  along  B  E  and 
A  E  ;  and  it  is  evidently  of  no  consequence  to  the  proof 
whether  these  last  two  added  as  vectors  equal  a  single  actual 
force  7  1  or  the  resultant  of  a  number  of  forces.  It  is  thus 
clear  that  the  dividing  link  can  be  placed  in  any  position  in 
the  linkage ;  and  indeed  this  can  be  proved  directly  following 
for  any  special  case  exactly  the  model  of  the  proof  given  above, 
the  number  of  steps,  however,  and  the  complication  of  the 
proof  increasing  directly  in  proportion  to  the  number  of  forces 
acting  on,  or  to  the  number  of  joints  in,  the  new  pen. 

16.  We  can  again  operate  similarly  on  the  pen  P  of  the 
two-pen  linkage,  splitting  it  once  more  by  another  dividing 
link,  say  from  a  joint  in  P  2  to  a  joint  in  P  3,  or  in  fact 
stretching  between  any  two  points  in  the  sides  of  the  pen. 
The  whole  linkage  will  then  become  a  three-pen  linkage,  and, 
for  a  given  set  of  loads,  there  will  be  nine  elements  in  the 


Varia- 
bility 
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construction  of  this  three-pen  linkage  at  the  arhitrary  choice 
of  the  designer.  There  will  he  a  third  pole  in  the  force-dia- 
gram, from  which  will  radiate  force-lines  parallel  to  the  links 
bounding  this  third  p 

17.  The  introduction   of  each   new  dividing  link,  which 
us  the  splitting  up  tin-  wlmlr  linkage  into  one  additional 

s,  as  already  said,  three  iu-w  elements  of  arbitrary 
choice   in  the  construction  of  the   linkage.      Hut   it   mu>t  br 
1   that  if  the  new  dividing  link  be  inserted   1  two 

aln-ady  existing  j«»ini  -n  in  that  particular  portion   Limita- 

amounts  to  tile  choiee  of  two  of  these  three  elt  niellls-  -namely,    U°n 

the  portions  of  th«-  joints  of  the  iie\v  link — and  there  remains 
only  one  el« -in. -nt  to  be  elm-,, n  capable  of  giving  a  new  outline 
to  the  linkage  as  a  whole.  Thus,  if  A  and  B  were  placed  at 
the  joints  (P12)  and  (P67),  the  change  of  form  etVectcd  by 
•ion  of  the  new  pen  rosohref  it-elf  into  tlu-  m 

ehoioe  of  th,-  pn>iti..n  «>f  1>  on  the  lin.-  7  1. 

18.  A  most  important  point  to  notice  is  that  the  change 

u  linkage  made  on  one  side  of  the  iu  \\1\  intro 
duced  link  does  not  necessitate  (i.e.  in  order  still  to  maintain 
iuion  of  equilibrium   und. r  tbr  given  set  of  forces) 
my  alteration  of  shape  on  the  other  side  of  thi*  link.     I 
mportant  to  note  this,  because  it  means  a  /  toward* 

-xs    iii   the   linkwork.      Kitln-r    pMrii..nuf   the    linkage    to 

be  right  or  to  the  left  of  the  dividing  link     that  is,  either  of 

he  pens  Pan<l  I1'-  can  he  changed  in  -hape  at  will  in  a  inul-   Decree  of 

Situde  of  various  ways.     Any  change  in  any  part  of  one  p.  n  8 
ifTects  the  B!  he  whole  or  most  of  that  pen,  but  d 

lot  aifeet  that  of  thr  ntli.-r  p.-n  :  .  ,-ase 

I  th»- change  bein.^  effected  by  displacing  the  di\idin^  link, 
/hich  is  common  to  b..th.     Tim.-,  the  >h;ij>e  of  each  pen  i\  in- 
«'.epcinl«-nt  of  that  of  tli-    other.      Tb«    -hajie  of  the  linkage  at 
;  ny  joint    i-  d* -linrd   b\  tin-  angles  bet \\een   the  link>   i 
;  t  that  joint.     r..///y./,  te  $i  attaint  d  \\lnn  the  .sbape  at 

the  joint  between  each  pair  of  j«»inted  link.s  is  independent  of 
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the  shape  at  every  other  part.  So  long  as  the  shape  at  one 
part  depends  on  that  at  other  parts  (the  loading  forces  remain- 
ing the  same),  the  linkage  is  to  a  certain  degree  flexible.  The 
flexibility  is  diminished  and  the  stiffness  increased  the  more 
the  whole  is  split  up  into  numerous  pens.  At  the  same  time, 
a  larger  number  of  elements  of  free  choice  remain  open — that 
is,  the  designer  of  the  structure  has  a  freer  hand  in  shaping 
it  as  he  thinks  fit.  At  a  certain  limit  this  multiplication  of 
the  pens  produces  complete  stiffness,  and  at  the  same  limit  the 
shape  of  the  structure  comes  completely  within  the  power  of 
the  constructor  to  make  it  what  he  likes.  That  is,  the  general 
shape  and  outline  of  the  structure  will  no  longer  depend  in 
any  degree  on  the  external  forces  applied  to  it ;  if  these  forces 
form  a  balancing  group  of  forces,  then  the  structure  will  be  in 
equilibrium  whatever  shape  be  given  to  it ;  while,  if  these  forces 
do  not  form  a  balancing  system,  then,  of  course,  the  structure 
cannot  be  brought  into  equilibrium  under  their  action  by 
giving  it  any  particular  shape.  This  limit  will  be  explained 
presently.  The  effect  of  introducing  more  dividing  links  than 
are  needed  to  produce  this  limit  of  subdivision  is  to  cause 
what  is  called  '  redundancy,'  a  term  the  meaning  of  which 
will  be  afterwards  fully  expounded. 

19.  The  relations  between  the  linkage  and  the  force- 
diagram  are  extremely  interesting  from  a  purely  geometrical 
point  of  view.  It  was  Clerk  Maxwell  who  first  investigated 
them  in  the  fullest  and  most  general  manner.  For  instance, 
the  point  p  may  be  chosen  anywhere,  as  may  also  one  of  the 
three  points  ABC,  say  A  on  its  line  P  1.  Then  the  lines  A  B, 
A  D,  and  B  D  being  drawn  parallel  to  the  three  radii  from  p' 
to  p,  i  and  7,  the  locus  of  the  intersection  of  the  two  latter 
lines  is  the  line  7  1  in  the  linkage  diagram.  On  account  of 
a  certain  reciprocity  in  the  geometrical  relations  between  the 
two  diagrams,  Clerk  Maxwell  called  them  '  Eeciprocal  Figures.' 
But  a  purely  mathematical  view  of  any  matter  is  the  last 
thing  an  engineering  student  should  allow  himself  to  take. 
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.  7."  v.  ill  i  rve  to  illustrate  the  prop*  rtu>  most  important 
in  connection  with  the  use  of  these  diagrams  for  the  inve>ti- 

'•>n  and  design  of  engineering  structures. 

20.  Each  of  the  pens  ABCDEF  lias  a  corresponding 
in  the  force-diagram,  which  poles  are  ^iveii  the  similar 
names  t  .  1'rom  each  pole  radiates  the  same  numher 

of  force-linos  as  there  are  links  hounding  the  corresponding 
pen.  These  lines  arc  parallel  to  these  hounding  links,  and 
nita.Mirr  t<>  seal*-  tin-  >tivss-f  •  :  l.y  tin-  links.  Kach 

link  iiiur  two  p,ns  is  common  to  hoth  pens,  and  the 

corresponding  line  in  the  force-diagram,  thi  -ins  the 

poles  of  these  two  pens.  The  separating  link  may  he  called  Nomen- 

thr   jnii;'  im    hetweell    till-  two    ° 

fore,  measures  the  force  exerted  by  the  joint 
between  the  pens.  Throughout  this  book  the  pens  will  he 
named  -,A.BC,&c.,  ami  the  corresponding 

p«.li •-  hy  Mmilur  >mall  1«  tt«  rs.  l-'i.r  in.-taiic«',  tV.'iu  the  pole  l> 
radiates  a  pencil  of  ^  \\\  1-1  to  the  5 

links  hound;  I.  (  .   iu   ft]  in^   the 

•In  .-.   links. 

•::in^  the  lin. 

I  ad  \\ill  1  <    i  amed  by  large  figures,  128,  A 
the    corns)  ondin^    ;  •  diagram    h.\    Minilar 

11  figures.     These  spaci  -  an   i 

.!  i-oinidt  d  or  clo><  (1  1, ,  hminda! 

towards  one  side  they  are  op<  n  ami  of  ind.  'init.  « \t«  ni.     Kut  outside 
the  f(»r-  a  point   «-orn  .-ponding   to  each   of  pei1 

:rom    \\hich   point    radiate    the   same 

numher  ef  T  di  liniti-  houmlin^  lines,  and 

iliesc   radii   are  parallel  to  tlu.-c   hounding   line*  ami   measure 

the  force.-  e\»  rt(  d  alon^  them.    Therefore,  these  points  may 

Consistently     \»     t«  i  med    the    p..!-  ponding    to    th. 

t»  rnal  q  :.  i  iiiil  spatt  B    may  he  called    •  out 

'  or  '  mic!o.-( -d  ]•• 
•^1.  parattd   hy  the  locor  lin* 
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the  external  loads.  The  distinction  between  these  joints  (or 
dividing  lines)  of  the  outside  pens  and  those  of  the  internal 
pens  is  not  very  simple  to  explain,  but  ought  to  be  thoroughly 
grasped.  It  is  still  more  important  to  understand  the  essential 
similarity  between  these  two  kinds  of  joints,  and  this  can  be 
best  done  by  recognising  clearly  their  one  point  of  difference. 

Each  stress  line  corresponding  to  a  link  of  the  structure  is 
evidently  used  as  a  force  line  twice  over  in  considering  the 
balance  of  the  joint-pins.  At  one  end  of  the  link  it  represents 
a  force  acting  on  the  pin  in  a  certain  direction ;  in  considering 
the  balance  of  the  pin  at  the  other  end  it  represents  an  equal 
but  opposite  force.  If  it  be  in  compression,  the  link  uses  the 
pin  at  its  one  end  as  its  abutment  for  the  thrust  it  exerts  on 
the  pin  at  its  other  end.  If  it  be  in  tension,  each  pin  acts  as 
the  anchorage  of  the  link  for  the  pull  exerted  on  the  other 
pin.  But  the  line  of  the  stress- diagram  representing  the 
Outside  action  of  an  external  force,  and  corresponding  to  the  joint 
nS  5  between  two  external  pens,  is  used  only  once  and  in  one 
direction  only.  It  is  so,  at  any  rate,  so  far  as  the  stress- 
diagram  is  used  for  investigating  the  forces  throughout  the 
structure.  This  then  is  the  distinction  :  the  one  line  is  a 
stress  line  representing  two  opposite  forces  ;  the  other  is  a 
force  line,  to  be  used  only  in-  one  direction,  since  it  represents 
only  one  force. 

But  this  external  load  is  simply  one  aspect  of  a  stress 
action  between  the  structure  under  investigation  and  its  ma- 
terial surroundings.  Suppose  it  to  be  the  supporting  force 
exerted  by  a  pier  on  a  bridge.  Then  this  is  only  one  aspect 
of  the  compression  stress  in  the  pier.  The  pier  acts  as  a  strut 
between  the  bridge  and  the  earth ;  it  is  a  link  connecting  the 
bridge  with  the  rest  of  the  material  world  outside  the  bridge. 
At  one  end  this  link  has  its  abutment  on  the  earth ;  at  the 
other  end  it  abuts  against  the  bridge.  It  is,  therefore,  to  be 
properly  called  an  external  or  outside  link— i.e.  outside  the 
structure  under  investigation.  As  the  line  of  pressure  through 
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a  pier  does  not  always,  or  generally,  coincide  with  the  geome- 
trical axis  of  the  pier,  it  may  frequently  be  preferable  to  call 
it  an  'outside  link  line'  rather  than  •  outside  link,'  meaning 
thereby  tliat  it  is  the  force-ct  litre-line,  or  the  centre-line  of 
the  force  through  the  out>ide  link;  hut  when  no  ambiguity 
arises,  the  shorter  phrase  may  he  legitimately  used.  The 
links  belonging  to  the  structure  itself  will  be  railed,  in  contra- 
distinction to  tip  Me'  or  'internal  links,'  this  designa- 
tion incln.lin-i  the  peripheral  or  boundary  links  which  separate 
the  in>ide  from  the  outside  pens. 

When  the  'external  force*  is  due  simply  to  the  weight  of 
a  mass  resting  on  or  hanging  from  the  structure,  there  is  no 

•  rial  linl  ommunicating  the  stress  between 

the  e  and  the  outside  material  world.    The  stress  bond 

in  this  rase  is  the  attractive  force  of  gravity  between  the  load-   Outside 

mass  and  the  earth.      But    whether  we  consider   this 
e  force  to  be  exerted  across  absolute  enn 

e  a  real  active  >trcss  existent  in  that  portion  ,,f  the  MI!»- 
stance  of  the  radiant-energy-carrying  etli<  r  lyin^  between  the 
ig  masses,1  we  may  take  this  >pac.  veen 

tin-.  d  the  heavy  load  as  represent  in  ^  an  out-ide  link 

al«'iiur   \\hich    the   ext.  rnal   stress   is    1  the    line    in 

\vbich   the  weight  acts  being  the  cent r«  -line  of   the  external 

-s.     Wli,  :t-load  is  applied  to  the  under  >ide  of 

a  structure,  this  imaginary  or  repren<  nal  link  wil 

lie  wholly  nut.-ide  the  structure,  and  will  be  a  tie-bar.  When 
the  load  is  applied  to  the  upper  boundary  of  the  structure, 
the  din  ••  '-link  to  the  earth  would  pass  down- 

wards   through    the   .structure,   thereby    confu-iii.^   th- 
into  which   the  link-lines  divide   the   whole  diagram.      It  will 

1  T;  ;-;the  belief  of  nearly  all  modem  physicists.     To  those  who 

.'•  the  doctrine  of  conservation  of  cnt-iyy  it  would  npp< -ar  impossible  to 

account  for  the  conversion  of  active  into  so-called  '  potential'  (better  called 

.,  except  by  supposing  the  latter  to  exist  in  some  form  of  stress- 

v  tilling  the   space  intervenin  or  surrounding  the  attracting 

bo«l 
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be  found  later  that  it  is  important  to  have  all  the  external 
link-lines  lying  clear  of,  and  outside  the  structure.     In  this 
case,  therefore,  it  is  best  to  adopt  an  artificial  convention,  and 
imagine  the  weight  to  be  due  to  a  compressive  stress  through 
an  outside  link  (a  strut)  lying  above  the  structure.    This  outside 
strut  must  be  supposed  to  have  its  abutment  at  its  upper  end 
against  an  arch  built  up  from  the  earth  and  over  the  structure. 
Fig.  76  will  help  to  explain  these  conventions. 
The  outside  links  11, 1,  and  6,  7,  are  compression  links  con- 
Outside       sisting  of  the  end  piers  or  abutments  of  the  bridge.    7,8;  8,  9  ; 
ihiks118'  B  9»  10;  and  10,  11  are  tension  links  due  to  loads  resting  on 
the  bottom  boom.     1,  2  ;  2,  3 ;  3,  4  ;  4,  5 ;  5,  6  are  external 
compression  links  due  to  loads  on  the  top  chord. 

No  essential  distinction,  therefore,  exists  between  internal 
links  and  external  links.  The  forces  of  all  the  external  links 
taken  as  acting  upon  the  structure  must  form  a  balancing 
group  of  forces  if  the  structure  is  to  remain  in  situ.  These 
forces,  taken  as  acting  on  the  earth — i.e.  on  the  world  external 
to  the  structure — also  form  a  balancing  set  of  forces. 

22.  Take  any  section  a. /3  through  the  structure.    We  may 
now  consider  the  portion  to  the  left  of  this  section  as  a  struc- 
ture by  itself,  held  in  balance  by  a  set  of  stresses  between  it  and 
the  external  world.    The  outside  links  are  now  9,  10;  10,  11 ; 
11,  1 ;  1,  2  ;  2,  3  ;  3,  F  ;  F,  G ;  and  G,  9.    The  latter  three  are 
internal  links  of  the  whole  bridge,  but  are  now  to  be  considered 
as  external  links  of  the  structure  consisting  of  that  part  of  the 
Method       bridge  to  the  left  of  the  section  line  a/3.     This  shows  still 
of  sections  more  ciearly  how  non-essential  is  the  distinction  between  in- 
ternal and  external  links. 

This  latter  set  of  external  stresses,  including  3  F,  F  G,  and 
G  9,  must  form  a  balancing  system.  From  this  fact  the  stresses 
3  F,  F  G,  and  G  9  can  be  deduced  from  a  knowledge  of  the  rest 
of  the  group  9,  10 ;  10,  11 ;  11,  1 ;  1,2;  2,  3.  The  two  con- 
ditions of  vector  and  locor  balance  are  sufficient  to  determine 
the  unknown  magnitudes  of  those  three  forces,  whose  directions 


x.  STATIC  LINKAGES  183 

a  iv  known.     This  method  of  finding  the  stresses  in  members 

of  structures  is  called  the  'Method  of  Sections,'  and  will  here-    Method  of 

sections 

after  be  shown  to  be  <>f  ,urr«  at  utility.     The  graphic  construc- 
tion by  which  it  is  elected    has  already  been  explained    in 
.11  1  1  of  Chapter  VIII. 

23.  If  the  pens  of  a  structure1  he  all  triangular,  the  stric- 
ture is  evidi  ntly  '>tinV  in  the  sense  that  its  shape  cannot  be 
altered  except  hy  Irn^theiiing  or  shortening  the  individual 
links.  The  members  of  eii^'in* erini^  stru«-:  bei  actually 

having,  «>r  b«  in-  iave,  such  sectional  si/.i-s  as  pre-    Stiffness 

sive  and  compressive  forces  coining  upon  them 
fr.'in   altrrin^  thrir  l«-n.ufths   in   any  d.  h    to  din 

appivriably  tl  6  of  the   stnietinv,  the  ahovo  is 

tin-   BOnae   in   \\hich   thr   t«-nn  'still"  is   trehnically  applit  d   to 

b  itmetu 

'2\.    In  nrd.  -tilViir-s  it  i-  not    060688817 

that  all  tlu-  peii>  -Imnld  l>e  triangular.    In  building  up  a  plane 
.-tnicture,  in  order  to  loc  :Hy*  each  new  joint 

added  to  the  design  or  in  the  actual  erection,  it  is  (\idnitly 

necessary  and  sufficient  to  add  ///•••  n< -w  twn-j.iint  links. 

Thus,   in   adding  any  nuinh<  r  of  joint-,   d«.ui 
nuinbrr  <»f  1  4  be  addt  d. 

ii.-turr      \i/..  a  triangular   Criterion 
oin--prii  truss-  there  ftp  .i-.iuts  and  thn  .    links  that  is,    frames 

three  less  links  than  douhlr  the   nuniht  r  of  joi; 
tin  ivfnre  thf  ,:_r<  n«  ral  formula  connecting  tin-  nuinbrr  of  joints 
with  tin-  nuinbrr  of  links  in  a  coinpl.  '  but    non-ivdun- 

dant  plane  lii 

I  =  2./-  -  3 

\vh<  re  /  =  nuinbrr  of  joints  and  /  =  nuinbrr  of  links.1 

ndition  is  sometimes  expressed  as  a  relation  between  the  iniml-  r 
i •*  and  that  of  joints     n;m.  :ulxT  of  ]•  !••  s  tliun  tin: 

Dumber  ol  Joints.    l>ut  in  some  structures  the  pens  o\  otluT  and  the 

counting  of  tln-ir  nuinln  r  IM-CDHH-S  confusing.    A^'ain.  in  '  solid  '  a  ln-d 

fi"in  plan-  r  fhe  aOCMtpOOdiog  role  00  nilicrs  of  links 

plication,  \vlu-n-a*   tl.  |  M    nunihi-rs  of 

joints  and  of  enclosed  volumetric  pens  is  confusing  and  dillicult  to  aj 
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Criterion 
in  plane 
frames 


Criterion 
in  solid 
frames 


Thus  in  Fig.  76  the  number  of  joints  is  11,  and  2  x  11  —  3  = 
22  —  3  =  19  =  number  of  links.  In  Fig.  78  the  number  of  joints 
is  41,  and  2  x  41  —  3  =  82  —  3  =  79  =  number  of  links.  In 
Fig.  80  there  are  18  joints,  and  2  x  18  —  3  =  36  —  3  =  33 
links. 

This  only  applies  to  flat  structures  built  of  two-joint  links, 
If  the  linkage  contain  '  beam-links ' — i.e.  links  capable  of 
resisting  cross  bending  and  containing  more  than  two  joints 
— then  evidently  in  order  to  locate  stiffly  in  a  beam-link  a 
third,  fourth,  fifth,  &c.,  joint,  no  further  links  need  be  added 
to  the  structure.  Thus  the  above  formula  can  be  applied 
unaltered  to  structures  containing  beam-links,  provided  that 
in  counting  j  only  the  end  joints  (or  any  two  joints)  of  each 
beam  link  be  included  in  the  count.  In  the  diagrams  in  this 
book  beam-links  will  be  distinguished  from  others  by  being 
indicated  by  double  lines ;  one  line  being  thin  and  representing 
the  centre-line  of  the  link,  and  the  other  being  thick.1  Thus  in 
Fig.  77,  counting  only  two  joints  to  the  horizontal  beam,  the 
number  of  joints  is  7,  and  2x7  —  8  =  11  is  the  number  of 
links,  counting  the  beam  as  one  link  only.  This  structure 
is,  therefore,  stiff  in  the  sense  of  the  word  we  are  now  using. 
In  the  ordinary  meaning  of  the  word,  of  course,  its  degree  of 
stiffness  will  depend  on  the  rigidity  of  the  beam. 

25.  In  a  '  solid '  structure — i.e.  one  of  three  dimensions  as 
distinguished  from  a  flat  one — in  order  to  locate  each  new  joint 
stiffly  it  is  necessary  to  add  3  new  links.  The  simplest  pos- 
sible solid  linkage  is  a  pyramid  with  a  triangular  base.  This 
has  4  joints  and  6  links — i.e.  its  number  of  links  is  6  less  than 
3  times  the  number  of  its -joints.  Therefore,  the  general 
formula  for  a  stiff  and  non-redundant  solid  linkage  is 

I  =  3  j  -  6 
where  j  is  the  number  of  joints  and  I  the  number  of  links. 

1  This  system  is  consistent  with  the  representation  of  ties  and  struts  by  thin 
and  thick  lines  respectively,  because  one  side  of  a  beam  is  in  tension — i.e.  acting 
as  a  tie — while  the  other  is  in  compression. 
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&fl  in  tl:  ':  in  unit  m^j  only  two  of  the  joints 

of  each  beam-link  are  to  be  included  in  the  count,  and  the 
-.in  is  reckoned  as  one  link  only. 

2G.  If  the  number  of  links  be  greater  than  that  <;iven  by 
the  above  formulas,  the  linkage  is  '  redundant,'  and  it  becomes  Redun- 
impnssible  to  determine  all  the  stresses  in  it  either  by  algebraic   dancy 
or  graphic   means   unless  account    he   taken   of   the  ehi 

lin.ur  <>f  the  ties,  struts,  and 
bruins. 

27.  If  the  structure  rest  on   the  earth  by  means  of  ! 

>ns,  so  that  the  joints  between  structure  and  earth 
are  approximately  immovable,  then  evidently  the  earth  forms 
one  link  that  #>rs  towards  the  stiffening  of  the  structure  ;  and 
a  number  of  links  in  the  structure  it-elf  te\clu>ive  of  the  earth 

one  less  than  given  by  the  above  rules  is  sufficient  f»r 
stiffne-s.  Thus,  an  arch  hinged  at  centre  |  abutments 

becomes  a  sti  i  ire  only  lered  in  connection 

\\ith  the  earth,  which  performs  the  n  of  a  tie-bar  whose 

tension  bal:  tal  thru-t   through   the  arch.      If  Earth 

as:  -tiffin  itself  be  connected  \\ith  i  by  !i\ed  ™0nnngec" 

v  this   connection  it  is  converted  into  a  n-duud 

tuie,  the  stresses  in  whose  members  can  only  be  d. 
mined  by  taking  account  of  the  elastic  deformation  of  tin 

ture  and  of  the  earth  abutment-.  If,  however,  the  joint 
with  the  earth  have  a  certain  degree  of  freedom;  if,  for 

iple,  a  stiff  non-redundant  girder  n  .-t  at  one  end  <>n  hori- 
zontal roller-plate,  that  !  one  end  free  to  move  hori- 
zontally without  any  retarding  horizontal  force  worth  taking 
account  of;  then  the  directions  of  tin  in^r  forces  at  the 
earth  joints  bee.  and  the  problem  of  finding 
the  stresses  throughout  the  >tnicture  can  be  always  completely 

•  I. 

28.  To  ensure  stiffness  and  non-redundancy  the  structure 
taken  as  a  whole  must  fulfil  the  conditions  expressed  by  these   closer 

:    but  their  fulfilment  for  the  whole  structure  is  not  an  analy"! 
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infallible  criterion  of  stiffness  and  non-redundancy,  nor  is  it 
necessary  that  a  stiff  and  non-redundant  structure  should 
fulfil  these  conditions  in  each  of  its  separate  parts.  Thus,  a 
structure  may  be  flexible  in  one  part  and  redundant  in  another, 
in  such  a  way  as  to  leave  it  flexible  as  a  whole  and  yet  fulfil 
as  a  whole  the  rules.  For  example,  a  quadrilateral  with 
braces  across  both  diagonals  is  redundant,  and  to  one  side  of 
this  may  be  joined  another  quadrilateral  with  braces  across 
neither  diagonal.  The  second  quadrilateral  is  flexible  and  the 
whole,  linkage  is  flexible,  but  it  fulfils  the  conditions,  there 
being  6  joints  and  2x6—3  =  9  links.  . 

To  test  completely,  therefore,  the  stiffness  of  a  proposed 
design  of  a  complicated  character  some  additional  criterion  is 
necessary.  This  consists  in  taking  a  number  of  sections,  each 
dividing  the  structure  in  two  parts.  The  parts  must  then 
fulfil  certain  conditions  wherever  the  section  be  taken  if  the 
Closer  structure  be  stiff  and  non-redundant.  These  conditions  are 

analysis       the  following  . 

If  the  section  pass  through  a  joint  and  one  bar ;  or  if  with- 
out passing  through  a  joint  it  cuts  through  three  bars ;  then  in 
each  of  the  two  parts  the  usual  rule  (I  =  2^'  —  3)  must  be 
fulfilled,  the  joint  cut  through  in  the  former  case  being  in- 
cluded in  the  count  for  each  part. 

The  section  cannot  pass  through  two  bars  only  if  the 
linkage  be  stiff,  unless  the  two  bars  are  actually  jointed  to- 
gether. 

If  the  section. pass  through  a  joint  and  two  bars,  or  through 
no  joint  and  through  four  bars  ;  then  in  one  of  the  two  parts 
the  usual  rule  (I  =  2j  —  3)  must  be  fulfilled,  while  in  the  other 
part  there  must  be  one  degree  of  flexibility  (i.e.  I  =  %j  —  4). 
This  rule  is  exemplified  in  Figs.  78,  80,  and  86.  If  the  section 
be  through  a  joint,  the  joint  has  to  be  included  in  the  count 
for  each  part. 

In  no  case  are  the  bars  cut  through  by  the  section  to  be 
included  in  the  count  of  links  for  either  part. 
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-••    conditions    must    bo    fullilled    for    every   possible 
ion. 

In  tilt-so  tests,  in  counting  tlie  number  of  links  cut  through   Closer 
by  a  section  a  beam-link  is  to  count  as  two.     Tims,  a  section 
of  a  siitf  .structure  cannot  pa-s  through  two  links  only  if  both 
,vo-joint  links,  but  it  may  do  so  if  one  of  them  be  a  beam- 
link,  as  may  be  seen  from  Fi.^s.  77,  87,  88,  81),  and  !M). 

29.  The  method  of  finding  the  stresses  by  constructing  at 
i  joint  a  graphic  diagram  showing  the  balance  of  the  f< 

acting  on  tin-  pin  at  that  j«»int  has  been  hi  use  for  a  lon^  time. 

;iod  is  cliiui-  i  the  drawing  of  each 

Ilin.-  twice  over,  because  the  stress  in  each  link  acts  on  two 
.   and,  therefore,  enters  into  two  of  the  above   diagrams. 
The  1110,1,111  improved  method  of  stress  diagrams  COHM  ;    in 
combining  all  these  into  one  diagram,  so  that  no  line,  or  as 
few  as  possible,  need  be  drawn  twice  < 
not  always  possible  to  av  -the  same  fit 

in    the   diagram,    but    in    a    good    diagram    this   repetition    is 
minimised,  and  in  a'  of  cases  it  does  not 

need  to  occur  at  all.    Its  avoidance  depends  alto-,  kher  upon 

I////,-///;/  ///<•  x//-«>  for  in   building    them   Cyclic 

into  the  diagram.     ;  Mg  to  Fir  ke  for  example  the  order 

stress  in  the  the  link  5  ('.     This  stress  gives  one  of  t! 
acting  on  th.-  joint-pin  <:>('  I;  h.     It,  ;  .  appears  in 

M    for   thU   joint  :  it    nm>t 

in    connection    \\itli    : 

polygon.      j;ut  it   nm.-t  al-o  app.  ar  in  similar  conn,  ctioii  uith 
•"  t;.  it  forms  one  of  the  balancing  fore,  s  mi  the  joint- 

Din     56DG).     It  acts  in   -  tlfl  on   these   two 

piin,  and,  ti  .    it    will    be   read 

and    in   the  oth<  r  <•  ;>,  and   it   imM    radiat.-   IVom   the  joint   of 
i  -r>  and  HUM    th-  to   be    in 

similar  COIIIK -etion  with  each  other  sincr  tin -y  form  part  of  the 
p"l>  tor  balance  of  the  ^roiip  of  external 

forces.     Similarly,  r,,l  inii.-t   radiate   from   the  joint  of  5  G  and 
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6  7.  Therefore,  in  the  diagram  for  joint  (C  5  6  D)  the  stresses 
along  C  5,  5  6,  6  D,  must  follow  each  other  either  in  this  order 
or  the  exact  reverse.  Since  the  three  follow  in  this  manner 
and  there  are  only  four  altogether  in  the  polygon  for  this  joint, 
it  results  that  the  same  must  hold  for  the  four.  That  is,  that 
in  the  stress- diagram  the  four  must  follow  in  the  same  order 

Cyclic        as  the  locor  lines  are  cut  in  the  linkage  in  circulating  round 

order 

the  joint.  The  circuit  of  the  joint  may  be  made  either  right- 
handedly  or  left-handedly — that  is,  either  as  (C  5  6  D)  or  as 
(CD  6  5).  Such  order  is  called  'cyclic'  order,  and  there  are 
two  possible  cyclic  orders  that  may  be  followed  in  building  up 
the  stress-diagram,  the  right-handed  or  the  left-handed.  But 
the  .same  cyclic  order  must  be  preserved  throughout  the  stress- 
diagram  for  the  whole  structure. 

30.  The  cyclic  order  that  has  been  adopted  in  building  up 
the  stress  diagram   must  be  marked  on  it  either   in  words 
under  the  title,  thus,  'Left-handed'   or  'Eight-handed,'  or 
very  much  better  graphically  by  a  circled  arrow-head  thus 

^Q  or  Q'.  By  so  marking  it,  it  becomes  quite  unneces- 
sary to  place  any  arrow-heads  on  any  of  the  lines  of  the 
diagram  (neither  on  the  external  nor  on  the  internal  force 
lines)  to  indicate  force  directions.  In  the  link  diagram  to 
Tension  distinguish  compressions  from  tensions  it  becomes  unnecessary 
preTsion1?  ^o  use  either  arrow-heads  or  -f  and  — .  Thus,  in  Fig.  75, 
which  is  marked  gf ,  in  order  to  find  whether  the  link  D  E 
is  in  tension  or  compression,  it  is  only  necessary  to  notice 
that  on  the  lower  joint  (9  C  D  E  F)  the  stress  on  this  link 
will  be  read  de,  and  on  referring  to  the  stress- diagram  we  find 
that  this  is  doivmvards,  or  towards  the  joint — that  is,  the  link 
is  thrusting  downwards  on  this  pin,  and  is,  therefore,  in  com- 
pression. Similarly,  link  C  D  is  in  tension,  because  at  the 
lower  joint  its  force  is  to  be  read  c  d,  and  this  we  find  to  be 
directed  upwards,  or  away  from  the  joint. 

31.  Arrow-heads  placed  on  the  lines  in  the  linkage  are 
very  objectionable  because  they  are  ambiguous.     Thus,  a  link 


i  • 
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marked  3 —  — $> — £  would  by  some  people  be  read  as 

iion,  tlu-  arrows  bein^  taken   to  indicate  that  the 
ends  of  tin.-  link  u-ml  to  separate;   while  others  would   under-  Arrow- 
i    that  the  arrows   indicate   the  directions  of    the   I'o: 

be    bar   on    the    pins  at   its   opposite   ends,    and 
th«  i  mpression. 

:;•_!.     'I  -  +  and  —  affixed  to  the  link-lines  arc  not 

ambiguous,  and   arc   in   fact   v<  ry  commonly  and   usefully  cm-   Use  of 
ployed.      When    the   >tresses   are  •;!'   in    figures,   t! 

li^ures  should  bo   written   alon.i;   the   links,  and  a  plus  may  be 
prefixed  fur  ten-ions  and  a  minus  for  coi:  ns. 

88.  But  a  readier  and  :iickly  p.  iv<  ived  distinction 

eeii  tension  and  coin;  nbers  may  In   made  in 

inking  in  the  linkage  by  i-mp'  for  example, 

by  inking  all   the  tie-bar  line.-,  in  black   and   the  >trut    \li\o   in   Two 

.      In   this  book  all    i  ihown   by   thin   black 

lin,-.  ut  line.-,  by  thick  black  lines.     Tb-  ram 

bo.,k,  bowers  r, 

Jin.    black  lines  are  u 

:>1.    I  i^ram  applies  to  tlu- 

i  diagram  of  th<  The  same 

h   indi\idual  j.-int  is  that  in  \\liidi  these 
s  must  be  arranged  to  follow  eaeh  <>ihei  in  tin 
-diagram,      i  t   in  \\hidi  the 

out.-idf   links   are  cut   throii-li   in    making   tlie  cin-uit  out 
the    \\lmle    >t  ru.'t  u  r«  ,  t  i  1 1  MT    i  i^l  1 1  -  handed  ly    <>r    1,  -ft-haiid*  dly. 
'I'liu-,  in   Pig,  75,  they  \\ill    be  found    in    the    M  r.  — -dia-i  am  in    Constancy 

rd  r  l  -i  :;  i  5  '•-  7  s  :'  LO,  th<  same  u  that  in  \\l.i,-l.  the  °frdccyrclic 

out>i«le   i  d   in   makin-  a  ri-ht-hand.  ,1  chvuii 

mtsidf  tin-  linka 

'I'h.-  same  cyclk  order  uill  !•«•  fnund  t  .  d  in  the 

r-.-ummatioii  diagram  -bouin^  tin-   balance   nf  the    I'm 
acting  on  any  individual  ]  «  n.      Tim-,  th.  :i  Bfi  l>   in 

i     1    link-,  is    k«  pt    in    balance    under  the 
action    of   the   In.;,    9,   U):    Jo  1;:    ji   I  :     ;  .    i;  j  .  ;    | 
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E  F  ;  and  F  9.  This  is  the  order  in  which  these  links  are  cut 
in  making  the  right-handed  circuit  of  the  pen,  and  in  the 
stress-diagram  it  will  be  found  that  the  corresponding  forces 
follow  each  other  in  this  order  and  form  a  closed  vector 
polygon.  Here  C  is  the  '  pen-joint '  of  the  above  links,  and 
we  see  that  the  same  cyclic  order  holds  for  the  balance  of 
*  pen-joints  '  and  for  that  of  '  point-joints.' 

Taking  two  pens  together,  for  example  C  and  D  of  Fig.  75, 
and  considering  them  as  a  compound  or  complex  pen,  we  find 
the  same  law  holds ;  thus,  these  two  are  held  in  balance  by 
the  forces  in  the  stress-diagram  9,  10  b  4  5  6  7  0/9,  these  being 
arranged  according  to  the  right-handed  cyclic  order  in  which 
Constancy  the  corresponding  spaces  are  traversed  in  making  the  external 
circuit  of  these  two  pens.  The  same  will  be  found  to  hold 
true  of  any  combination  of  pens  one  can  take.  Thus,  the 
application  to  the  group  of  external  forces  under  which  the 
whole  structure  is  in  balance  is  only  a  special  application  of  a 
general  law.  The  same  law  again  holds  good  for  the  balance 
of  individual  links.  Thus,  the  link  CD  is  in  balance  under 
the  forces  shown  in  the  stress-diagram  by  Qcdede/Q,  this 
order  showing  the  correct  direction  of  these  forces. 

Thus  pins,  links,  simple  pens  and  complex  pens  are  all 
subject  to  this  one  law  of  the  same  cyclic  order  in  the  stress- 
diagrams  exhibiting  their  balance.  The  importance  and  utility 
of  this  law  in  the  art  of  constructing  graphic  stress- diagrams 
cannot  be  overrated. 

35.  There  is  an  important  exception  to  the  rule  that  in 
the  stress-diagram  no  stress-line  is  to  be  repeated  twice.  In 
the  examples  hitherto  given  the  external  forces  are  assumed 
to  act  at  external  joints,  and  there  will  be  found  at  once  a 
difficulty  in  following  the  method  explained  if  they  do  not  do 
so.  But  the  loads  are  actually  sometimes  applied  at  internal 
joints.  For  example,  Fig.  78  shows  a  'stiff'  arched  linkage 
in  which  the  load,  which  is  the  weight  of  a  roadway,  rests  on 
the  bars  B  M,  D  0,  F  Q,  &c.,  &c.,  and  is  supposed  to  be  con- 


Loads  at 
internal 
joints 


the 

- 
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ceiitrated  at  the  joints  aloni;  this  lino.  In  order  to  get  over 
tlu-  difficulty  arising  in  this  way,  tin-  best  and.  ><>  far  as  tho 
author  knows,  the  only  correct  method  is  to  suppose  added  a 
number  of  extra  links  lyin^  along  the  lines  of  the  external 
/minating  at  joints  in  the  outer  periphery  of  the 
linkage.  In  Fi,ur.  7S  these  imaginary  links  aiv  shown  by 
dotted  lines  running  from  the  jnints  wheiv  the  loads  an 
applied  to  the  upper  boundary  or  chord.  Thiy  might 
simply  h;  D  drawn  downw;  ;ii«  lower  rhonl,  in 

which  ease   i:  ;-_;ram   \\otild   liave    taken   a   slightly 

ditfi  rent  >hape  from  that  shown  but  would  have  -iun  exactly 
•  ss-magnitudes.     It  i>  ,L'«  in  rally  a  matter  of  theo- 
\\hieh  bniin.iary  the  imaginary  links 
led,  but  ;  .val  imp«»rtanr»-  i.»  plai-e  them  BO 

that  they  shall  intersect  as  few  actual  links  as  possible.     As 
ig,  78,  it  is  generally  unnt c»  ssary  to  allow  each  to  in: 

OK   than   die   actual    link—  Hani,  ly,   that    at    the  miter   Loads  at 
M.undary  :    but  in  Fi.u'-  **'*  th.-rr  are  examples  of  tlu-m  eros.sin^ 
WO  actual  In  D   a   n.  \\ 

magined  \\hirh    joint   will   dhide   tin-   artual 

link  into  two.  t  of 

»ne  ima  k  will  tb  MM  b\  two  tin-  total  1111111! 

>f  links  in  th<    linkage  and  b\  total  number  of  ji-ii:- 

Tim-,  the  .{in  -tinn  of  the  iK  \ihilit  iundaiK 

li(»ducti(»n   of  these 

imaginary   link-.      Ti  MM   whtth.  r  m-   not    tin 

imaginary  lii  I  actual 

link.    At  each  *  internal  '  inter.-et-timi  of  ima-.-inary  and  actual 
link.-  ther.    mu.-t  be  -upp«).-«-«l   inti  a    IM  \\  joint.      Kadi 

•ich  joint  will   split  the  imaginary  and   the  actual   link-  «  a« -h 
into  [ng   the    niimbi  i"  of  link.-,   l,v  t\\<, 

and  the  number  of  joint-  by  one. 

Thus   in  the    load    actually   applied   at    the   joint 

<>|'Ml    |  -upposed  tran.-f.  rr«  d   to   the   upp.  r  ch<.rd  by 

1  The  whole  of  this  ar^!.:  ^tic  linkages. 
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the  imaginary  link  E  E'.  This  divides  the  space  E  into  two 
spaces  E  and  E'.  The  link  joining  joint  (CD  Ell)  with 
(E  F  G  10)  is  divided  by  the  imaginary  joint  (E  E'  10, 11)  into 
two  linksi  E' 10  and  HE.  The  supposed  insertion  of  the 
imaginary  link  leaves  the  stresses  through  these  latter  two 
links  entirely  unaffected — that  is,  it  leaves  them  exactly  the 
same  as  if  the  imaginary  link  and  joint  were  not  inserted ; 
because  at  this  joint  we  have  jointed  together  four  links  lying 
in  two  straight  lines.  The  vector  diagram  showing  the  balance 
of  this  joint-pin  must,  therefore,  be  a  parallelogram,  and  the 
stresses  through  the  two  links  lying  along  the  same  line  are, 
therefore,  equal  and  quite  independent  of  the  magnitude  of 
Loads  at  the  stress  in  the  other  pair  of  links  lying  along  the  second 
joints  nne-  I*1  the  Present  case  the  parallelogram  is  a  rectangle  and 
is  seen  on  the  stress-diagram  to  be  eer  10,  n.  Thus  the  stress 
condition  of  the  link  (11, 10)  E  is  unaffected  by  the  suppo- 
sition of  the  insertion  of  the  extra  link.  Furthermore,  the 
stress  on  the  imaginary  link  E  E'  being  necessarily  equal  to 
the  external  load,  the  thrust  of  this  link  on  the  joint-pin 
(0  P  Q  F  E  D)  is  equal  to  that  actually  exerted  by  the  load  ; 
and  the  supposition  made,  therefore,  leaves  the  stress  condi- 
tion at  this  joint  entirely  unaffected. 

This  artifice  is,  therefore,  legitimate,  since  it  alters  no 
actual  stress  conditions,  and  its  adoption  eliminates  all 
difficulty  in  constructing  the  stress-diagram  according  to  the 
ordinary  simple  procedure  already  explained. 

36.  The  result,  however,  is  that  a  number  of  lines  in  the 
stress-diagram  appear  twice  over.     Thus    all  the  '  external 
stresses '  applied  at  internal  joints  are  repeated ;  each  appear  - 
stress-        ing  once  in  the  external- force   vector-balance   polygon   and 
repeated      once  as  an  internal  stress,  namely,  that  through  the  imaginary 
link.     Every  actual  link  that  is  divided  into  two  by  imaginary 
joints  has   also  the  line  representing  the  stress  through  it 
repeated  twice  in  the  diagram.     This  repetition  is  unavoid- 
able.    Although  it  increases  the  number  of  lines  and  thus 
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decrea.-e>  tlu-  •  readability '  of  the  diagram,  it  can  never  lead 
d\y  amhi^uity  or  real  ditliculty  in  reading  off  results. 

87.  Win  11     two    actual    links    cross  each    other    without 
K-in.H  actually  jointed  at   their  intersection,  the  same  artifice 
must  he  adopted  in  order  to  make  it  po»ihle  to  draw  out  the 

mi  without  c-onfiiMon  and  without  hreak  of  con- 
tinuity. An  imaginary  joint  must  be  supposed  in-n-ted  at 
their  int-  .  Tin-  will  divide  each  of  the  links  into  t\\o. 

The  >tr< -s.-dia^ram  for  the  joint  will  be  a  parallelogram,  and 
the   stress  on  each  of  the  two  links   will  he  repeated    twin-.   Crossing 
The  spa.  rated    hv  the  links  should  he    lettered  so  a 

similar  names  to  the  two  stress-lines  represent 

the  same  link  stress.     Thus,  in  1  i  .  7'.',  we  have  a  lattice 
f  common  d.-si-n  < xccpt  tliat  ;ts  across  the 

quadrilateral  spaees  are  usually  intrnduo  d.      In   tlii 
the  diagonals  that  run  from  top  to  bottom  chord   are   n»t 
actually  jointed  at  tin  ir  crossings,  but  at  these  points  joints 
must  he  iui:  -il.ling  one  to  draw 

»ut  tin  1^1  am  in  an  orderly  and  continuous  fa.-hinii. 

88.  If  the  spaces  are  ra  system  similar  to 
that  shown  in   1                                 il  stresses  in  tli 
liagraiu  will  appear  v.ith  names,  not  the  same,  hut   \\ith  a 
listi              niilaiity  to                         Thus,  Ca  C4  and  D,  D4 
ire  really  parts  of  one  and  the  same  link,  hut  tiny  ai  < 

is  if  they  were  two  separate  links.     Their  names  have,  I 

|wer,this  incommon,  that  the  suffices  3  4  are  identical  in  h..ih. 
Cliese  SUl'lit  . ->    in   the  name  of  «  a<-h   ditV.  r  fi'Miii   (  a<  li   other-    Lettering 
hat  is,  :i  ditTers   from    1  ;    while  tl.  pearin^  in  <  ach 

!i\  not    dill',  f,  M  nice   in   ('.,  (\  onlv  the   one  letter   C 

ppears.     The  stresses  of  these  t\\«»  links  \\ill  apj 
;  ,nd  will  he  ..pp.  of  a  parallelogram, 

;  nd   are  identical   in   name  MI  far  as   tin  B  OOn- 

(eriicd.      The  nth*  r  ]  B  of  thi*  same  paralleln- 

<r  ram  \sill  he  r3  //.(  and  c4  «/,,  \\ln»si-   nanie>  are   identical  BO  far 
1.8  tl  ^o,  although  tli-  •  r  in  the  two 

0 
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while  in  each  stress  only  one  suffix  number  appears.  These 
are  the  stresses  in  the  links  C3  D3  and  C4  D4,  whose  names 
have  the  same  sort  of  identity,  and  which  are  imagined  to  be 
separate  links,  although  in  reality  they  are  one  and  the  same. 
Using  this  system  of  lettering,  no  two  bars  which  are  really 
different  bars  will  be  found  to  have  names  that  are  not  dis- 
tinctive. In  each  name  either  the  two  letters  are  the  same 
while  the  suffices  differ,  in  which  case  the  suffices  are  to  be 
Lettering  taken  as  the  part  of  the  name  individualising  the  real  link  or 
the  corresponding  stress ;  or  else  the  two  suffices  are  the  same 
number  while  the  letters  differ,  in  which  case  the  letters  are 
to  be  taken  as  the  distinctive  part  of  the  name. 

The  linkage  in  Fig.  79  has  7  joints  in  each  chord,  or  14  in 
all.  In  order  to  be  stiff  it  requires,  therefore,  2  x  14  —  3  =  25 
links.  It  has  actually  26,  and  is,  therefore,  redundant  in  one 
degree,  and  its  stress-diagram  cannot  be  drawn  without  taking 
account  of  its  elasticity. 

39.  Fig.  80  shows  a  non-redundant  stiff  linkage  of  similar 
design.     There  are  here  at  the  ends  4  joints  at  each  of  which 
only  two   links  meet.     At  each  such  joint  no  stresses   can 
exist  in  the  links  unless  an  external  force  acts  at  the  joint. 

Thus  at  the  joint  (9  J2)  no  outside  link  acts,  and  therefore 

the  stresses  in  the  two  internal  links,  J2  9  and  9  J2,  are  zero. 

2-iink         It  must  be  understood  that  this  rule  applies  only  to  2-joint 

without      links.     If  one  of  the  pair  of  links  be  a  beam,  then  force  may 

load  be  transmitted  through  the  joint. 

If,  again,  the  two  links  meeting  at  such  a  joint  lie  in  the 
same  direction,  then  it  follows,  not  that  their  stresses  are 
zero,  but  that  they  are  equal,  both  being  subjected  to  equal 
pulls  or  to  equal  thrusts. 

40.  Another  case,  frequently  of  use  in  surmounting  special 
difficulties  in  complicated  structures,  is  that  of  a  joint  at 

3-iink  which  three  links  meet,  two  of  which  links  lie  along  the  same 
^ne*  Here  the  force-component  exerted  normally  to  the  links 
in  line  by  the  link  not  in  line  must  be  equal  and  opposite  to 
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the  component  of  external  force  acting  on  the  joint  resolved 
in  the  same  direction.  This  enables  one  to  find  the  stress  on 
the  oblique  link  at  once  without  working  up  to  this  joint  from 
other  parts  of  the  structure;  in  other  words,  it  may  ible 

drawing  the  stress-diagram  from  this  joint. 

In  many  roofs  as  actually  put  up  such  il-link  joints  occur  3-iink 
on   the   Inwer  chord   where    no  load   is  applit  d.     The  joints  2°in  line 
A  lie' I)  in  Fi.ur.  81  are  examples  of  this.     The  .stay-bars  at 
these  joints  cannot  be  stressed  except   by  the  weight  of  the 
tie-bars  of  the  lower  chord,  and  are,  therefore,  practically  of 
no  use  whatever.     If  the  lower  chord   were  composed  of  two 
still'  beams,  then  the  stays  would  be  of  use. 

11.   In  the  case  of  an  acting  on  such  a 

:Mink  joint,  if  we  look  on  this  foree  as  that  of  an  external  link, 
tin  j..int  is  a  Mink  one.    Thus,  at*/////  -i-link  joint  two  of  wh 
links  li«  in  one  line,  t!  components  of  the  othi  i  two  j 

icular  to  the   first   two   must   be  equal  and   opposite.      It 
•tot    infrequently  helps  one  out  of  a  special  dilVu-ulty  in  pro- 
igwith  •  tgram  to  remember  this  obvious  fact. 

i,  if  a  known  external  force  acts  at  such  a   i-link  joint,   4-link 
ponent  of  external  force  perpendicular  to  tin-  two  links  J20iniine 
n  alignment  must  balance  the  algebraic  sum  of  the  similar 
•omponents  of  the  forces  alon  90  other  link.-.      Thus  in 

th.   end  joints  are  of  this  character.    Th, 

im   of   tin     \ertical   components    of 
any  pair  of  diagonal  braces  meeting  at  a  joint  must 
!  component  of  the  1  that  joint.     The 

tud.  .Id  inspect   the  stress-diagram  to  trace  out  the 

•uth    of    this    proposition    for    each    of    the    joinu    of    this 
;  .t'ucture. 

\-l.    [B    drawing   the  iagram  of  a   plane   -tructmv, 

the  x  IK  r.il  nil-    \-  that    OO€  n  in  at  a  iMink  joint      i.e. 

.lie   of  tuo   ////*/•//«//   links.      The   mit.-ide    link    make.^   a    third,    Order  of 
;  nd,  //x  x/r»'.sx  A.///-/  Lnu/i  n,  the  triangle  <.f  balancin-  for06fl  «-an    Pr° 
jit  once  be  drawn.     1'rom  this  one   must    proceed   to  a   «>n- 
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tiyuous  3-link  joint ;  a  4-link  joint  would  leave  three  unknown 
forces  which  it  would  be  impossible  to  determine.  The  third 
joint  taken  in  building  up  the  diagram  may  be  a  4-link  one, 
but  must  not  be  5-linked.  At  each  successive  step  the  new 
joint  attacked  must  be  one  at  which  all  the  forces  except  two 
are  either  known  as  data  or  have  already  been  found  by  the 
stress-diagram  construction.  It  is  here  that  the  beginner  gene- 
rally goes  wrong ;  he  goes  prematurely  to  a  joint  where  more 
than  two  forces  remain  undetermined,  and,  being  unable  to 
solve  this,  becomes  confused  and  perhaps  disheartened.  It  is 
only  in  special  circumstances,  however,  which  are  dealt  with 
below,  that  he  has  not  at  each  step  a  choice  of  one  or  more 
joints  fulfilling  the  condition  necessary  for  solubility. 
Order  of  Nearly  all  structures  have  at  least  two  joints  at  each  of 

Je  ure  which  meet  only  two  inside  links.  It  is  a  matter  of  theoretic 
indifference  at  which  of  these  two  the  stress-diagram  is  begun. 
Sometimes  one  will  be  preferable  as  a  matter  of  convenience  to 
the  draughtsman.  Usually,  the  commencement  having  been 
made  at  one  of  these  two  joints,  the  other  is  the  last  to  be  dealt 
with  at  the  completion  of  the  diagram,  and  the  last  two  joints 
usually  furnish  the  graphic  test  of  accuracy  of  draughtsman- 
ship. Sometimes,  however,  it  is  convenient  to  work  part  of 
the  diagram  from  one  of  the  2-link  joints,  and  another  part 
from  the  other  similar  joint,  the  two  parts  being  eventually 
joined  somewhere  near  the  centre  of  the  diagram,  and  this 
junction  then  affording  the  test  of  accuracy. 

43.  The  normal  distribution  of  links  at  the  various  joints 

is  the  following :  two  2-link  joints,  two  3-link  joints,  all  the 

others  4-linked.     This  may  be  recognised  from  the  formula 

Number      (2/1  —  3)  links  for  the  n  joints  of  a  stiff  non-redundant  plane 

at  anoint    ^rame-    Each  link  goes  to  two  joints,  and,  therefore,  there  are 

(4  n  —  6)  link-ends  at  the  n  joints.     The  above  distribution 

accounts  for  {2  x  2  +  2  x  3  +  (n  —  4)  4}  =  4  +  6  +  4  n  —  16  = 

4  n  —  6,  the  same  as  just  mentioned. 

The  two  2-link  joints  can  never  be  found  contiguous  to 


.  x.  STATIC   LINKAGES  1!)7 

each  other  in  :i  still*  linkage.  Tin.-  two  :Mink  joints  arc  gene- 
rally contiguous  to  the  two  '2-link  on 

If  there  be  OIK-  .">-link  joint,  then  there  are  three  o-link  ones. 
If  there  be  several  5-link  joints,  there  is  a  corresponding  extra 
number  of  3-  or  2-link  ones.     Kadi  0-link  joint  leads  either  Number 
to  an  extra  2-link  instead  of  a  4-link  joint,  or  t«»  two  extra  :>-   ata  joint 
link  instead  of  1-link  joints.    Kach  extra  d  I  complexity 

in  any  out-  part  of  the  structure  beyond  the  normal  arrange- 
ment in  which  the  most  complex  joint  has  four  links  1.  ads  to 
a  corresponding  amount  of  extra  Miuplicity  in  another  part. 

11.  There  may  also  be  no  2-link  joints  alon<;  \\ith  >i\  8- 
link  one-,  all  the  r«  >t  having  four;  in  this  case  the  count  of 
the  link-ends  beinj^ 

6   X   3  +  (/I  —  6)  4  =  18  -f    1  /     -   J  I  =   1  //  —  6 

as  b» ;  r.       1  and  86  give  examples  of  this  distribution.  NO  2-iink 

It  is  here  iiiip<»-il'l''   to  start   dra\\in^   the  stress-dia-ram   in  J01 
the  usual  way.     One  method  of  surmounting  the  dilliculty  is 
to  start  by  h.  lp  of  the  •  M.  thod  of  Srctinn-.'      Ain'th«  r   is  to 
use  the  *  Mi-thud  of  Two  Trials  and  Two  Errors.'     Expl 
tiun>  and  exjimples  of  both  methods  are  ^  >w. 

45.  These   principles  of  stress-diagram  coi  n  \\ill 

now  he  illustrated  by  going  through  in  detail  a  few  cxam| 

Pint,  tak.    the  ar.-lied  linkage  JB.      The   structure 

is  syninietrically  built,  but  the  Juad  is  not  symmetrically  • 
tribal 

The  l,.ads  are  *2,:\  =  !:>,  \:\  =  2  tons  each  ; 

8,  1  =  1,  ">  =  r,,  i;  =  C,  7  =  7, 8  =  8, 9  =  4  tons  each  ;      stiffened 

i  9,  1<)  -  in.  11  =  11,12  =  7  h  ; 

;. 11  these  load >  b«  Ing  vertical  and  parallel   to   th<    I  m- 

nn  try  of  the  linkage.      Th. •  -uppurting  force  13, 1    is   inclined 
•    to  the  horizontal.     These  are  tin    l.ud  data. 

A  left-banded  agram  is  adopted  :   the  outside  pens 

numbered  in  left-hand  cyclic  order;  the  load-  applied  at 
internal  joints  are  transferred  to  peripheral  joints  by  means 
of  imaginary  links  ;  and  the  in.-ide  p.  ,\yn 
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Stiffened 
Arch 


Next,  the  loads  are  plotted  to  scale  consecutively  from  2,  3  at 
the  right-hand  end  to  12, 13  at  the  left-hand  along  a  vertical 
straight  line  lying  near  the  left-hand  end  of  the  paper.  The 
scale  actually  adopted  is  J"  =  1  ton ;  but  this  is  made  small 
for  the  sake  of  engraving.  In  practice  -J"  =  1  ton  would  be 
better.  From  13  in  stress-diagram  a  line  is  drawn  at  45°  to 
horizontal.  Any  pole  is  chosen,  and  parallel  to  the  radii  from 
it  are  drawn  the  lines  of  a  simple  link  polygon  through  the 
spaces  2,  3,  4,  5,  6,  7, 8,  9, 10, 11, 12, 13  of  the  linkage.1  The 
lines  through  spaces  2  and  13  are  produced  to  meet,  and 
through  their  intersection  a  vertical  line  is  drawn,  this  being 
the  centre-line  of  the  loads.  The  line  13,  1  of  the  support- 
ing force  is  drawn  through  the  joint  (13, 1  K)  at  45°  to  meej; 
this  centre-line.  The  line  to  this  last  intersection  from  joint 
(1,2K)  gives  the  direction  of  the  other  supporting  force;  and 
this  force  is  now  drawn  from  2  in  the  stress -diagram  to  meet 
13,  i,  thus  determining  the  point  i. 

The  following  table  now  shows  the  order  in  which  the 
stress-diagram  is  built  up.  In  the  force-diagram  for  each 
joint  certain  force  lines  (all  except  two)  have  been  drawn 
already  before  the  completion  or  closure  of  the  diagram.  The 
last  two,  or  those  requiring  to  be  drawn  when  the  diagram  is 
completed  for  the  joint,  are  indicated  in  the  table  by  a  bar 
being  placed  over  them  : — 


Name  of  joint  in 
linkage 

Balanced  force- 
diagram 

Name  of  joint  in 
linkage 

Balanced  force- 
diagram 

13,1,K 

13,  1,&,  13 

T1U 

t\ui 

KIM 
M1N 

Is  \m  k 
m  j  n  m 

12,  13,  K  M  B 
12BC 

12,  13,  Jc  m  b  12 

12  b  C  12 

N10 
O1P 

nion 

11,  12  CC' 
C'CBMNOD 

11,  12,0^  11 

c'c  bmno  d  cf 

P1Q 
Q1R 
E1S 
SIT 

piqp 

IIC'DE 
10,11EE' 
E'EDOPQF 
lOE'FG 

\\cf  Ae\\ 
io,ii,eerio 
e'  edopqfe' 
loe'fgw 

q\rq 
r\sr 
s\Ts 

1  The  simple  linkage  to  determine  the  supporting  force  12  is  omitted  from 
the  engraving  for  clearness'  sake,  but  was,  of  course,  drawn  in  the  original 
diagram. 
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Name  of  joint  in 
linkage 

Balanced  force- 
diagram 

Name  of  joint  in 
linkage 

Baluiu-.-.l  .. 
diatrnun 

9,10GG' 

9,  10  </ 

1ST 

i^Ti 

PQB8B 

1  TU 

1  tU  1 

11  I 

V    \   -1   1     1TJJ 

v'vju\njv' 

i  r 

89tt'8 

7  VJX 

7t>'ji 

ri  11  Bl 

i'ihstuj  i' 

II 

i  i 

-IV 

si'/tTs 

I    I  JUTSH 

i  i  jutsbi' 

78V  V 

78t>t>'7 

I    HG 

Gi'hre 

I2JB 

1  -.'  k  1 

GC 

ststT* 

1  KM 

Ikmi 

C   OH  SR  Q  F 

y^hsrqTr7 

IM  V 

imn  I 

:.  G  r  E 

sg'fes 

Iv  o 

IB  01 

EE 

4  6  e  •'  4 

1  OP 

l  o  p  I 

E    EFQP  0  D 

c'cfqpode' 

1PQ 

ipqi 

!  E    DC 

4e'dc4 

1  QR 

iqrl 

84CC 

34CC'3 

imm 

irsi 

C   CDONMB 

c'cdonmbc' 

Arch 


Tin-  000  ,'n^  of  tlui  diagram  \\itli  tin-  r 

ti«>ii  of  tin-  line  b:;.  arc  air.  a.ly 

located,  and  the  line  can  therefore  be  dra\\n  l»y  i«>iniii-  tlu-ni 
without  reference  to  the  direction  of  the  line  B  8  in  tin  link-  stiffened 
age.     Tl  f  the  accuracy  of  the  dra^  i.-N  in  lin.l- 

these  two  lines  in  linkage  ai 
parallel  as  they  ought  to  he. 

Another  form  of  test  (although  not 

is  to  locate  p<  ice  more  hy  drawing  the  force-dia^' ;l  ">  |( " 

(lit- j.»int  IJC'B.     If  the  drawing  he  a  :lius 

fouinl  \\ill  cninri.lr.      A   third  mode  of  locating   it    i>  to  draw 
thr    diagram  for   tin-   joint  MK'2:*B.       If  the   inaccurac;, 
found  to  !„•  much,  it  shows  that  some  downri 
occurred  in  forming  the  diagrams  ;  if  it  he  small,  i  that 

nosurh  '  committed,  hut  that  Mrirt  j.arall.  li^in 

lines  has  not  hecn  maintaiiM-d,  or  that  tin-  1 
have  not  heen  drawn  stri«  tly  thn 

Tin  re  heing  no  external  loads  at  the  joints  alnn.n  the 
upprr  chord  win  r,  the  diagonal-  inert,  and  the  diagonals 
having  e«iual,  althoii^li  contrary,  inclinations,  the  stresse 
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the  two  members  of  each  pair  of  diagonals  meeting  at  an 
upper  joint  are  equal  in  magnitude  and  of  contrary  sign, 
stiffened  Also  the  stresses  in  the  pair  of  horizontal  members  meeting 
at  each  upper  joint  differ  by  the  arithmetical  sum  of  the  hori- 
zontal components  of  the  stresses  in  the  two  diagonals — i.e. 
differ  by  double  the  horizontal  component  of  one  of  these 
diagonal  stresses. 

46.  The  next  example  taken  will  be  Fig.  80.  Here  we 
need  to  use  a  number  of  imaginary  joints  on  account  of  the 
crossing  of  the  bracing-bars.  The  structure  is  symmetrical, 
and  is  supported  by  abutments  at  the  four  points  Q  P  S  T. 
At  the  latter  point  T  the  supporting  force  is  known  to  be 
zero,  and,  since  no  load  acts  here,  the  stresses  on  the  links 
J2  9  and  9  J2  are  zero.  The  loads  1  2,  2  3,  3  4,  4  5,  5  6,  6  7, 
7  8,  8  9  are  equal  and  inclined  30°  to  the  horizontal.  The 
loads  10,  11;  11,12;  12,13;  13,14;  14,15;  15,16;  16, 
17;  17, 18;  18,19  are  equal  and  vertical.  The  whole  load 
on  the  upper  chord  1,  9  is  in  magnitude  half  the  whole  load 
on  the  lower  chord  10,  19.  The  supporting  force  20,  1  is 
supposed  known  in  direction  as  at  45°  to  the  horizontal,  and 
Compound  also  in  magnitude  as  j  that  of  1,  9.  The  supporting  force 
girder  19,  20  is  known  to  be  inclined  at  60°  to  the  horizontal.  These 
are  the  data. 

The  right-hand  cyclic  order  has  been  adopted  in  construct- 
ing this  diagram.  The  stress-diagram  is  begun  by  plotting 
to  a  suitable  scale  20,  i  and  123456789;  then  vertically 
downwards  from  9  to  19'  the  loads  on  the  lower  chord. 
The  location  of  these  latter  is  only  temporary,  as  the  un- 
known force  9,  10  has  been  omitted  from  its  proper  cyclic 
position,  and  has  to  be  inserted  subsequently  after  being 
found.  A  pole  is  chosen,  and  parallel  to  radii  from  it  are 
drawn  the  links  of  a  simple  one-pen  linkage  through  the  out- 
side pens  20,  1  2  3  4  5  6  7  8  (9, 10)  11,  12,  13,  14, 15,  16,  17, 
18,  19  :  9  and  10  being  taken  as  one  space  because  of  the 
omission  of  the  force  9, 10 ;  and  the  latter  links  being  drawn 
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parallel  to  tin.-  nulii  from  tin-  pole  to  tlu1  points  11'  i-j'  13'.   .  .  . 
i'/.      This   simple  polygon    is  omitted    from   the   engraving. 
Tin-  first  and  last  link  through  spaces  '20  and  1(.)  are  produced 
.  and  through  their  joint  is  drawn  11  the  line  of  the 
luint     -jo,  r/.      The  known  supporting  force  line  li),  20 
through   P  is  produced   to   meet   II,  and   from  tlu-ir  joint   is 
drawn  a  line  to  Q.     This  lattrr  li:  tin-  direction  of  the 

supporting  force  !),  10,  and  parallel  to  it  is  drawn  from   in'  Compound 
the  line  i1/,  in  in  the  stress-diagram.     In  same  diagram   from 
•Ji>.  ID  in  linka  .   .  at  60°  to  horizontal. 

final  position  of  19  in  the  stress-diagram.     Tlu; 
•Hologram   10,10',  y,  10  is  compl.  ud   hy  drawing  -.»,  i<>  and 
19,  10.     The  line  9,10  is  now  properly  located  in  the  stress- 
am,  giving   the  magnitude  of  the  supporting  ton'.    ltfcQ. 
Tin    lines  9,  19' and  19' 19  may  now  be  rubbed  out  for  char- 
ness*  sake,  and  the  lower  chor  are  plotted  off  along  the 

lllle    in. 

47.  It  is  frequently  the  case,  as  1  tin-  joint  of  tin- 

resultant  line  with  one  |  ug  force  line  lies  far  out- 

The  difficulty  of  drawing  from   this  joint  to 
her  point  such  as  Q  is  got  over  by  a  construe-  !i  as 

that  >hown  in  th.-  ftgO*  ,     The  point  joint  of  1;  and 

line  TO.      I-'r.,m  in!  /"  in    I;  directions  to  P  and 

Q  ar  nd  limsr/and  r  5' are  drawn  parallel  t«»  them. 

;t  of  r  j,'  and  1U, -JO.     Frmn  //  i>  drawn  //</'  |  lMt),   Joints 
and   its  joint  </'  with   /•//'  is  a   pnint   in   t!  :',  10 

through  (J.     The  proof  is  obvious.    Owing  to  similarity  of  tri- 
angles, 

Pr  _  rr"        r  i) 
j?7"  Sr       Sq" 

and   th«T,-f,,n-   the  thr.  «    tinaa    1'y',  /•/     and   (,)•/'  converge  to 
sime  point.     The  diiliculty  may  be  oth<  rwise  avoided  !.\ 
the  con>fniction  explained  in  Section  18  of  Chapter  VIII. 

In  tin-  following  tal.l.-,  d.-.-.-ril.ing  the  further  construc- 
tion of  the  stress-diagram,  a  short,  r  method  of  writing  out 
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the  process  is  adopted.  In  each  new  joint- diagram  we  here 
leave  unnamed  the  lines  already  drawn,  and  mention  only  the 
two  new  lines  to  be  drawn.  The  joint  is  also  left  unnamed. 
The  new  point  or  pole  determined  by  the  joint  of  the  two  new 
stress-lines  is  placed  last  in  the  triangular  name  given  to  the 

o 

process  of  finding  it.      Thus  ,  >  &3  means  that  two  lines 

are  to  be  drawn  from  the  already  known  points  3  and  62,  and 

that  their  intersection  gives  the  point  63.  It  is,  of  course,  to 
Con-  be  understood  that  these  two  lines  are  to  be  drawn  parallel 

descrip-  to  the  lines  3  B3  and  B2  B3  in  the  linkage.  By  help  of  this 
construe-  svs^em  ^ne  whole  process  for  Fig.  80  is  accurately  expressed 
tion  in  the  following  table.  The  consecutive  order  in  which  the 

table  is  to  be  read  is  along  the  horizontal  lines  from  left  to 

right  as  in  ordinary  reading. 

20 '    l       2 '  ^2     a2 '    *     6  2 '  c* 

7j  s>  if>v  {*  **^  ft   \^  i^i 

3  3        &a  *          C3  4  CS       4         dl 

^*^>(J          C*^>  9S>*  ^(Coincident}  *1 

5 '    5     di      +     ii1  and  j'2  j      with      f  and  9 

\  / 

8  \      •  *o    \    7  *a  V    7  7      V     7  ko  \ 

•      S    **  S  'I")  7       /  /*q  7        ^>  IIA  *  S  Qt 

?2          3       12  '      2      h^          3      ^3          4        13       Jz 

6  \  CL  ^  f      9* 

S  Cl  ^    T 

9t  14  /4 

The  points  eb  and  /5  are  now  determined.  The  line  join- 
ing them  should  be  ||  E5  F5,  that  is,  vertical.  This  is  the  test 
of  the  accuracy  of  the  drawing. 

49.  When  the  structure  is  symmetrical  and  the  distribu- 
tion of  load  also  symmetrical,  the  two  axes  of  symmetry  coin- 
Symme-      ciding,  the   stress-diagram   is   also  symmetrical,  its  axis   of 
tricaiKoof  gvmmetry  being  perpendicular  to  that  of  the  linkage  and  of 
the  loading.     This  leads  to  much  simplification  in  the  con- 
struction of  the  diagram. 

This  is  illustrated  by  Fig.  82,  which  shows  a  simple  roof 
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truss  with  vertical    loading    and    vertical    supporting  for 
From  the  symmetry  of  the  load  distribution  it  is  evident  that 
tin-  two  supporting  forces  are  equal,  and,  therefore,  it   is  un- 
draw in  a  simple  linkage  in  order  to  determine 
them.     Each  is  equal  to  half  the  whole  downward  load.     The 
")  •'•,  (i  G,  and  11,  !.">  lie  on  the  axis  of  symmetry.     Kight- 
hand  cyclie  order  is  r, 

'1  he  loads  are  1,  2  =  9,  10  =  2  tons  ;  2,  8  =  8,  9  =  3  tons  ; 
:;.  l  =  7,  8  =-.  4  tons  ;  4,  5  =  5,  6  =  G,  7  =  <»  to: 

11,1-2  =  i-J.  1:1  =1:1,  1  i  -  i-i.  i:>  =  ir,,ir>  =  K;,  17  =  17, 

18  =  8  tons. 

Tin-  \\holr  downward  load  is,  tin  :  "7  tons,  and  each 

supporting   force  is  28J  tons.     These  outside  stresses   are 

plott.  d  to  a  ,-uitahle  scale  along  tin    vertical  line  l,  it),  ll,  18,  l. 

TIi.   horizontal  dotted  line  at  tho  middle  of  this  vertical  line 

e  axis  of  symmetry  of  the  stress-diagram.    The  con-n  iu  - 

proceeds  in  the  following  ord 


Tli.  r,.  is  no  need  of  coinpli-tin^  th.  «th(   n-ulf  s 

would  only  1..-  a  .f  those  already  obtained.     The 

only  test  of  accuracy  is  that  tin  lim  </  g  shoul  l.\ 

th«-  axis  of  >ynmn  try.  If  th,-  diagram  were  completed  cadi 
pair  of  points  with  similar  letter  names  (i.e.  poles  of  similar 
ri^ht-  and  left-hand  pens)  should  he  equidistant  from  tin- 
same  axis  and  should  be  M  rti(  ally  one  over  the  other.  Ea.  h 
pair  would  tl.  -.'at  of  accuracy  similar  to  that 


'».   In   1  i  :.  s:i  \\«    have  again  a  symmetrical  structure, 
nann  ly,  a  railway  bridge  with  roadway  alon^  tin   hntt»»m  hoom.  Symme- 
Tin-  first  stress-diagram    is   for  a  symmetrical  load—  viz.  a  Bridge. 

unifonnly  di.-tril.uted  load  over  tin-  wln.le  length.  As  pens  J^1" 
1,2,  11,  and  lii  have  only  •','  the  hreath  of  the  others,  tin-  loads  rolling 
12  and  11,  12  are  each  j,  and  -2.  :>>,  and  10,11  are  each  j,  of  Ioftd 
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the  loads  at  the  other  joints.     The  depth  of  the  girder  is  -f  of 
the  span.     The  loads  are 

1.2  =  11,12  =  6  tons; 

2.3  =  10,11  =  7  tons; 

3,  4  =  4,  5  =  5,  6  =  6,  7  =  7,  8  =  8,  9  =  9,  10  =  8  tons. 

Total  load   =   82  tons.     Each  vertical   supporting   force  = 
41  tons. 

Left-hand  cyclic  order  is  chosen,  and  the  load  line  i,  12  is, 

therefore,  plotted  near  the  left  edge  of  the  paper.     The  three 

bars  A  1,  A  12,  and  L  L  have  no  stress  in  them.     The  two 

former  bars   have  stresses  developed  in  them  when  an  end 

wind  acts  on  the  bridge  ;   when  the  girder  expands  by  rise  of 

temperature  and  thus  thrusts  horizontally  on  the  abutments  ; 

and  when  the  head  of  a  train  comes  on  the  bridge,  thus  com- 

municating to  it  a  horizontal  shock.     The  bar  L  L  serves  to 

support  part  of  the  weight  of  the  long  compression  member 

Symme-       0  (L  L)  and  to  lessen  its  buckling  by  keeping  its  middle  point 

Bridge.       in  line  with  its  end  points.     None  of  these  three  bars  are  use- 

buted"        less»  therefore,  although  the  stress-diagram  shown  indicates 

roiling        zero  stress.     L  L  must  be  constructed  as  a  strut,  but  requires 

only  a  small  section. 

The  order  of  the  construction  is  as  follows  :  — 
Mark  a  coincident  with  i.     Then  draw 


Mark  1  coincident  with  /.     Then   >k,  &c.      The  lower  half 

of  the  diagram  is  symmetrical  with  the  upper  half  ;  j  h  and  / 
should  coincide  with  the  corresponding  heavy  type  letters,  and 
kigecdb  should  be  vertically  over  the  corresponding  heavy 
letters.  These  latter  coincidences  are  the  tests  of  accuracy 
in  drawing. 

In  the  stress-  diagram  No.  2  the  pen  12  is  supposed  to  be 
unloaded,  the  other  portions  being  loaded  as  before.     All  the 
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joint  loads  remain  tin-  same  except  11,1*2,  which  becomes  3 
tons,    ami    the    supporting    forces  01    becoming    -11  —  ,",  = 
•  =  -11  -  2JJ-  =  8s  ,",  tons.     The  order  of 
proceeding  in  drawing  the  diagram  is  the  -  bove.    This 

diagram  is  shown  in  the  plate  drawn  on  top  of  No.  1  diagram, 

and  distinguished  hy  hein,^  drawn  in  dotted  lines,  thus . 

The  third   diagram,  drawn   in   same   plaee  with 

the  load  covering  all  hut  the  last  two  p,  Qfi  1  1  and 

1-2.     Tii.    load   11,1-2  is  now  /i  TO,  and   10,  11=  1    tons,   the 

mainin^  unchanged.    The  total  load  is  now  S'2  —  1)  = 

aa,  of  which  H> ;£  —  }£  =  40^  tons  is  balanced  h\  01, 

and  tin-  remaining  82^  tons  by  1  v 

fourth  diagram  shows  the  results  with  all  hut  the  la-t 
re  ;    tin-   lifth,  tlmse  with  all   hut  tin- 
last  four  pens  loaded;  and  so  on,  there  being  12  stress-dia- 
grams drawn,  the  last  of  \\hi.-h  corresponds  to  the  case  of 
tli.  :i  only  b.  in.u'  co\,red   with  a  load  of  6  tons,  and   Symme- 

the  onl  .  a  load  of   Bridge. 

8  tons  in  li  ;   the  suj  \\hi<h  are,  in   Jj^j" 

thi>  eaae,  0  1  =  8  x  H  =  2J$  tons,  and  12,0  =  8  x  ^  =  j\   roiling 
ton.      Tin-   .-:  hould   earefully  trace   thr«.ii;-h   all   tv, 

rams  and  compare  tl  .  \\hich  are  very  in>tnu-ii\e. 

[t  will  be  noticed  that  tb  ss  in  ain  the 

QpperOZ  1  OCCUrS  \vlu-n    the  hi  -i  '  illy  load,  d; 

while  the  maximum  for  any  diagonal  or  \«rti.-al  l.iaciii"  liar 

in  n  tin-  lar-er  only  of  the  two  portions  of  the  hi, 
to  one  side  of  the  lov.  1,\  tin   l 

Tlii.-  is  not  an  invariable  law,  as  will  be  s«  .  ntly,  but  n 

commonly  holds  good  for  the  shapes  employed  in  en -im -, 
.-tru  .  r  these  various  systems  of  loadings  the 

individual  links  are  sometimes  in  tension  ai  timed  in 

impn-viblr  to  di-tin-iii.>h  het\\.  «-n  Btmtfl  and 
i-y  thick  and  thin  lines  in   the  frame-diagram.      All  l! 
that  are  at  any  time   in  con  <    ha\e   he.  n   marLd 

nick  line.^  ;    '  t  are  always  in  tension  by  thin  h: 
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51.  The  'Method  of  Sections'  has  already  been  men- 
tioned. One  of  its  uses  is  to  investigate  the  stresses  in  part 
of  a  structure  without  taking  the  trouble  to  draw  out  a  stress- 
diagram  for  the  whole.  The  dotted-line  section  P  Q  in  Fig. 
83  may  be  taken  as  an  example.  It  crosses  the  pens  2,  C,  D, 
and  0,  two  of  which  are  outside  and  two  inside.  The  method 
is  applicable  only  to  a  section  crossing  not  more  than  2  inside 
pens  —  i.e.  cutting  not  more  than  3  inside  links.  The  locor 
sum  of  all  the  outside  forces  (in  this  case  01  +  1  2  ^  0  2  ^  ft) 
is  first  found  either  by  a  one-pen  linkage,  or,  as  in  the  present 
very  simple  example,  by  numerical  calculation.  From  the 
joint  between  K  and  the  link  2  C  is  drawn  a  line  to  the  joint 
between  C  D  and  D  0.  The  portion  of  the  frame  to  the  left 
hand  of  the  section  line  is  in  balance  under  the  four  forces  K, 
2  C,  C  D,  and  D  0.  The  locor  sum  of  the  first  two  must  pass 
through  their  joint  ;  the  locor  sum  of  the  last  two  must  pass 
Method  of  through  their  joint  ;  these  two  locor  sums  must  be  equal  and 
opposite  along  the  same  line  —  that  is,  E 


and  therefore  each  of  them  lies  along  the  line  last  drawn. 
Parallel  to  this  line,  therefore,  is  drawn  the  line  c  o  in  Fig.  84, 
where  o  2  ^=  B  and  2  c  ||  2  C. 

This  gives  2  c  =)=  stress  in  link  2  C,  and  c  o  ^=  vector  sum 
of  stresses  in  C  D  and  D  0.  This  latter  is  now  resolved 
into  its  two  components  by  drawing  cd  \\  C  D  and  od  ||  OD  — 

that  is,  by  the  operation  c^>d.      We  have  thus  obtained  the 

stresses  in  the  three  links  cut  by  the  section  plane  P  Q.  The 
construction  of  Fig.  84  may  be  made  in  either  of  two  forms 
as  shown—  one  corresponding  to  the  left-hand  cyclic  order,  in 
which  the  locors  a.re  cut  in  making  left-handedly  the  circuit  of 
the  portion  of  the  frame  on  the  one  side  of  the  section,  and  the 
other  being  similarly  right-handed.  The  former  is  coincident 
in  every  respect  with  the  diagram  o  2  c  d  o  of  the  first  stress- 
diagram  of  Fig.  83,  except  that  it  is  drawn  to  a  larger  scale. 
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:.    For  symmetrical  loading  the   utility  of  this  '  method 
of  sections '  is  not  great,  because  in  this  case  one  does  not 
1   to  draw  a  one-pen  linkage  in   order  to  determine   the 
supporting  fortes  ;  and,  therefore,  it  must  be   drawn  specially 
for  the  sake  of  finding  t  !nn  of  the  Ipcor  R  in  solving  Symme- 

the  'section.'     But  one  can  draw  the  complete  stress-diagram   Unsym- 
ii}»  to  the  section-line  practically  as  quickly  as  the  one-pen 
linkage  can  be  drawn.     But  for  unsymmetrical  loading  the 
Mipporti  -  cannot  he  found  without  drawing  the  one- 

linkage,  and  a  portion  of  this  already  dra\\n  can  he  r, 
to  fix  tli-  n  of  R.     Its  use  in  .starting  the  diagrams  of 

liarly  formed  structures  has  already  in  en  mentioned. 

Lppom   :  ..dary  links  cut   by  ti  km- 

be  parallel  to  each  other  and   K  parallel  to  both.     The 
joint   of  R  with  either  of  these  links  is  at  infinity,  and   the 
K-tion  fails.      But  in  this  case  evidently  the  tr, 
:  bar  has  no  stress  in  it,  becau  Miliant 

o  has  no  transverse  component  to  be  balanced  by  parallel 
•liru.^t  or  pull  of  thi>  bar  across  the  plain-  of  Mrtimi.    The 
Ml  in  the  two  boundary  links  will,  therefore,  be  fuund  by 
dividing  R  between  them  in  pr»»p«»rti..  ir  distance  fr.»m 

l;.     This,  of  course,  is  easily  done  in   the  ordinary  graphic 
mo,i  case  ari-es  in  ions  of  vertical  and 

MM];  ,tl  loading. 

:>  I.   This  *  m.  ihchl  of  ipplirable  t«.  a  s.cti..n 

..hich  me.  t  a1  lit.      As  an   example 

take  if  imt  put  fm-ward  as  an  BCOnomioal  fnnn 

•of  truss  ;  it  is  inserted  her,   .-imply  a.-  ill;  ml 

<»f  tli,  fan  of.      It  cnntjiins    Roof 

In)    jnillt    \\llere   nllly    tun    link  ll-redllll- 

.l.int  and  .-titr.     \  section  tlimii-h  tbe  peof  2BAO          i 

am.  liable    to    treatment    by    tbe   ftbOYC    '  inethnil   «,f    BectiODS,1    tie* 
l  lie  thr.  «    bars  2  B,  B  A,  and  A  0  all  meet  in  om  joint. 
iiagrain  can,  Imv.  r  by  h.  lj»  of 
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a  section  through  the  pens  4  E  F  0,  or  of  one  through  5  G  F  0. 
The  former  is  used  in  the  following  construction. 

The  load  data  are  the  following.  The  loads  1  2,  2  3,  and  3  4 
are  vertical,  the  first  5  tons  and  2  3  =  3  4  =  7|  tons.  The 
load  45  —  9  tons  and  is  inclined  at  30°  to  the  vertical.  The 
load  5  6  =  6  7  —  10  tons,  each  being  inclined  at  20°  to  the 
vertical,  while  78  =  7  tons  and  is  at  15°  to  the  vertical.  The 
horizontal  component  of  the  supporting  force  8  0  is  known  to 
be  -J-  of  the  horizontal  component  of  01,  both  components 
having  the  same  direction  (viz.  of  course,  from  left  towards 
right  hand). 

With  these  data  proceed  as  follows.  Plot  out  the  outside 
stresses  1 2, 2  3  .  .  .  .  78  in  consecutive  right-hand  cyclic 
order.  Join  8  i  of  stress-diagram,  and  parallel  to  it  draw  two 
lines  from  the  supporting  points  P  and  Pr  Proceed  first  on  the 
supposition  that  the  supporting  forces  are  parallel,  and,  there- 
Koofilius-  fore,  both  parallel  to  si.  Choose  any  pole^,  and  draw  in  a 
special  corresponding  one-pen  polygon,  drawing  first  the  links  through 
difficul-  ^}ie  SpaCes  12345678,  and  carrying  the  first  and  last  of 
these  up  to  intersect  with  the  lines  drawn  through  P  and  Pt 
parallel  to  8  i.  Join  these  two  intersections.  This  gives  the 
'  closing  line '  of  the  pen,  and  parallel  to  it  draw  from  p  a  line 
intersecting  8  i  in  o'.  The  actual  supporting  forces  are  8  o' 
and  o'  i  compounded  with  a  pair  of  equal  and  opposite  forces 
along  the  line  P  Pr  Therefore,  from  o'  is  drawn  a  line  parallel 
to  PP15  and  o  is  known  to  lie  on  this  line.  The  horizontal 
projection  of  i  8  is  divided  in  the  proportion  of  3  to  1,  and  o 
is  found  vertically  over  the  point  \  of  this  horizontal  projec- 
tion from  8.  The  supporting  forces  8  o  and  o  i  are  now 
known,  and  lines  parallel  to  them  through  P  and  Pj  are  to  be 
drawn.  That  through  P  meets  the  link  of  the  one-pen  linkage 
through  space  1  in  a  point  from  which  must  now  be  drawn  a 
line  \\p  o.  The  joint  of  this  line  with  that  through  pen  4  is  to 
be  found.  It  is  called  K  in  the  diagram.  Through  this  is 
drawn  a  line  Q  E  ||  o  4,  and  the  joint  Q  of  this  with  link  F  0  is 
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found.     Thi>  joint  Q  is  joined   with  joint  (FE45G),  and 

!lel  to  this  line  is  drawn  4/  in  the  stress-diagram,/'  being 

the  joint  of  this  and  of\\  0  F.     The  correct  position  of /being 

found,  the  diagram  proceeds  in  the  following  order:  — 

{>  •>"  >'  >  > 

The  line  between  /'  and  n  must  now  be  found  parallel  to  BA, 

and,  therefore,  coincident   with  tin,  if  the  drawing  has  been 

/•  11 

•  Mtinuii:  >l    ^h    lyi    l^>k.       A   second 

tc.-t  of  accuracy  is  now  found  in  that  the  line  joining  the  points 
I  and  k  so  found  should  be  parallel  to  L  K. 

It  may  be  noticed  that  sin.  ,,l  8C  are  in  the  same 

we  might  have  commenced  by  finding  be.     Thus  draw 
through  points  2  and  3  lines  2b  and  3c  parallel  to  2B  and 
line  such  as  be  drawn  between  these  two  and  parallel 
to  B  C  giv»;.-  the  .stress  on  J)  C.     1 1  a \ ing  found  this,  cd  can  be  Roofiilus 
found   by  drawing   M||BA  and  cdflCD,  becau-    !'•  A  and  speda? 
AD  are  in  the  same  lin.  .     In  a  .-imilar  i  next  difficul- 

ties 

be  found.     But  this  beginning  will  carry  us  no  farther  than 

.  because  find  at  each  of  the  joint.-,  (A  1 '  1 .  1     and 

(iil  •_'!;  !  unknown  forces  remain  to  be   found. 

iark  might  be  made  regarding  the  other  >ide  of 

the  roof. 

iould  also  be  observ.  d  that,  ii.  dissymm 

of  the  load  dMiil. ution,  the  stresses  in  AO  and  OL  arc  e<pial, 

as  are  also  those  in  AF  and  FL.    '11  om  the 

symmetry  of  ture  and  from  thu  fact  that,  \\hile  the 

ioiuts  (OAl'i  a:  '.-link  only  and  are  directly 

•  med  by  a  link  OF,  no  external  forces  act  at  these.     They 

A  .MI  id  ,-;ill  ha\e  been  equal  in  pairs  if  equal  and  symnu-trit  ally 

li.- posed  loaxls  acted  upon  tin  -e  joints;    for  instance,  cjiial 

of  the  weight.^  of  the  bars  themselves  form  actually 

occurring   loads  which    still    leave    tin  un- 

li-turl"  d. 
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If  the  links  0  A,  OF,  and  OL  were  in  line  (along  PP,), 
then  A  F  and  F  L  would  be  useless,  there  being  no  stress  in 
them.  Their  only  utility  would  be  in  suspending  the  long 
tie-bar  (P  P^  and  preventing  it  drooping  by  its  own 
weight. 

55.  The  other  method  previously  referred  to  as  an  alter- 
native to  the  method  of  sections  in  starting  a  diagram,  when 
there  exist  no  2-link  joints,  is  the  '  Method  of  Two  Trials  and 
Two  Errors.'  In  the  present  example  one  would  assume  a 
value  of  o  a,  and  from  it  find  the  stresses  in  the  neighbouring 
bars — namely,  the  following  stresses  :  2btabtlc,bc,cd,a  d, 
de,  ef.  The  point  e  having  now  been  determined,  a  line  from 
it  parallel  to  E  4  should  cut  the  load  line  at  point  4  in  the 
TWO  trials  stress-diagram.  It  does  not  do  so,  however,  because  of  the 
error  in  the  assumption  made  regarding  o  a.  The  distance  of 
the  intersection  from  4  is  a  measure  of  the  error  made.  Next 
assume  a  new  value  of  o  a  and  repeat  the  process,  obtaining 
a  new  error  or  deviation  from  the  point  4.  By  linear  inter- 
polation between  these  two  errors  the  true  points  are  at  once 
obtained.  It  does  not  matter  in  the  least  whether  the  two 
guesses  are  near  or  far  away  from  the  truth.  If  the  two 
errors  come  out  -f  and  — ,  so  much  the  better;  and  if  one 
error  be  small  and  the  other  large  a  good  accurate  interpola- 
tion will  be  obtained. 

This  process  is  illustrated  in  detail  in  Fig.  86,  in  which  is 
Cantilever  represented  a  bridge  structure  without  any  2-link  joints.  The 
frame  is  of  the  cantilever  type  which  has  become  common  in 
recent  years. 

One  way  in  which  this  problem  might  be  commenced  would 
be  to  take  a  section  through  the  joint  at  the  top  of  pen  A  and 
through  the  bar  OA.  The  moment  of  the  force  in  OA 
round  the  above  joint  must  balance  the  moment  round  the 

same  joint  of  the  resultant  of  the  outside  forces  01 89. 

The  locor  sum  of  these  would  be  found,  and  its  intersection 
with  0  A  joined  with  the  joint  ABU.  This  joining  line  gives 
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the  direction  of  the  third  side  of  a  stn  >s-  triangle  of  which  one 
>idc  is  the  >tress  in  0  A. 

A  second  mode  of  commencing  would  he  to  tak  on 

through  I-.  Dfl  '.'.  U,  B,  0,  or  one  through  10,  U,  B.  0,  proceeding 
as  pn  viou-ly  explain*  d. 

In  cither  of  these  methods  tin-  intersection  of  the  locor-sum 
M-nal  i'on-es  with  tholine  of  the  har  OA  or  0  15  would 
an  ill-eonditioiu-d  in1  >n,  and  although  i-itlu-r  solution 

would  prohahly  \>Q  more    rapid    than    the   following,  ikitlier 
\\uuld  hr  M>  ami 

The  loa«l  data  air  tin-  f«>llo\sin^:  — 

Tin-  do\\n\vanl  loads  are  upplird  to  the  joints  alon^  the 

hori/..ntal  .-iraijlit  line  HQ,  It  M,  S  L,  S  1,  &c.,  all  \\hii-h  loa.U 

ind  are  t:  <  <1  to  tli«    upper  hnundary  l>y  tlie 

introduction   of  imaginary  links;   and    t  supporting  Cantilever 

forces  are  applied  at  joints  (01  EG)  and  (18,0  OH),  that  at  ?£ofre;ai8 

:•   joint   hein-  known   to   be   inelim  d  at  80°  to  the  and  errors 

lia\in^   t«»   I-     found 
hy   IK  lp  of  |  [aft  r    i>   .-lio\\n    in    the 

iin«  sthus      ------  ,and  marked 

0.)     The  loa-'    at  the  joints 

(Q  1-J  .  iarh  i:i  tons. 

;: 

baotoa 

at  jo 
(AB  DCU  .     EDT       I  1-  T  ,  ,KIS)   =  .a.l, 

tons. 

(M:  I  MR),  iQR,17)  =  each  lii  tons. 

•i'i\\n\\ard  l»ad   =     -  I  - 

.     ni;i\    I  - 

;\\n   iii   the  r|o-«  d    pi.|\;-..n   i.f  outside  f"i 
nrli;  .  o,  and  oi)l'  '  trial  '  any  arhitniry 


212  GRAPHICS 


CHAP.   X. 


value  i  q'  for  the  stress  in  1  Q.  From  this  point  q'  chosen 
arbitrarily  on  the  line  i  q  drawn  from  1  ||  1  Q,  we  proceed  to 
find  the  following  other  points,  in  which  the  accent '  indicates 
that  their  positions  correspond  with  the  supposition  that  q'  is 
the  correct  position  of  q  : — 


Having  now  found  the  point  b',  we  notice  that  it  is  not  on  the 
line  o  b  drawn  from  o  ||  0  B  as  it  ought  to  be. 

A  second  trial  value  of  1  q  —  viz.  1  q''  —  is  now  taken,  and 

exactly  the  same  process  as  above  repeated,  resulting  in  a 

second  wrong  position  for  b,  namely  b",  which  is  still  out  of 

Cantilever  the  line  o  b  but  not  at  the  same  distance  from  it  as  b'.     Next 

TWO  trials  through  b'  and  b"  a  straight  line  is  drawn  to  cut  o  b  \\  0  B. 


and  errors  rji^g  intersection  b  is  the  true  position  of  b,  and  the  true 
diagram  can  now  be  drawn  backwards  from  b  towards  q  by 
reversing  the  series  of  operations  indicated  above  ;  thus, 

,  ><  ;>*  ;>»*  ;>«.  >• 

Here  we  are  stopped  in  this  backward  course  because  no 
proximate  joint  leaves  only  two  stresses  undetermined.  This 
will  not  be  generally  the  case,  this  special  example  having 
been  chosen  because  it  presents  an  unusual  number  of  pecu- 
liar difficulties. 

Next  draw  through  qf  and  q"  two  parallel  lines  in  any 
direction  different  from  o  q,  and  plot  off  along  these  from 
q  and  q"  to  p'  and  p"  the  distances  b'b  and  b"  b.  These  are 
measures  of  the  errors  resulting  from  the  two  trials.  In  this 
example  the  errors  are  of  opposite  signs,  and  are  therefore 
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plotted  iii  opposite  directions  from  q'  and  //".     Join  p'  and  p", 
and  let  thf  joining  line  meet  oq  in  q.     This  intersection  ,/  is 
tin-  correct   position  of  q,  and   from   it  the  diagram  may  be 
proceeded  with  up  to  <•  in  the  same  order  as  that  used  for 
the  trials.     That  this  forward  series  of  operations  gfrefl  the 
position  for  c  as  the  above-mentioned  backward  series, 
affords  a  proof  of  the  accuracy  of  the  drawing.     Evidently  the 
rations  \\viv  not  n  ally  necessary,  1  .  having 

found  <i  correctly,  the  forward  series  could  l.e  continue«l  as  in 
the  trials  up  to  /*.      The  proof  of  \-  of  drawing  would 

then  in  finding  the  />  given  to  lie  on  ol  \  O  I»  and  also 

in  the  Iii. 

The  rest  of  the  diagram  may  now  be  drawn  a<  follov, 

*>••  :;>»  !>•  '!>•.  ?;>•.  ";>».  :>•• 

At  this  point  the  same  difficulty  reappears;  there  is  no  cantilever 

proximate  joint    at    which    only    two   as   yet    undetermined  5jjJ^al8 

ses  act.     Since  q  is  not  yet  known,  we  have  once  more  and  errors 

OO  the  method  of  trial  and  error. 

Draw  from  u,  a  line  1TT,TS  and  select  at  random  any  point 
•ceed  as  follows  :— 


Tli  is  •/  is  found  not  to  be  on  the  line  it  x  drawn  from  14  ||  148, 
as  it  (»ught  to  be.     Another  point  ta"  is  now  ..n  u2t.2, 

and  the  process  r  whereby  a  point  §2"  is  found,  still  not 

on  the  proper  line  u  s  but  not  at  the  sam- 

-.'•/'  are  joined  and  the  line  pmduc,  ,1  fco  meet  \\  s» 
leetiOD   s,   being  the   tr  ion  of  82.      The   two 

errors  s./s,  and  s./'  s2  are  now  plotted  from  t/  and  t 

llel  lines  in  any   din  di-n  to  the  ]ioints   TT'  and  IT".     The 
line  joining  TT'  and  TT"  cut-  n,  t  in  t..  tbe  cnrrect  position  of  t,. 
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This  point  having  been  obtained,  the  drawing  of  the  true 
diagram  proceeds  as  in  the  trials  up  to  the  point  s2.  It  is 
then  drawn  as  follows  : — 


Finally  the  points  m  and  n  are  joined,  and  the  final  test 
of  accuracy  of  drawing  is  that  this  line  m  n  should  be  parallel 
toMN. 

It  is  to  be  noticed  that  the  diagram  shows  a  stress  r2  sl 
different  from  the  outside  force  3  4,  which  is  really  applied  at 
joint  (L  M  E  S).  Now  of  this  stress  r2  sl  a  part  =  34  belongs 
to  the  imaginary  link  supposed  to  lie  along  this  line.  The 
stress  on  the  actual  link  K  S  is,  therefore,  the  algebraic  differ- 
ence between  r2  sl  and  3  4,  the  stress  in  the  imaginary  link 
being,  of  course,  a  compression.  Since  r2  sl  indicates  a  resul- 
Cantilever  tant  tension,  the  real  tension  on  the  actual  link  is  the  arith- 
metic sum  (rzsl  +  34),  taking  both  these  lengths  positively. 
This  is  a  most  important  rule  to  attend  to  in  using  imaginary 
links ;  if  it  be  not  very  carefully  adhered  to,  in  the  case  of 
imaginary  and  actual  links  lying  along  the  same  line,  the 
stress-diagram  will  be  altogether  wrongly  interpreted  as  re- 
gards these  actual  links.  The  same  remark  applies  in  the 
present  example  to  the  links  S  T,  T  S,  and  S  R.  The  stresses 
on  these  four  actual  links  are 

on  K  S  +    65  +  13  =  +  78  tons  tension  ; 

„  S  T  -  355  +  20  =  -  335    „    compression ; 

„  TS  —  343  +  25  =  —  318    „    compression; 

,  S  R  +    61  +  12  =  +  73  tension. 


Here  the  imaginary  stresses  13,  20,  25,  and  12  are  added 
(i.e.  given  a  +  sign),  because  they  are  compressions  (or 
negative  stresses)  to  be  subtracted. 
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ri..\T   n  tf-UNIB. 

1.  WH  'in-links     that  is,  links 

fcO  ;in«l   capahlr  of   r<  moments      ii 

ssary  to   d.teniL  inline    mom.  nt>    for   all    the 

sections,  as  well  as  tin-  steal  f<Mvr  an<l  tin-  direct  pull  or 
thrust  along  the  axis  of  the  beam.  The  t<>t;il  <>r  iv>ultant 
force  across  any  section  is  always  capahle  of  i  ked  on  Beam 

as  a  single  force  through  th<  of  tin- 


with  ;i  '  ;nlr.      T  furni>li-  nd- 

fnniicr   is   usually  retolTed 

into  two  component-  :  OU  all.  1  to  th«- 

>n  plaiir,  an«l  the  other  normal  to  it  and  producing  ritln-r 
compression  or  tension. 

2.  There    are   various    methods    by   wluYli    th<  s<     ].,-am 
-ses  may  be  •  My.     One  i-  t<>  supi^se 

lie  heam  a  .-'  indant   trim- 

frame.      \Vh«  n    I.|-«.|M  un    for 

>eqoired  foreei  acting  on 

tlie    actual   beam.     This  method,  nltli-  ia(e   and 

:;it,  is   seldom  wfww/in'///  followed.     A  somewhat    similar 

as  employed  in  his  paper  on  '  Kridi-.nal  I.Hi.  i,  n. 
Merhani-mV  r.  ad   hy  Professor  Fleemin^  J»  nkin  hd'ore  tin- 
Royal  Society  of  Edinburgh  in  April  1*77  and  rYhruan   1 

ii'  r  mode  of  solution  is  the  successive  use  of  the  i  m.  ihod 

rariotifl    j.arts   of    the    frame;    or   else   of   the 

ors.' 
:'..   In  some  simple  cases,  howevi  not  necessary  to 
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resort  either  to  this  substitution  or  to  the  latter  method.  The 
diagram  on  account  of  its  simplicity  becomes  easily  intelligible 
without  the  artificial  aid  of  the  supposititious  triangulation. 
Fig.  87  illustrates  the  method  to  be  adopted  for  such  simple 
linkages.  The  beam  is  indicated  by  a  double  line — viz.  a  fine 
line  indicating  the  position  of  its  axis,  underneath  which  is 
drawn  a  thick  line. 

The  loads  are  given  in  direction  and  magnitude.  The 
supporting  force  8,  9  is  given  in  direction ;  it  is  vertical.  By 
the  construction  of  a  single-pen  linkage  the  direction  of  14,  1 
and  the  magnitudes  of  14, 1  and  8,  9  are  found.  Beginning 
at  the  joint  4  5  C,  the  stress-diagram  is  then  constructed  as 
follows : — 


This  supplies  the  poles  of  all  the  inside  pens.     The  points 

abde  are  then  joined  with  u,  13,  10,  9;  and  c  with  both  12 

Simple        an(^  1 1 '     Next  dotted  lines  from  a  b  c  d  e  are  drawn  parallel 

cases         to  the  beam  axis,  and  their  intersections  with  the  load  line  9, 

H  are  marked  &'  b'  c'  d'  ef. 

The  stresses  on  the  non-beam  links  require  no  comment. 
The  force  actions  of  the  various  parts  of  the  beam,  exclusive 
of  couples  or  pure  bending  moments,  on  the  pins  of  the  differ- 
ent joints  are  as  follows :  That  of  part 

A,  14  on  pin  14, 1,  2  A  is  a  14  and  on  pin  14  A  B  13  is  14  a ; 

B  13   „     „  14  A  B 13,,  6 13    „     „     „     13BC12  „  13  &; 

C   12    „     „  13BC12,,   ci2    „     „     „     12,0,11,   „   i2c; 

C   11    „     „  12C11     „   en    „      „     „     11CD10  „  nc; 

D  10    „     „  11CD10,,  dio    „     „     „     10DE9     ,,wd; 

E     9    „     „  10DE9    „  e9     „     „     „       9E78      „     9  e. 

Each  of  these  except  the  first  and  last  is  combined  with  a 
bending  moment.  Each  of  them  is  conveniently  resolved  by 
the  dotted  lines  into  a  shear  force  normal  to  the  beam-axis 
(which  direction  here  coincides  with  that  of  the  lower  external 
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loads)  and  an  axial   force  producing  direct  tension  or  com- 
pression. 

For  i  .  the  force  13  />  with  which  the  part  13  B  acts 

on  the  joint  (13  B  C  12)  is  resolved  into  the  upward  shear  13 // 

and  the  axial  pull  // 1.     The  force  of  part  10  D  on  joint  (10  D 

E  9)  is  resolved  into  the  downward  sh«  ar   io,/'and  the  pull 

With  thf  particular  data  of  this  example  the  lu  am  is 

in  tension  throughout  its  whole  length,  hut  in  general  it  may 

he  i!  ;  at  one  part  and  compression  at  another.     At 

joint  of  the  force-line  11, 12  with  the  hr.-un     viz.  joint 

ill,  PJ,  <         the  .-hear   force  of  the  left-hand   portion   is    ! 

and  that  of  the  right-hand  portion  is  c'  11,  the  shear  in  hoth 

of  the  same  sign — viz.  such  as  to  gro 

ri^ht-handed   twist  to  the  material  of  the  heam  viewed  as  in 
the  ti-ure.     '1  ear  changes  at  joint  (11  C  D  10), 

us  11  cf  and  </'  10  on  the  two  "his   joint   hcing 

both  upwards. 

A  B  and  B  C  are  tie-bars ;  C  D  and  D  E  are  stru  o  simple 

2 A  and    17.      The   forces  acting  on  the   beam  are  those  c 
•••d    hy  tin-,-   hars  and   the  external   loads  applied   at  the 
The  components  of  these  forces  parallel  to  the 
beam-axis  have  no  bending  moments  on  the  sections.     To 
•    this  statement  generally  true,  it  must  be  carefully  noted 
that  the  joii;-  the  forces  are  resolved  into  their  corn- 

must  be  taken  as  the  <i>  eon  the 

force-lines  and  the  beam-axis.  The  actual  joint-pin  centres— 
e  actual  points  of  application  of  the  forces  to  the  beam 
— may  lie  out  of  the  beam-axis,  in  which  case  the  draughts- 
i  >an  must  be  careful  to  avoid  using  these  a«-tual  joint  -  instead 
of  the  geometrical  joints  of  the  axial  lines.  At  the  right-hand 
f  the  beam  the  forces  ei,  78,  and  89  have  the  resultant 
e9,  whose  vertical  component  is  e'9.  At  the  left-hand  end 
the  f,,r(,s  an-  M,  i  +  rj  +  '2a^=ua,  whose  vertical  com- 
;  nt  is  14  a.  The  veiti<;il  component  of  a  1>,  the  force 
•xerted  hy  link  AJJ  on  the  beam,  in  a'  // ;  and  so  on.  The 
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normal,  or  bending-moment-producing,  forces  acting  on  the 
beam  are,  therefore, 

e'9;  9,  10;   10,  11;   11,  12;   12,  13;   13,  u ;   ua'; 
a'b';  6V;  c' d' ;  d'  e'. 

We  find  these  arranged  in  consecutive  order  in  the  stress- 
diagram — that  is,  forming  a  continuous  and  closed  chain. 
The  pole  p  is  chosen,  making  the  pole-distance  p  (ef  9)  a  con- 
venient multiplier.  In  this  case  twenty  tons  is  used.  Then 
parallel  to  the  pencil  (p)  e'  9, 10,11, 12, 13,  H,  a'  b'  cf  df  is  drawn 
the  one-pen  linkage  (P)  E'  9, 10, 11, 12, 13, 14  A'  E'  C'  D'.  It 
is  to  be  observed  that  the  spaces  A'  B'  C'  D'  E'  do  not  coin- 
cide with  ABODE,  the  dividing  lines  A'B',  B'C',  &c., 
being  vertical — i.e.  normal  to  the  beam-axis.  If  the  work 
has  been  accurate  this  will  be  a  closed  linkage.  Its  vertical 
depth  directly  under  any  section  multiplied  by  the  pole- 
Simpie  distance  p  (ef  9)  gives  the  bending  moment  on  that  section. 
Since  the  frame  has  been  drawn  to  the  scale  -J-"  =  1  ft.,  there- 
fore, one  inch  depth  on  moment- diagram  =  5  ft.  x  20  tons 
=  100  foot-tons. 

We  have  thus  obtained  a  diagram  giving  the  stresses  on 
all  the  two-joint  links,  and  also  the  direct  thrust  or  pull, 
the  shear  force,  and  the  bending  moment  on  every  section  of 
the  beam. 

In  Fig.  88,  a  structure  of  similar  design,  but  with  the 
loads  on  the  lower  joints  oblique  to  the  beam  axis,  is 
shown.  The  points  a  b  c  d  e  are  found  as  in  last  case.  Then 
from  u  is  drawn  a  line  u  a'  perpendicular  to  the  beam 
axis,  and  upon  it  are  projected  at  right  angles  to  it  the 
points  a  b  c  d  e  9,  10,  n,  12,  13.  The  projections  are  marked 
a' 6V  dV  9' 10' n' i/ is'.  Then  u  a',  13'  V,  12' c',  n'  c', 
10'  d',  9'  e'  are  the  shears  on  the  transverse  sections  of  the 
portions  14  A,  13  B,  12  C,  11  C,  10  D,  9  E  of  the  beam.  The 
shear  changes  sign  at  joint  (13BC12).  The  axial  thrust 
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11  A  is  </'</:    and    that  al»w^  l:>  1>   is   (b  b'  —  1  3,   is'). 
The  reel  of  the  heam   is  in   tension,  the  tensive  stresses  heini;- 

<!•_>,   I/    +   r'r)  ,,n    1-2  (';    (ll,   ll'   +    /  r)   oil    11  Cj    (10,    !<)'   +  </'»/) 

on  10  I);   an.l  c.»  •/  -f  e'«)  on  '.'  I'.. 

The  set  of  t:  producing  pun-  hemlin^  are  :      Simple 


cases 
140^1  ,9'  10',  10'  11',  11'  12',  12'  13',  13'  II'. 


<    hriim  arr,  iisccutivdy  alon,ur  tin-  lint'  I4aft  a 

a  suitahlr  ix.lc-di.-tan.-r  is  clioscn,  and   from   it   thr 
mon  rani  .T  niM-p.-n  link;iurr  (T»    1  1'  A'  B'  C'  Dx  ]•'. 

10',  &c.,  is  drawn  tlimu.uh  the  spaces  divided  l»y  the  dotted 
lines  drawn  from  the  heam-joints  normal  to  its  axis. 

4.  In  these  cases  the  easiness  of  the  problem  arises  from 

the  fact  that  there  exists  in  tho  frame  a  joint   at   which  only 

'icse  twolinkshcin^each  a  two-joint  link  -  i.e. 

I  l.ram.     The  diagram  can  be  at"  in  at  this  joint. 

In  Fig.  89  at  the  right  and  left  hand  r\tivmiti«  s  ther. 

s  where  only  two  links  me.  t,  hnt   in  eaefa  OM6  one  of  the 

two  links  is  a  beam.     The  rcacti<  beam  on  the  pin  is 

;:i  tlic  dir(cti'»n  of  tl  i  axis;  it  is  in  an  unknown 

:ram  car  commen 

•her  «.f  these  p«.i- 

A  nons  4B  1.     Tin     resultant 

::|:12  +  28  +  8-1  is  found  ai  'it  with    151    de- 

tern  jnint    is    jnim  d    \\ith    joml       II  4  5  C),    and   Roof  with 

four  beams 

Mel  to  the  joining  line  is  drawn  40  in  the  stress-diagram 
to  meet  ift|lB  at  tli<    p.-i-  •.  gives  in  direction  and 

magnitude  the  force  exerted  by  tin-  heam  on  the  joint-pin 
^4  5  C  ;  also  b  i  gives  the  true  stress  on  B  1.  Tin-  diagram 
now  proceeds  as  follows  :— 

,*>";  join  ^/3;  take  section  through  spaces  IE  and  joint 

.  ItantlocorR'^j):  (12  +  284  34  +  45  4  : 

and   its  joint  with    K  1;  j..in  this  .joint  with  joint  (E  D  0  7  I 
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and  parallel  to  the  joining  line  draw  6  e  in  stress-diagram  to 
meet  i  e  drawn  ||  1  E ;  this  gives  e ;  then  f>  c;  e^>  d  ;  join  c  5 

and  d  6  ;  take  section  through  spaces  9  H  1 ;  find  K"  $fc 
(9,  10  +  10,  11  +  11,  1)  and  its  joint  with  HI;  join  this 
joint  with  (H  G  8  9)  and  parallel  to  the  joining  line  draw  9  h 

in  stress-diagram  to  meet  i/z-lllH;  then  J>j;  f>a;  e^>f; 

h    J     h    J    y 

join  g  8  and  /7. 

The  beam  (3,  4)  (A,  B)  is  kept  in  balance  by  the  following 
forces : — 

12,  23,  34,  45,  5C,  cb,  ba,  a\. 

These  resolved  transversely  across  the  beam  are  :— 
iV,  2V,  3' 4',  4V,  6'c,  cb,  ba,  a\f, 

where  it  must  be  noted  that  the  struts  A  B,  B  C,  C  D  are  all 

Roof  with  normal  to  the  beam-axis.     The  shears  upon  the  two  parts 
four  beams 

3  A  and  4  B  of  the  beam  are  z'a  and  4' 6,  these  being  of 

opposite  signs.  The  axial  stresses  are  3  3'  on  3  A  and  4  4'  on 
4B,  both  being  thrusts.  The  bending  moment-diagram  is 
drawn  for  the  above  set  of  balancing  transverse  forces — namely, 
a  3',  3V,  4' 6,  and  ba,  the  three  forces  ai',  iV,  2V  being  equal 
to  the  single  force  as',  and  similarly  for  the  other  end.  The 
pole-distance  pl  (z'b)  is  chosen  so  as  to  give  a  convenient  scale 
for  the  moment-diagram.  The  force-diagram  having  been 
drawn  to  the  scale  \  inch  =  1  ton,  the  pole-distance  has  been 
taken  2  tons.  The  moment- diagram  consists  of  four  lines 
only,  and  is  called  I\  in  the  truss-diagram. 

The  beam  (5,  6)  (C,  D)  is  treated  in  the  same  way.  The 
shears  are  5'  c  and  e'd  in  the  two  portions  of  the  length,  and 
the  axial  forces,  both  thrusts,  are  5  5'  and  6  6'.  The  moment- 
diagram  is  drawn  with  the  pole  p2  with  same  pole-distance 
2  tons  from  the  pencil  (p2)  c56d,  and  is  marked  P2  in  the 
diagram. 

The  beams  (7  8)  (F  G)  and  (9, 10)  (H  J)  are  treated  simi- 
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larly,  i  iiid  7>4  being  chosen  for  them  with  the  same 

distance — namely,  '1  tons — as  fur  the  two  beams  at  the 
left-hand  side  of  the  the  t: 

Here  the  substitution  of  triangulated  frames  for  the  beams 
has  been  avoided   by  making  free  use  of  the  *  method  of 
•  less  than    tlnve  different   sections  having  been 
requisite  fur  tin-  completion  of  the  diagram. 

:>.  In  Fij.  !io  i.  >ho\\n  a  simple  illustration  of  common 
'f  a  beam  structure  \vhich  can  be  dealt  with  by  the 
method  of  sections.  It  is  a  pier  compo-t  d  «.f  two  upright 
columns  capable  of  resisting  bending  and  braced  together  by 
three  two-joint  links.  The  upper  joints  are  exposed  to  vertical 
loads,  and  horizontal  \vii  -  act  on  the  two  joints  of  one 

column.  The  stnu-tmv  is  supported  at  1\  and  1'  ,  where  it  is 
pin-jointed  to  the  foundation.  The  f"ive  exerted  by  the 
foundation  ;:•  ,<rtieal;  that  at  Pz  (or  6  1)  is 

found  by  the  000  D   of  a  .  the  pole  /> 

being  used.     Then  the  line  0  1  in  the  fr,:  roduced  to  Braced 

meet  IB,  and  its  joint   with  thi>  1:  >ined  with   joint 

\  ."»).     Parallel  t  is  drawn  c,l>  in  the  str 

diagram  in  /'  the  lim-  I  !•  dra\\n  parallel  to  1  B.     This 

give  I.  ring  a 

on  through  .-paces  1  and  B  and  through  joint  (r,  j; 

11  proceed  with  ^></.   In  the  diagram  it  is  an  accident  ihat 

tin  falls  on  tin  Next  join  as  and  project  a 

rally  to  //'  on  1  ;ind  project  6  to  o'  on  i  b.     The 

axial  an  the  beams  are  now : 


Pier 


Ml  . 

Upper  par-  uul  coluiiin      . 

Lower  par  MM  . 

par:  .inn  . 


injircssion 
mpression 


TI.UI-V,  r  i-  or 


0 
8  a'  -  0 

1  ii' 
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The  transverse  forces  on  the  left-hand  column  are  2  3,  and 
the  horizontal  component  of  ai,  applied  at  joint  (AB123), 
and  (34  +  5  a),  applied  at  joint  (3  4  5  A).  Since  these  com- 
bine into  zero  forces  applied  at  these  points,  the  moment- 
diagram  reduces  to  zero,  which  means  that  the  stress  along 
this  column  is  wholly  axial. 

The  transverse  bending  forces  on  the  right-hand  column 
are  b  G'  applied  at  the  top  joint,  and  which  is  the  horizontal 
Braced  component  of  the  resultant  (b  a  +  a  5  4-  5  o) ;  G'  i  applied  at 
the  bottom  joint,  and  i  b  applied  at  the  middle  joint.  The 
pole  distance  pl  (i  b)  is  chosen  equal  to  10  tons,  and  from  the 
pencil  (PJ  b  Qf  i  is  drawn  the  moment-diagram  P.  The  scale 
of  this  diagram  is  -fa  inch  ==  1  foot-ton. 

The  left-hand  column  is  a  pure  strut,  not  exposed  to  trans- 
verse bending  forces.  This  is  the  result  of  our  having  taken  as 
one  of  the  data  that  the  force  at  Pt  is  vertical — that  is,  in  the 
direction  of  the  axis  of  the  column.  If  it  had  been  in  any 
other  direction  there  would  have  been  a  moment-diagram  for 
this  column  as  well  as  one  for  the  other. 

6.  In  the  example  taken  in  Fig.  89  it  was  possible  to  start 
by  taking  a  section.  The  section  was  through  one  tension-bar 
and  a  beam ;  but  the  part  of  the  beam  cut  by  it  was  an  end 
part — i.e.  no  joint  intervened  in  the  beam  between  the  section 
and  the  end  of  the  beam.  Thus  a  point  was  known — namely, 
the  end  joint  of  the  beam — through  which  the  resultant  force- 
Roof  with  action  of  this  part  of  the  beam  was  known  to  act.  It  was 
beams.  onty  fc>r  this  reason  that  the  section  was  directly  soluble,  and 


it  might  be  simpler  to  consider  the  section  as  taken 

through  the  end  beam-joint  and  the  tension-bar.  A  section 
through  a  two-joint  link  and  a  beam  joint  which  is  not  an  end 
joint  (and  at  which,  therefore,  the  bending  moment  is  not 
necessarily  zero)  is  not  directly  soluble.  In  the  following  ex- 
ample (Fig.  91)  many  such  sections  could  be  taken,  but  they 
are  useless  as  aids  in  commencing  the  diagram.  There  is  also 
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no  section  possible  through  n  beam  end-joint   and  a  simple 
non-beam  link. 

The  substitution  of  a  triangulated  truss  for  the  main  lower 
D  would  furnish  no  direct  means  of  commencing  the  dia- 
gram. If  such  trian^ula:  substituted  for  all 
tin-  three  beams,  then  the  diagram  could  be  wholly  deduced 
by  the  method  of  trial  and  error  already  explained.  This 
method  of  trial  and  error  is  the  only  available  one  for  solving 
this  problem,  but  we  will  here  carry  it  out  without  the  aid  of 

•rian^ulated  fran 

At  first  sight  it  mi^ht  In-  supposed  that  this  was  a  pe- 
culiarly easy  case  to  deal  with  becau.-e  there  are  no  leSfl  than 
three  joints— namely  (L45),  (16V  15),  and  (() '.),  10),  at  each 
of  which  only  two  links  meet  ;  and  there  are  other  two — 
narn*  ly.  1  DBS)  and  (17  JII  !''•  .  two  links  are  in  line 

and  win  -6M   in   the   third  can  be  found  at 

once.     JJut    a    little  examination  shows  that   th<  iii^s  R0of  with 

that  can  be  made  at  lli.  :s  do  not    lead  far  towards  the   ^a^g 

building  up  of  tile  diagram.  Trial  and 

Not  counting  beam -joints   interim  dia'  .  n  the  ends, 

uh.'lr  number   .  structure  is  22.     Tl 

links  ;   and  this  i>  the  actual 
number,  namely,  8  beams  and  88  two-joint  links. 

All  tli.  '  '  ical  ;    tho.-M-  on 

the  left-hand  and  the  top  joint  are  inclined   15°  from  the  \«  r- 

tii-al  1-  in  i   1-.  which  are  at  45°.     Th.   loads  11,  lii; 

l-l.    1  II:  and    15,    1«;  aiv  •  arh  :J  tons ;  6(5,  07,  7s, 

'.  10  are  each  5  tons;  1(J,  17  and   17,  is  an    eaofa 

6  toi      :    1  •_!  and  '1  :\  and  8  •  li    1<>  tOO    :    18,  l!»  i-    I  tons, 

and   I  5  .      Th.    load  V  V'i>  '2  bmi  an. I  ii  Qf  I     I  ions; 

.nt.-nial  j.'int-.  but  are   t  ran -f.  IT.  .1  to  the 

boundary  by   intr.Mlurin-   the   imaginary   links  Wand   in)' 
and  im;iL,'ina  '  In-    upp.  r   »  :  The 

.-•al  din  etion  is  -iven    for   the   Mipportin^   lure.     19,20 
one  of  the  data. 
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After  plotting  consecutively  the  above  loads,  the  single- 
pen  P  is  drawn  with  help  of  the  pole  p,  chosen  in  any  con- 
venient position,  and  the  pencil  of  rays  drawn  from  p  to  the 
corners  of  the  load-line.  The  resultant  E1?19  of  these  loads 
being  found  by  help  of  this  pen,  the  given  line  of  19,  20  is 
produced  to  intersect  this  resultant,  and  the  line  from  this 
intersection  to  the  left-hand  end  joint  of  the  lower  beam  is 
that  of  the  supporting  force  at  this  end.  In  this  way  the 
magnitudes  of  19,  20  and  20,  i  are  obtained  in  the  stress- 
diagram. 

We  now  begin  by  solving  the  joint  Q  9,  10.     As  the  stress 

on   the  imaginary  link  equals  the  imaginary  external  force 

applied  at  this  joint,  the  balancing  diagram  can  be  drawn 

omitting  these  in  the  first  place,  thus  giving  the  stresses  on 

Eoof  with,  the  bars  Q9  and  11  Q'.     These  being  obtained,  the  known 

beams.        imaginary  forces  at  this  joint  are  next  introduced  in  their 

error  ^    Pr°Per  cyclical  order,  and  the  diagram  for  the  joint  is  thus 

completed.     The  diagram  now  proceeds  thus  :— 

^12\  5\  7       Z\  m\ 

°        '>S        >*        >™         >n 


So  far  no  trial  and  error  has  been  used.  But  we  can 
proceed  no  further  in  this  direct  manner,  and  the  beams 
F  (L  N  0)  and  F  (S  T  V)  are  still  unsolved. 

The  former  of  these  beams  along  with  the  portion  of  the 
roof  lying  above  it  is  acted  on  by  a  set  of  forces — 

4  5  +  5  6  +  6  7  +  7  8-4  8  9  +  9  10+10  11  +  11  12  +  12  S, 

all  of  which  are  known.  Their  resultant  is  found  in  the  usual 
way,  its  magnitude  and  direction  being  given  in  the  stress- 
diagram  by  4  s,  and  its  line  in  the  /rawe-diagram  being  ob- 
tained by  help  of  the  link  polygon  and  being  marked  B48. 
This  set  of  forces  is  to  be  balanced  by  a  force  S  F  exerted  by 
the  right-hand  beam  at  its  upper  joint  and  by  two  forces  F  D 


I 
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ami  1>  1,  which  may  meantime  he  considered  as  compounded 
into  a  sin^k-  fnree  Fl  acting  through  tlie  lower  joint  of  the 

left-hand  l>t  am.  The  line*  of  tlu-si-  two  forces  SF  and  F4 
must  intersect  in  some  point  of  tin-  line  R4,. 

GUI-**  this  point  to  be  /3,,  and  parallel  to  the  two  linos  from 

0i  to  tin-  two  ends  of  the  heam  draw  in  th.  diagram  the 

'in.  -s  i/,  and*/,  fr»m  the  two  already  known  points  4  and 

8.     Mark  their  in!  .      This  i>  a  portion  of  /  result- 

ing from  yuesx  ffl  on  line  R4.. 

Next  find  also  hy  tlie  link-polygon  method  the  resultants 

#454-  :>•;  |  r.7  +  78  +  89  +  910  +  1011  +  11  1-2  +  1-2  1:5 

-  i:1,  l  1  -  l  I  ir,  ;  i:.  16, 

and 

I:     ..  ^08  +  89  .  :Mn  .  1011  +  11  1-2  +1-2  l:J-|  l:U  1      1-115 

Hi. 


The  l  mi  of  the  known  forn-s  acting  on  the   Roof  with 

ii.u'  on  th«  two  beams,  and  has  to  In-  halane 

16  P   I    Kill    I     II  I'  thfOU^l  joint   (16B 


iii.u'  on  th«  two  beams,  and  has  to  In-  halaneed  by          beams. 


and 

I-'  1  :;.  I-'  I>    t    D  1  thmu-li  joint  .11' 

thi-  la-t  1>.  in-  ;  he  same  force  as  already  mi  nt  i  11.  I  in  1       s^rf 

to  be  in  ;  n  (F  D  4)  to  £,.     The  <.tln  r  n  -ultant 

;m  cfth'   K  nown  forces  acting  on  th-   part  n-tin^ 

on  flu-  nVl:t-hand  beam,  ami  has  to  l>e  halanr.  d  1  .    !•;  I  ,  the 

o  as  has  jn  d,  along  \\ith  1  i  roe 

he  left-hand  Wain  at  its  upper  joint. 
tli«-  lint-  d    1)4)  £,  to  me  in  a,,  and  let  tin- 

line  a.  -Kill  7,.    [f  the  gneBB  /9,  were  oorrt 

.aen  7,  would  bo  the  point  in  1;  L6  K 

and  F  ()  would  n.  rail*  1  to  the  two  lim-s  from  7,  to  the 

;  IH  in  the  >tn  in  from 

mown  points  o  and  16  the  two  line>  o/J  and  ie//inl 

inination  of  the  point  /resulting 

;id  the  di.-crepai!  liis  position 

Q 
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and  the  first  found/!  is  a  measure  of  the  error  involved  in  this 
guess. 

Next  guess  a  second  point  /32  on  line  B48,  and  repeating  ex- 
actly the  same  process,  find  points  «272/2  and//-  The  latter  two 
are  the  two  discrepant  positions  of  /resulting  from  the  suppo- 
sition that  /32  is  the  correct  point,  and  the  distance  /2//  is  a 
measure  of  the  error  involved  in  that  supposition.  From  the 
properties  of  the  '  parallel  displacement  of  the  links  of  the  single 
pen'  or  the  'proportional  displacement  of  the  joints  of  the  single 
pen,'  explained  in  Section  12  of  Chapter  VIII.,  it  follows  directly 
that  all  possible  positions  of  /found  from  the  first  step  in  this 
process  must  lie  on  the  line  //>,  while  the  locus  of  those 
found  from  the  second  step  is////.  The  intersection  of  these 
two  lines  is,  therefore,  the  true  position  of/.  The  position 
thus  found  should  be  checked  before  proceeding  with  the 
diagram  by  drawing  from  the  three  joints  at  the  ends  of  the 
beams  four  lines  parallel  to  /4,  fs,  /o,  /16.  The  first  pair 
Hoof  with  should  meet  in  E4S  ;  the  latter  in  E0>16  ;  and  the  first  and  the 
beams.  last  of  the  four  should  meet  in  K4)  16.  In  the  example  shown 
Trial  and  ^nese  intersections  came  right  without  visible  error. 


error 


Having  thus  found/,  the  diagram  proceeds  as  follows  : 


All  the  required  points  are  now  found,  and  all  the  forces 
acting  at  the  various  joints  of  the  three  beams  are  known. 
These  forces  are  next  resolved  as  in  the  last  examples  into  axial 
and  transverse  components,  and  from  the  latter  are  drawn  in 
moment-diagrams.  The  stress-poles  chosen  for  these  moment- 
diagrams  are  marked  pl  pz  and  pz.  The  pole-distance  taken  for 
the  long  lower  beam  is  four  times  as  great  as  that  taken  for  the 
two  short  upper  beams,  so  that  its  moment-diagram  appears 
to  a  scale  only  one-  quarter  as  large  as  that  of  the  short  beam 
diagrams.  The  accurate  closing  of  these  three  moment-dia- 
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grains  furnishes  additional  tents  of  tho  convctm  ss  of  the 
drawing. 

7.  In  Fi'j.  '*'2  i-  shown  a  stitT  non-redundant  structure 
with  two  heam  links.  This  mi-lit  he  d«  all  with  hy  means  of 
a  section  taken  through  the  two- joint  link  1  A  and  thr  joint 
(2  1  A1! — namely,  tin  n  the  upright  heam  and  the 

nearly  Imn'/j .ntal  heam.  The  section  must  not  pass  through 
the  upright  h.-ain,  hut  only  through  tin-  spaces  1  A  !>.  Tin- 
joint  is  a  fle\  ,  so  that  tin-  for.-  1  hy  the  upright 

i  nn  th«  -other  pass.-s  through  a  known  point     namely,  this 
j"int.     'I'll'-  ivsultant  of  the  forces  A  1   and   \  -2  must,  th, 
fore,  pass  through   this  j.»int.     The  lines  A  1   and   1  'J  hein^ 

.  tin  ir  joint  would  he  joined  to  jnint   (9  1 

and    ]>arallel   to   the  joiniiiL'   line   would    he   drawn   'in   in    (he 
•he  point  t  in  n  the  line  i  n  drawn 

from   !  paralli  1  t«  1    \. 

Tin-    1  rohl<  :  i  «,f  a  tri-    Crane 

angular  :  for  the   upri  tD  U  an  »  Mitnple  J^0 

ofth:  l°™% 

Tli'  of  the  structure,    tuted 

the   magnitude  and   <l  1  '2  applied    lated 

at  the  (  ..f  the  jihlxam:    th-  :i   and   direction    l 

of  the    supportii.  '      :   and  the   point  of  application  of 

rce  8  1.     These  t  nal 

i  one  point.      Producing  1  '2  and 

23  to  meet,  their  joint   is  joined   to  joint  <:'»  1  :h.     'I'his  line 

kno\\n    the  trial. 

in  the  stress-diagram  is  completed  '^a. 

Any  point    to  the   left  of   the   upr:  D    in   Spac     I   i 

D  as  the   po-ili.Mi  of  an  imaginary  pin,  and  lhi>    joined  to 
fottt  joints  of  .   the  ima-inary  links  1  G,  0  I', 

I     I   .    U  'i   I'.  1.      In  tl)«'   diagram  tln-se  links  and    their 

1    hy   dott.d    liiH  s   in    order   to  distlngnlsl]    them 
ly  from  th«    nal  lii:ks  and  act ually  occurring  It 

Q  2 
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must  be  distinctly  understood  that  they  are  only  construction 
lines  ;  they  are  not  used  in  the  final  reading  off  of  the  stresses 
throughout  the  structure,  and  in  practical  designing  they 
might  be  drawn  in  pencil  only,  and  rubbed  out  after  inking 
the  other  lines. 

The  stress-diagram  is  now  built  up  as  follows  :— 


f 


Crane 
with  two 
beams. 
Substi- 
tuted 
triangu- 
lated 
truss 


Then  2  is  joined  with  ab  c  and  d;  11"  and  22"  are  drawn  1 
3  e  ;  through  a  is  drawn  i'  d'  J_  the  beam  2  (A  B  C  D),  and  n', 
2  2',  b  b',  c  c'  and  d  d'  are  drawn  _L  i'  d'. 

All  the  forces  acting  on  the  beam  2  (A  B  C  D)  are  now 
found,  so  that  it  is  unnecessary  to  suppose  substituted  for 
this  beam  an  imaginary  triangulated  truss. 

The  interpretation  of  the  diagram  so  far  as  the  beam 
stresses  are  concerned  is  the  following  :  — 

Upright  Beam. 


In  part 

Axial  stresses 

Shear  stresses 

3  1  or  3  E      
2  1  or  2  F      

3  i"  compression 
2"  i"  compression 

\"  \ 

Zero 

AlorAG    

Zero 

a\ 

The  axial  stress  on  the  top  part  A  1  of  the  beam  is  zero 
because  the  two-joint  link  A 1  is  placed  at  right  angles  to  the 
beam :  if  it  were  inclined  otherwise  this  axial  stress  would  not 
be  zero. 

The  shear  stress  is  zero  in  the  middle  part  of  this  beam 
because  the  load  1  2  acts  parallelly  to  this  beam,  so  that  the 
components  of  2  3  and  3  1  perpendicular  to  the  beam  must 
balance  each  other — that  is,  the  horizontal  component  of 
23  +  8  1  =fj=  2  1  is  zero.  The  shears  on  top  and  bottom  parts 
are  of  opposite  signs. 
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I  net  i  i 


In  part 

Axial  stresaes 

• 

2A  

2  2'  Ci  impression 

s'  a 

SB  

(*j'  —  bb1)  con 

*  b' 



(it'  —  CC')  COllll'lvssion 

*'c' 

2  I  >  

(n'-d  d*)  compression 

I'd' 

The  shear  in  this  heara  changes  sL'n  at  joint  (2  CD),  and 

course,  that  tin-  maximum  moment  occurs.     In 

the  upright  heam  the  hendin.u'  moment  is  constant  throughout 

tin-   middle  part    '2  F   where  the   shear  is  zero.1     Two  poles  ]>{ 

and  pt  are  chosen  at  a  com  !i  at   the  same) 

from   the  lines   \"  n  and  n  <l'  ',  and   from   the  pencils 

are  drawn  the  t\vo  monient- 

Ifl  P,  and  P,  for  tin-  upri-lit  and  iiidiiml  l>eams. 
Tli-  i   \\hieh  the  vertical  1><  am   •  \t  rt»  t-n  the  pin  at   Crane 

its  t«'l>  joint    IS  I  .      The    force   -J  1  with 

which   the  middle  part  <»f  this  heam  acts  on  the  pin  at  top  of 
IllM  '     (2f  +  fg  +  .'/  1)  :    the  stilV   heam 

in  its  action  to  the  time  two-joint 

IP,  F<  .latid  truss. 

'he  same  pin  the  upper  \  art  of  the  heam  acts  \\ith  a  fo«6 
]  '/.  the    [  has,  tli. 

a  total  force-action   on  this  same   pin,  and  tl  •  ftlBO 

left-hand  end  of  the  oth«  r  1  MID,  <  «|ual   to  the  resul- 

(lf  +  J  H    I  -'.      Tin-    )••  a.'tion  of   the 

inclined  beam  on  '  l>eam  is  a  2. 

T!  i:.    points  efg  depend  altop  tin  r   upon 

that  arhitrarily  cho^  n  for  the  joint  (1  G  F  E)  ;   hut  the  actual 

stresses  in  the  dia-ram  I  dent  in  any  decree  upon 

•ions  of  cj'i.    The  student  should  satisfy  himself  that 

tiiined  for  tl  cd  do  not  vary  with 


triangu- 

truss 


1  Tin-  bmding   momf-nt  on  a  beam  always  reaches  its  maximum  at  tho 
section  where  the  shear  is  cither  zero  or  changes  sign. 
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change  of  position  of  joint  (1  G  F  E)  by  taking  several  differ- 
ent points  for  this  joint  and  working  out  the  diagrams  for  all 
of  them.  If  the  drawing  be  accurate,  the  different  diagrams 
will  all  lead  to  the  same  points  a  b  c  d,  and  the  two  moment- 
diagrams  will  both  close. 
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1.  S  i'liilt  in  time  dimensions  offer  naturally 
much  more  ditlicuhy  in  tin-  inv.  >tiuration  of  their  stresses  than 
do),!               ,1'tures.      N^>t\yith-tandini;  this  superior  dilliculty, 

ni^iiit  i  rin.ur  importance  to  In-  able  to  deal 

with   them  80  as  to  arrive  at  a  more  or  1,  u  exact   knowledge 
of  tl  ihrou^h   the  various  sections.     The  importance 

of    this    part   of    the   -uhject   Incomes  e\id<  nt   when   it  is  rc- 
iii«  ml  en  d  that  as  a  mat:  t  till  strurtu  -lid.      A    All  strnc- 

;ss  may  be  treated  as  a  plane  structure  with  Bl™l  a 

ith  so  long  as  the  forces  acting 

nn  it  are  parall.  1  t..  its  central  plane  ;  hut    it   must  QOl   I  6  for- 

d    in    tl  in    uu>tahle 

(  -juilihriuni    •  1    that  it    \\culd   imt 

1  up  \\1..  -t    upon  C   the   \\ind- 

;          iiid  bracing  does  not  lit-  in  tin-  ah.»\e  plane, 

an.l  \\heii    it    i-  indiuled  as  part  of  the  pnli-r    the   ^ti'uctuie 

mes  a  soli<l  < 

2.  It  will  he  well  at  the  mitset  to  tahulate  the  fun<lanien(al 

1  solid  link  structures  as  regards 

.-lilTiirss,  r.|uilil.riiunf  and  solubility  of  tin-  stress  pmhlein  for 
an  individual  joint. 

Stiffness.      I*  !y   heen  explained   that    to  ensure   Flat  and 

i  a\..id  n  dundancy,  the  number  of  two-joint  links  Jrames 
in  a  plane  structure  niu-t  he  three  less  than  dmihle  the  number   c°mPar«d 
of  j  .d   that   in  a  solid  structure  it   mu>t  he  six  less 

than  thrice  the  iminbrr  of  joints. 
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Equilibrium, — In  a  plane  frame,  when  the  known  loads  are 
balanced  by  a  single  force,  as  in  a  steel-yard,  the  condition  of 
balance  determines  the  magnitude,  the  direction,  and  the  posi- 
tion of  the  necessary  balancing  force. 

In  a  solid  frame,  similarly,  when  the  loads  are  balanced 
by  a  single  force,  this  is  determined  in  magnitude,  direction, 
and  position  by  the  condition  of  balance ;  but  it  is  not  gene- 
rally possible  to  produce  the  balance  by  a  single  force. 

When  the  loads  on  a  plane  frame  are  balanced  by  two 
forces,  the  two  points  of  application  and  the  direction  of  one 
of  them  are  independent  of  the  condition  of  balance ;  and, 
these  being  otherwise  fixed,  the  direction  of  the  second  and 
the  magnitudes  of  both  are  determined  by  this  condition.  A 
further  limitation  is  that  the  two  supporting  forces  must  be  in 
the  plane  of  the  frame  and  of  the  loads. 

If  the  loads  on  a  solid  structure  be  balanced  by  two  forces, 
Fiat  and  the  supporting  forces  must  lie  in  one  plane  with  the  resultant 
frames  of  the  loads,  and  they  are  subject  to  the  last  set  of  conditions; 
compared  ^u^  aga^n?  j^  w^j  noj:  jn  generai  |)e  possible  to  obtain  balance 

with  two  forces  only. 

If  the  loads  on  a  solid  structure  be  balanced  by  three 
forces,  then  the  three  points  of  application,  the  direction  of 
one  absolutely,  and  the  direction  in  a  given  determined  plane 
of  a  second  supporting  force,  are  independent  of  the  balance- 
condition  ;  but,  these  being  otherwise  fixed,  this  balance-con- 
dition determines  the  magnitudes  of  all  the  three  supporting 
forces,  the  plane  of  the  second,  and  the  direction  absolutely  of 
the  third — that  is,  as  regards  the  second,  the  condition  of 
balance  fixes  a  plane  in  which  it  must  lie,  but  not  its  direction 
in  that  plane ;  and  as  regards  the  third  it  fixes  the  direction 
completely. 

In  general  the  supporting  forces  of  a  solid  structure,  what- 
ever their  number  be,  are  determined  in  six  elements  by  the 
condition  of  vector  and  locor  balance. 

Solubility  of  Joints, — In  a  plane  frame  the  stress-diagram 
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for  any  particular  joint-pin  cannot  be  drawn  out  until  all  the 
foiv  !>t  tiro  acting  on  it  have  been  fouiul. 

In  a  solid  struct uiv  the  stress-diagram  for  any  particular 
joint-pin  can  be  drawn  as  soon  as  all  the  forces  acting  on  it 
D  found. 

Thus  in  tlu-  plan*-  problems  the  stress-diagram  must  be 
comiin  nerd  at  a  j»int  win  iv  only  two  links  meet,  unless  one  Flat  and 
of  t:  '  il   methods  ahvady  explained   hi'   employed.      But 

in   a   solid    -tru.-ture   there  are   no  such    joints.      The  stress- 

ram  is  begun  at  a  joint  where  thive  links  meet,  of  which 
joints  there  are  generally  two  in  a  still',  non-redundant,  three- 
dim.  iiMonal  link 

•    fundamental  laws  of  solid  lin'  :h«-ir 

truth  made  evident  in  the  course  of  the  following  illustration, 
stress-diagram  may  be  obtain,  d. 

8.  Fig.  98   shows    the    -imph ^t   possible  solid  link;! 
n:im«  ly.  a  t.  trail.  dr«>n.      It  has  four  joints  and  >ix  links,  thus 
fulfilling  tin-  condition  of  stillness/  =  a§/  —  (?,  or  6  =  3  x  4  —  6. 
A  UC  and  A'  !:'("  an-  t.  Lfl  of  thr  Mnirtmv  on  two   Tetra- 

jit  ! •  -9  to  each  other,  thr  dimriiHons  of  either 

of  whirl:  'lid  to  li  be  d.  riv.d  from 

the   oth.r    b;  :.»  G  G.       The  low.  r 

A  B  C  will  bo  call«  d  th.  plan,  tin  -upper  the  elevation,  and 
tin-  line  (J(l  the  grnumi  lin..  G  G  is  taken  as  the  plan  of 
thr  \  tUXD  :  and  (i  (i  is  ;I!M» 

thr  ,  r,f  thr  horifOOtd  plane  of  pn.j.-cti«»n  of  thr  plan. 

impo->ibb-    to    carry  out   complt  t.  ly  thr  s\>trin  of 

ifl  iioinrnclaturr  found  so  conveiiinit   in    plane  dia-rams—   Letteringr. 
namely,  that  of  1,  -h.-  surface-pens  lying  b<  tween  the 

link-lines.  T  lystem  would  be  to  giv 6  a  l.ttrr- 

nam.    to  rarh  vohme,  <»r  •  :nnl  if  :  practicable 

and  consi.M.  lit   iiMinriirlatiire 

for  all  parts  of  thr  frame  and  stress-diagrams.     In  the  frame 

of  ]•':  i,  and  then-  are 

solid  outside  un«  los« d  pens — namely,  one  corresponding  to 
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each  face  of  the  tetrahedron.  At  each  joint,  if  the  four  solid 
pens  meeting  at  it  be  taken  in  a  certain  cyclic  order,  the  link- 
line  common  to  any  two  successive  solid  pens  may  be  called  by 
the  two  letters  which  are  the  names  of  these  pens ;  and  in  this 
case  the  two  corresponding  letters  in  the  stress-diagram  would 
Tetra-  be  found  at  the  two  ends  of  the  stress-line  for  this  link.  But 
frame  as  the  drawing  is  on  a  flat  sheet  it  is  impossible  to  place  the 
letters  on  the  paper  in  such  a  way  that  they  unambiguously 
indicate  the  volumes  which  they  are  intended  to  name.  More- 
over, the  choice  of  the  correct  cyclic  order  is  difficult  and  con- 
fusing. 

Therefore,  the  ordinary  system  of  naming  the  pens  of  flat 
structures  is  here  applied  to  one  of  the  projections,  and  the 
forces  arranged  in  the  proper  cyclic  order  for  this  one  view, 
the  lettering  of  which  serves  as  a  complete  guide  throughout 
in  building  up  and  in  reading  the  stress-diagram.  In  Fig.  93 
it  is  the  plan  that  is  thus  lettered.  The  names  ABC  are 
given  to  the  plans  of  the  three  upper  faces  of  the  tetrahedron, 
lettering.  Notice  that  these  letters  indicate  not  the  faces  themselves,  but 
order0  the  plans  of  the  faces.  1234  are  the  names  given  to  the 
plans  of  the  outside  spaces  bounded  by  the  plans  of  the  frame 
and  of  the  outside  load-lines.  No  name  is  given  to  the  lower 
face  of  the  frame.  This  plan  now  gives  a  name  to  each  inside 
and  outside  link,  the  left-handed  cyclic  order  being  preserved 
in  the  particular  example  now  under  consideration.  The  two 
letters  of  this  name  for  each  link  are  now  written  along  the 
elevation  of  the  same  link,  the  letters,  however,  being  accented 
in  order  to  distinguish  readily  plan  from  elevation.  This 
accentuation,  although  it  is  here  employed  in  this  first  ex- 
ample for  the  sake  of  clear  description,  will  be  found  (tide 
subsequent  examples)  to  be  unnecessary  in  practice  when  the 
operator  has  become  familiar  with  the  method  of  procedure. 

It  is  to  be  noticed  that,  although  the  outside  force  1  2, 
I/  2'  acts  at  an  outside  joint,  still  in  the  plan  this  joint  is 
inside  ;  and,  therefore,  the  pen  B  in  the  plan  has  to  be  split 
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ill  two,   1>,   and   K,   and   an  imaginary   link  15t  1\,  and  joint 
L2B    B     introduced. 

a  arc  tin-   dinu  nsions  of  the   .-tructure  ;   the  point   Tetra- 
of  application,  the  direction.  and  the  magnitude  of  the  load 
l  -2.  r  -2  :  &e  dkection  of  ropportmg  foroe  8  4,  8'  i';  and  the 

!«  vation  of  tin-  Mipporting  f.>rcr  *2'  8'. 

•int  in  a  s.-lid  frame  there  act   a  nuinher 
of  known  for.  t  s  tliat  fan   he  compounded  into  one  known  re- 


.  and  ihrcc   unknown   forces  acting  along  tin-  lines  of  Typical 
three    links    I  noi    v<  t    U  en    determined. 

top  joint  of  FiVf.  W  "t   which   the   known  !  -J.  1'  2' 

.  t  \pical  al  pn.hlein. 

4.  The  m<"  iiition  is  to  n-Hnlvt-  the  known  foice  into 

nts—  OIK-  pt  rp«  ndicular  to  the  plain-  of  tint  of  tho 

unknoun  forces,  and  the  other  parallel  to  this  plane.     The  third 

unki  Q6d    >imilarl\  d    into    t\\o 

<  oinpHin  nts  |  '-ular  and  parallel  to  the  -anie  plane,  it  is 

that    its    perp.  ndicular    con  iial   and 

•  ular  compoiu-n:  known    lead.    General 

Because  the  rcenlta!  n  forci  s  n.u.-t  he  method 

in  tl  :ant  cannot 

h<  lj)  to   i  :   thr   known 

Thus   if  from   the  j«.  int   in   <jti«  >tioii   alon^  the   lim  •  of  the 
known   force  a  length    I-  i   oiV  i  •  pn-M  nting   to  a  C 

that    f-  it'  1V(  m   the  «  nd   of 

thi>  line  he   drawn   anotlu  r   line   parallel   to  <n<    of  the   three 
•  iin.-nl\»  d  '  li  1  if  the  intei  M  ctimi  of  this  last  line  with 

\8  plain-  of  the  other  two  unsolved  li:  V  rmined  ;    then 

•h  of  this  la.->t   liin    <lown  to   its   intoxction  with   tin- 
plane  m.  inuiMii  :.-ssal«.n^   the   parallel    link. 

to  which  the  known 

force  has  been  plotted.     This  second  force  l,ein<j  thus  deter- 
I,    the   r«-mainin.uf   two  forces  can    le    found    at   once   hy 
lie  polygon  hy  lines  parallel  to  the  links. 
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5.  In  Fig.  93  the  force  1  2  is  plotted  to  scale  from  the  joint 
to  the  point//,  and  from  this  point  is  drawn  a  line  parallel  to 
the  link  A  B  to  intersect  the  plane  of  A  C,  B  C.     The  plans  and 
elevations  of  the  lines  A  C,  B  C  are  produced  to  cut  the  ground 
line  G  G,     The  intersections  with  G  G  of  the  plans  A  C,  B  C 
give  the  plans  of  the  points  where  these  lines  cut  the  vertical 
plane ;  the  elevations  of  these  points  are  found  directly  under- 
neath their  plans  on  the  elevations  A'  C',  B'  C'  of  the  lines  ; 
Typical       and  these  elevations  being  joined,  the  joining  line  is  the  vertical 
Joint          trace  of  the  plane  of  A  C,  B  C  -  -that  is,  the  line  in  which  this 
plane  intersects  the  vertical  plane.     It  is  marked  VAC>BC.     The 
horizontal  trace  HAC>BC  is  similarly  found  by  taking  on  the 
lines  A  C,  B  C  the  plans  of  the  points  where  the  lines  A'  C' 
and  B'  C'  cut  G  G  and  joining  these  plan-points.     Only  one  of 
these  latter  need  be  found,  however,  because  the  vertical  and 
horizontal   traces   necessarily   intersect   in   G  G ;    and   thus 
HAC.'BC  can  be  found  by  joining  one  of  them  with  the  inter- 
Construe-    section,  already  found,  of  VAC>BC  and  GG.     The  finding  of 
diagram      both  points,  however,   involves  very  little  extra  work,  and 
supplies  a  most  useful  and  much-needed  check  on  the  accu- 
racy of  the  work. 

Through  /  and  /'  are  now  drawn  lines  parallel  to  A  B  and 
A'  B'.  These  are  plan  and  elevation  of  the  line  through  point 
//'  parallel  to  A  B,  A7  B'.  The  plan  /ra  n  is  also  the  plan  of 
the  line  of  intersection  of  a  vertical  plane  through  this  same 
line  and  the  plane  AC,  B  C. 

The  plan  cuts  HAC)BC  in  a  point  m  whose  elevation  is  m', 
which  point  is  a  point  in  the  above-mentioned  line  of  inter- 
section of  plane  A  C,  B  C  and  the  vertical  plane  passing  through 
the  line  through  /  parallel  to  link  A  B  ;  it  is  the  point  where 
this  intersecting  line  cuts  the  horizontal  plane.  This  same 
intersecting  line  meets  the  vertical  plane  in  a  point  whose 
plan  is  n  where  the  line  ||  A  B  through  /  meets  G  G,  this  point 
having  the  elevation  n'  on  VAC,BC-  Thus  m'  n'  is  the  elevation 
of  this  intersecting  line,  while  /ra  n  is  its  horizontal  projection. 


xn.  SOLID  STATIC  LINKAGES  237 

Tin-  lino  ;  A  li.  A'  T,'  through//  lies  in  this  vertica  plane, 
whose  plan  is/'//,  and  it  will  therefore  moot  the  plane  AC,  BC 
in  a  point  in  the  lino  in  which  this  lattor  plane  intersects 
the  former.  Thus  >/'  ///'  moots  the  line  f  </  through  f  \\  A'  B' 
in  the  intersection  sought  for  —  namely,  //'.  >{  is  now  projected 
to  </  mi////.  The  projections  of  the  stress  on  bar  AB,  A'  !>' 
t'f  and  qf.  Then  from  </  is  drawn  a  line  ||  A  C  to  meet 
the  prolongation  of  B  C  ;  and  from  q'  is  drawn  a  line  ||  A'  C' 
to  moet  U'C"  p)  Those  L^ive  tlio  projections  of  the 

I6i  on  the  two  bars  AC,  A'C'  and  DC,  B'C'. 

to  remove  this  last   part  of  the  construc- 

tion to  another  part  of  the  paper,  where   th<  diagram   Typical 

can  he  hiiilt  up  in  plan  and  elevation  five  from  confusion  and   jJJ^ 
without  i  ach   >tr<  U  ing  repeated.     Thus    in  the  plan 

igram  &,&,  |i  U,  i  ta  to  scale  ti  12 

in  horizontal   pr  same  scale  />,'/>,'  represents 

ti.ni.       \Vh«  n    '/'  hy  tli-.-   pn  c«  din.^    con- 

.      Tin  n    th<  a\\n    Construc- 

!BA,  and    the    ]  -    ohtaiin  d    1  .1    pn-j,  oti«,n    Diagram 

fi-nni  -/'.      Tl.  '  :••  ss-.|iia«lrilat«  -rals  an    now  o<.mpl.  !•  ,1    J,y 

drav, 

*^c   \\  n  m  pl'i"  ;U"1 
a          A  ( 

;  /        ii)'  / 

tion. 


in  the   plan  fn«m    th«    j(.int  whore  8  4  act-   is 
oflfalongAC  toy  a   1-  n-th  =  ac.     Through   the  point  p  so 
found,  a   line     :5  1    is   drawn,  and  tin  \tTtiYal   proj«  <•- 

ti'»n  ;.'  on   A'  11'  is  drawn   a  lino  1'h.-   ol,  Nation  of  the 

inter-eeti.ni  of  this  line  \\ith  jilam-  A  1  and  I1  3  is  next  found. 
invohos  the  lindin;_'  of  the  traces  of  this  plane  ;    they  aiv 
found   as    previously   explain,  d    for    the   other    plane   and 
hori/oiital    trace)   and  V,  lira!    DM 

/•'    in    elevation    and    /•    in    plan. 

i  the  pr.  of  the  outside  force  3  4. 
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Tetra- 
hedral 
frame 


Construc- 
tion of 
diagram 


Plan  and 
elevation 
Stresses 


From  r  is  drawn  a  line  parallel  to  A  4  to  meat  C  3,  and  these 
give  the  other  two  stresses  acting  on  this  joint  in  plan.  These 
are  inserted  in  the  plan  stress- diagram  in  their  proper  cyclic 
order ;  and  from  them  is  deduced  the  vertical  projections,  the 
lines  in  the  vertical  stress-diagram  being  drawn  parallel  to  the 
elevations  of  the  corresponding  links. 

There  is  next  taken  the  joint  at  which  force  2'  3'  acts. 
Here  the  stresses  3  c,  3'  c'  and  c  62,  c'  b.2r  are  already  known. 
The  plane  containing  their  resultant  and  the  link  B2  2  must 
also  contain  the  outside  force  23,  2' 3'.  This  outside  force 
is,  therefore,  already  partly  determined,  but  the  direction  in 
this  fixed  plane  is  at  the  free  choice  of  the  designer.  In  this 
problem  this  element  of  choice  is  represented  by  the  direction 
of  one  projection— namely,  the  vertical  2'  3' — being  included  in 
the  data.  This  being  so,  the  stress  quadrilateral  for  the  joint 

3' 
can  be  immediately  completed  in  elevation;  thus  7  ,>2',  the 

°2 

line  &/  2'  ||  (I'  2')  B'.  This  gives  2'  in  elevation ;  its  plan  is 
next  found  by  projection  downwards  from  2'  to  2  on  line  drawn 
through  b2  ||  B._,  2.  The  point  2  so  found  is  now  joined  to  s, 
and  2  3  gives  the  plan  of  this  force  in  direction  and  magni- 
tude. 

Next  the  plan  and  elevation  parallelograms  for  the  ima- 
ginary joint  12  B2  Bj  are  drawn  in  ;  and  finally  the  points 
4,  i,  and  4',  i'  are  joined.  These  latter  give  the  direction 
and  magnitude  in  plan  and  elevation  of  the  remaining  sup- 
porting force. 

6.  This  completes  the  drawing  of  the  stress- diagram.     The 
stresses  are  known  by  their  plans  and  elevations.     Their  un- 
resolved magnitudes  are  to  be  found  by  compounding  the  plan 
with  the  vertical  component  measured  from  the  elevation.     A 
convenient  mode  of  effecting  this  composition  graphically  for 
all  the  stresses  in  one  '  composition  diagram  '  is  shown  in  Fig. 
95  (see  Section  8). 

7.  When  the  stresses  in  a  large  and  complicated  structure 
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have  to  be  i  -morally  the  known  loads  are  more 

or  less  nuiiKTous.     The  frame  is  supported  hy  at  least  three 

•lin.^at  known  points,  and  the  iirst  part  of  the  prohlem 

•  calcula1  supporting  forces.     Of  these  the  condition 

of  equilibrium  is  sutticient   t->  determine  x//-  elements,  as   in 
tlie   la-4  prohlem,  where  the  three  magnitudes,  the   plan   and 

ition   directions  of  one   force,  and   the  plan   direction   of 
another  force  are  calculated.      To  find  tli  i.-meiits  it  is 

BSarj  to  ivduce  the  known  loads  to  OS  simple  a  resultant  General 
as  possihle  :  hut,  as  has  h;  en  explain.  -d  in  Chapter  VIII.,  three* 
Section  //-  r.-sul-  supports 

tant  for,  ;r  >imple.-t   e«piivaleiit  is  a  pair  of  non-inter- 

lit   an^le-  to  «  ;i--h   <»tli  r.     The   mode  of 

icing  them  to  this   Mmpli  >t  form  i^  fully  ^iveii  in  C'hapter 

VIII.  .  Beetion  B 

In  Fi.r.  IM,  in  the  three  orthogonal  rectangular  projections 

(IT)  (e)  and   (<r),  the  :  ultants  of  the  projections  of  the 

kno\\n  i  •  B  pwp,pa-    Theee  bav<    i-  .  n 

found    l.y   atldin.^    together    the   several  ionfl    in    three    Penta- 


VCe1  rams  80  as  to  ol  in  each  pro-    construe- 

-uitahle  pol,-,  and  from  the  three  tion 
pencil  rad;  :n  tlu-e  p"l-  ;     p.-ns. 

x/3y  ar-  as  points  in  the  lin 

action  of  the  tlm-r  >uppo|-tin-  forces  ."»  1  .  :\  1  jind    1."..     In  «  1 
tion  th«  :\en  at  the  -a  me  level  and  the  ground 

lin.    01  '  .'  ni.      T  e  in 

it   is  easy  to  m:ik.    one   of    the 
ally  the  plai:  i:rou^h  the  thn  e 

»    points  of  siipp 
i         [-Ian   dii  '  are 

J  cal.-iilal,  d  from 

the   condition   of   e.jiiilihrium   an-   in   this   example  the    tl 

I  magnitudes  and  the  three  di  i.»n. 

In  tl:  the  j'laiis  of  the  magnitudes  can    he   found   at 

!    in  //,  and  produce 
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45  and  51  to  meet  in  v.  Join  pv.  The  resultant  (pn  -f  34) 
and  also  the  resultant  (45  +  51)  must  each  lie  along  the  line 
JJL  v,  and  be  equal  and  opposite.  In  a  convenient  position  on  the 
part  of  the  paper  where  the  plan  stress-diagram  is  to  be  drawn, 
plot  d{  d2  4jr  pv,  or  simply  take  it  as  already  obtained  in  the 


General      previous  part  of  the  construction  and  mark  it  dl  d2.     Then 

three          draw  d2  4'  ||  34  and  dY  V  \  v  //,,  and  mark  the  intersection  4'. 
supports     Then  draw  4,  .,  ||  45  and  ^  fi,  ||  51j  marking  their  joint  6f  e    Then 

d2  4',  4'  5',  and  5'  d^  are  the  three  plan  magnitudes  sought. 

Next  take  any  point  £'  in  (s)  on  pe  and  project  it  hori- 
zontally to  8"  on  p^  in  (a).  Measure  the  horizontal  distance 
of  S"  from  0  V  and  plot  it  vertically  downwards  in  (TT)  to  S 
from  line  0  E  on  the  vertical  projection  line  through  £'.  In 
the  elevation  stress  diagram  dl  and  d2  are  vertically  over  d{  d2 
in  (TT),  and  in  (s)  d{  d2  is  horizontal.  d.2  ef  is  vertical  and 
4p  /ov,  the  vertical  component  of  p  ;  and  d51  ef  ^F  /V  ^-  ne  wn°le  se^ 
Penta-  of  known  forces  has  now  its  equivalent  in  (TT)  as  p  along  line 

co'nsTruc-     12  and  at  level  S/>  and  P*  through  8. 

tion  Next  draw  &  X  ||  pv  in  (TT)  to  meet  in  X  the  line  a  7,  and 

project  X  upwards  to  X7  on  pe  in  (e).  The  same  set  of  forces  is 
also  equivalent  to  pn  acting  horizontally  in  the  line  12  at  the 
level  of  X'  and  pv  acting  vertically  through  X. 

Next  mark  6  in  (TT)  where  pn  meets  a  7,  and  project  6  up- 
wards to  6'  in  (s)  on  the  horizontal  line  through  X'. 

Now  suppose  erected  a  9-bar  linkage,  or  pentahedron,  on 
the  base  «/37with  its  two  other  joints  at  (XX')  and  (00'}. 
At  joint  (XX7)  suppose  pv  to  act,  and  the  force  pn  to  act  at  joint 
(0  0'}  .  Draw  in  the  bars  of  this  linkage  in  (TT)  and  (s)  and 
letter  the  spaces  in  plan  as  shown.  The  right-hand  cyclic 
order  has  been  chosen.  In  plan  the  bars  D  E  and  E  (1  2  3) 
lie  coincidently  with  the  bars  E  A,  D  B,  and  D  C.  In  order 
to  obtain  places  for  the  letters  E  and  D  the  former  two  bars 
are  represented  by  curved  dotted  lines  ;  but,  of  course,  in  order 
to  draw  lines  parallel  to  these  bars  in  the  plan  stress-diagram, 
the  directions  are  taken  from  the  straight  line  ^7.  It  is 
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••hilly  important  to  have  these  spaces  clearly  marked,  be- 

I>  i-  divided  by  the  external    force  line  12  into  two, 

1  >,  and  IX  ;  and  E  is  divided  into  three,  Ep  E2,  E3,  by  the 

ual  forces  1  2  and  2  3.    This  la.n  -J:>  i*  p  ..,  which  is  really 

vt  -rtical  and  repn->«-nu-d  in  tin-  plan  stress-diagram  hy  a  point 

only,  but  in  (TT)  B  by  a  finite  line  for  the  same 

reason  that  curved  lines  are  drawn  to  represent  the  above- 

mentiom  d   bars.     Note   that    the   bar  DB  bei\u-t-n  tin-  two 

joints  \  0  is  horizontal. 

linkage  is  taken  of  this  shape  with  the  faces  a\7  and 
\#7in  the  same  vertical  plain-  l><  cause  BO  doing  very  mtich 
simplifies  tin  resolution  of  the  forces  at  joints  X  and  0. 

»int  0.  tin-  horizontal  coi  t  of  stre> 

lonnal  to  a  7  must  balan  "f  />»={Mi  (/   ni  tne  same 

;ion.  Therefore  draw  rf,c'||BCand  </,r'||«7.  This 
gives  d^  c'  the  plan  of  stress  in  B  C.  In  (g)  draw  </a  c  ||  B  C 
and  obtain  <•'  \>\  vertical  upward  pr  in  (TT). 

Next  in  (e)  d  D  B  and  </,  c  1  D  C,  and  then  c  b  \\  C  13  to  Pentahe- 

meet  /'.     Ti  its,  c  and  6  in  (*),  j  .  //»•, 

and  •  ctions  of  the  stresses  in  DB,  BC,  I 

CD,      VN  /.Amid  'i||a7,  andon  these 

obtain  &  and  <    l.y  p  :  downwards  from  b  \\  (f). 

k  the  a«  (  uia<y  of  drawing  by  finding  6c|d,  <f\l\ 
Take  next  The  force  E,E,  and  all  tin    .-ih.-rs, 

in   one  vi  rtical  plane,  and  tin-  plan- 

-ultjint  inii^t  therefbre  lie  along  line  «  7. 
Tin!-  i  TO  stress  on  AJJ,  and//  mu.M  be  mark»d 

alon^  with  l>  in  the  stress-diagram  both  in  (TT)  and  in  (c).    Th.- 
1  nown   forces  acting  at  this  joint  a  in  (g). 

Draw  ae,  ]  AE  and  ef  e3  1|  DE,  and  mark  the  joint  of  ; 
Draw  rf2  «,  $=  <f  e,  and  e,  e%  $=  e'  dr     Next  in  (IT)  draw  </.,  r^  || 
ami  lind  on   it  ra  and  f.,  by  i>rnjertion   from 

fjf,  in   (f).  ml   <,    in    (TT)   and    (c)    by   completing  the 


:h.   j.-int  ut  a  in  (TT)  draw  i'  »     *  7  and  </  i  ||  A  4,  in 
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ing  in  4.  Then  draw  4  3  =±j=  *'  d2,  the  point  3  falling  in  line 
e3  a  produced.  The  plan  of  the  stress- diagram  for  this  joint 
is  now  complete,  viz.  a  e3  3  4  a.  Complete  it  in  (s)  by  drawing 
e3  3  |!  E33,  i.e.  horizontal,  and  finding  in  this  line  the  point  3 
by  projecting  upwards  from  3  in  (TT)  ;  also  finding  4  in  the 
horizontal  line  through  a  by  projecting  upwards  from  4  in 
(?r)  ;  and  finally  joining  3  4. 

Next  for  joint  ft  there  are  already  obtained  in  (?r)  the  lines 
c  b  a  4.  Draw  4  5  4j=  4'  5',  and  join  5  c.  The  accuracy  of  the 
drawing  is  checked  by  finding  5  c  \\  5  C.  In  (s)  draw  c  5  ||  C  5,  i.e. 
horizontal,  and  find  on  this  5  by  projection  from  5  in  (TT).  Also 
join  4  5  in  (s).  The  diagram  for  this  joint  in  (s)  is  c  b  a  4  5  c. 

Next,  in  both  (TT)  and  (s)  complete  the  parallelogram  3  e3  e2  2, 
giving  2  coincident  with  3  in  (TT)  and  making  2  3  ^=  pv  in  (s) ; 
and  also  the  parallelogram  2e2el  i,  which  in  (s)  gives  i  on 
the  horizontal  line  el  02,  and  makes  i  2  =y=  el  e2  4j=  dl  d2.  Join 
5  i  in  both  (s)  and  (TT),  and  check  by  finding  in  (TT)  5  i  ||  5r  d[f 

The  diagram  for  joint  7  will  now  be  found  complete  in  both 
(TT)  and  (s},  namely,  5  i  el  d{  c  5. 

The  elevations  of  the  three  supporting  forces  have  now 
been  found,  as  well  as  their  plans,  and  their  resultant  magni- 
tudes are  found  on  the  auxiliary  '  composition  diagram  '  by 
plotting  from  0'  horizontally  and  vertically  the  plans  and  the 
vertical  components  of  the  elevations.  On  this  diagram  is 
also  seen  the  resultant  magnitude  of  the  datum-load,  viz.  13. 

8.  In  these  constructions,  in  which  the  stresses  are  shown 
by  elevation  and  plan,  a  point  is  very  frequently  to  be  found 
partly  by  help  of  projection  from  elevation  to  plan,  or  vice 
versa.  In  order  to  write  out  the  construction  for  a  compli- 
cated frame  in  a  form  that  is  not  excessively  tedious,  it  is 
advisable  to  adopt  some  shorthand  symbol  to  represent  this 
operation.  In  what  follows  the  symbols  used  are  tit  and  *. 
The  phrase  '  (TT)  d  4-  e*  means  '  find  the  point  e  in  plan  (TT)  by 
drawing  from  d,  already  found  in  plan,  a  line  parallel  to  D  E 
in  plan,  and  projecting  vertically  downwards  on  to  this  line 
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from  the  point  t  already  found  in  elevation/  Again  '  (e)  g  t/' 
:is  '  iiiul/  in  (s)  by  drawing  from  //  in  (e)  parallel  to  G  F 
in  OF)  and  projecting  upwards  from  /  in  (TT).'  Not  infre- 
quently the  diagram  for  a  joint  cannot  in  the  first  place  be 
drawn  in  >al  order;  it  has  to  be  otherwise  drawn 

at  lirst,  and  after  finding  tlie  closing  lines  the  polygon  has  to 
be  partially  redrawn  t<>  put  it  into  proper  cyclic  order.     In  that 
case  temporary  lines  have  to  be  drawn  in  the  stress-diagram  Short- 
parallel   to  frame-lines  named  differently.     To  express  this  symbols 
<•!«  arly    the  foregoing  symbols  are,   when  needful,   expanded 
thus  :  '  (7r)  'I  *  e  ||  GE  *  means  '  in  (TT)  draw  from  »/  a  line  ||  GE 
and    find   on  it  the  point  e  by  downward  projection   from  e 

in  ««).'     AJso  *  £>/f  I  ans  •  draw  from  cand/' two  1 

parallel   to   1)  K    and   L  M,    and    mark   their    intersection   /,.' 
Again,  '/<,/  =  <)'  means  'mark  </  coin.-i  h  already  found 

;  //.' 

ifl  shown  a  nmn-  coin] 

<  nts  a  braced  pier  for  a  bridge,  although,  for  the  sake 

of  greater  cl«  arnos  in  the  illu>tnition,  pi'oportions  have  lam 

ite  Houiewhat  from  those  common lv  found  in 

ws,  (TT),  (s),  and  (<r),  are  plan,  front, 

Mde  elevations.  '\  •  dmily  in  finding  tin-  pi'- 

Itant  of  tin-  KIIONMI  loads,  for  tbe  sake  of  cle-  Braced 

r ting  forces.     In  <  a« -h  proj» -d  inii 
those  bars  which  do  not  li-  168  of  the  frame- 

\\orl.  \\n  in  lon^-da.-h  liiu->,  a>  if  the  harts  were  hidden 

A.     Although  tli.-y  aiv  actually  seen  h.  t\\< •.  n  th«-  front 

.   this    makes    th»-   diagram    less    liable   to   confusion.       A 

horizontal   ],.  tu  base,  and 

her  hori/ontal  diagonal  crosses  at  the  K-\<  1  of  the  second 
"f  joints.      An   examination   of  the   relation   bet\\<<ii    the 

iiumhi  r  •  ,i   shnw  that  the  stnictui« 

hut   iion-rrdumlant,  then-  bein^  ,-i\t.  en  joints  and   forty- 
links. 
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In  one  respect  the  graphic  solution  of  this  framework  is 
easier  than  the  general  case  shown  in  Fig.  93.  This  results 
from  all  the  bars  except  two  lying  in  four  main  planes,  which 
are,  taken  in  pairs,  perpendicular  to  two  planes  of  easy  pro- 
jection. Thus  two  of  these  planes  are  represented  by  single 
lines  in  the  front  elevation  (e).  Again,  the  plane  containing 
the  horizontal  bars  meeting  at  any  joint  is  also  represented 
by  a  single  line  in  (e).  This  very  much  simplifies  the  part  of 
the  construction  equivalent  to  finding  the  components  perpen- 
Simpii-  dicular  to  these  planes  ;  this  perpendicular  being  in  (e)  normal 
to  the  line-projection  of  the  plane.  Otherwise  expressed,  these 
line-projections  are  the  vertical  traces  of  the  planes,  and  thus 
the  tedious  operation  of  finding  the  traces  of  a  large  number  of 
planes  is  obviated ;  this  operation  having,  in  fact,  in  this  ex- 
ample to  be  performed  once  only.  As  the  majority  of  engi- 
neering structures  are  of  this  character,  the  present  problem 
is  a  fair  illustration  of  the  ease  or  difficulty  experienced  in 
applying  the  method  in  practice. 

The  pier  is  secured  to  the  foundation  at  the  bases  of  the 
four  main  columns,  which  rake  inwards  towards  the  vertical 
axis  of  symmetry.  One,  viz.  7  8,  of  the  four  forces  exerted  by 
the  foundation  is  supposed  to  be  known  both  in  magnitude 
Braced  and  direction.  The  plan-directions  of  the  other  three  are  also 
given.  Their  magnitudes  and  directions  in  elevation  are 
found  by  construction.  This  construction  is  shown  in  the 
figure  by  close  dotted  lines,  but  it  is  not  here  described,  as  it  is 
precisely  similar  to  that  last  given  in  Fig.  94. 

At  the  fonr  top  joints  are  applied  vertical  loads,  each 
equal  to  28  tons.  At  six  of  the  joints  on  one  side  act 
equal  wind-forces,  the  elevation  and  plan-directions  of  which 
are  given.  The  elevation -projection  of  each  measures  12 
tons,  and  its  plan-projection  about  21  tons,  the  whole  resul- 
tant magnitude  of  each  being  21-7  tons.  In  the  plan,  the 
pens  of  which  are  lettered,  these  wind-force  lines  cut  through 
the  bars  so  as  to  cut  up  the  pens  very  much  and  necessitate 
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tlu-  introduction  of  many  imaginary  joints.  The  right-hand 
cyclic  order  is  adopted,  taking  it  from  the  lettering  of  the 
plan.  The  central  pen  in  plan  is  named  A.  This  is  split  up 
into  four  pens,  A,,  A2,  A3,  A4,  in  order  to  afford  distinct  names  Braced 

the  four  vertical  loads.  The  plan  of  each  of  these  is  a 
point,  hut  th.-ir  plans  are  marked  hy  short  dotted  lines  for  the 
sake  of  showing  a  houndary  line  between  spaces  Aa  and  A3,  &c. 
Of  course,  in  the  plan  stress-diagram  a  >int  (marked  </) 

s  all  these  four  loads. 

-o  loads  and  the  wind -forces  are  first  plotted  in  plan 
and  elevation,  the  wind-forces  succeed in<i  the  vertical  loads. 
The  same  set  of  forces  is  next  plotted  in  the  side  elevation  (<r), 
the  magnitudes  and  directions  being  obtained  from  the  com- 
ponents shown  in  the  two  other  projections.     Three  poles  are  Loads  am 
chosen:  from  them  three  single-pens  are  constructed:  and  ^lr°*g 
hy  this  means  tin-  tli  iiants,  pw>  pt,  and  pfft  are  found. 

Then  thec"ii>tn;.  Kg,  '.» 1  i>  applied  to  iind  the  support- 

ing forces,  89,  9  10,  and  101,  which  are  plotted  in  (<•)  and  (TT), 
forming  in  each  a  closed  polygon  along  with  the  previously 
it  loads  and  78. 

The  first  joint  taken  is  (AIB).  Den  the  two  links  AI 
and  B  A  are  horizontal,  and.  therefore,  th  I  component 

of  tlu  thrust  of  the  strut  IB  must  balance  the  load  <v/,. 
Also  B  A  is  normal  to  plane  of  («).  Therefore  in  (e)  mark  b 

coincident  with  '/,  and  draw     ^>  i'.  Next  in  (TT)  draw  a  i  i  and   stress- 

'  i  Diagram 

V>  //.     \\ith  the  help  of  the  nomenclature  already  mentioned, 

]i-tni<tinii  (including  these  first  steps)  is  described  as 

follows.  The  points  /  A// '///'/,  i  in  (e)  are  simple  repetitions 
ofl'A'y  I', 

Joint  (A IB).  M«4&=o     b  ,>i'. 
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Joint  (A  E  P).     (8)  aj  =  o  /«/  ^  4  5          >  et 
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Joint  (A  P  G  H  I),     (s)  a,  t  dt  a.'  V        />  7»  II  F  GT°wG  H- 

"i  II  X    -1   L 

Owing  to  symmetry  of  construction  ih  =  o. 


Joint  (ABODE).     M*4d',=&=84          X 
rf3^4zfjr3  4.     Join  d3  er 


Joint  (HGOP).  Both  GO  and  PH  are  horizontal;  .-. 
vertical  component  of  h  g  =  vertical  component  of  o  p.  But 
0  P  is  in  same  line  with  H  G  ;  .*.  op  =  g  h. 

(s)  g  o  =  o     h  p  =  0.  (TT)  g  o  =  0     h  p  =  o. 

Joint  (DCKL).     (e)cA;  =  o     r/^/^23         ^ 

2  3.     Join  Z  ^. 


Plan  and  Joint  (K  C  B  I  H  P  Q  J).     (s)  ^>  3'  1  K  J  °n  J  Q-     This  gives 

Elevation  P  "  m 

Stress-  /    / 

Diagram  p  ^  ==0. 


Joint  (JQYK).     YE  is  in  line  with  JQ;  .-.  qj  =  yr  and 
^  y  =  o  =  rj. 

(s)  q'  y'  =  0    ./  r  =  o     (TT)  qy  =  0     jr  =  o. 
Joint  (OGFEDLMN). 


join  ^5  Z5     Z5  m'6  4fr  5  6     mo6>m6  II  0  N  or  N 
m6  m5  E$=  5  6  ;  join  w3  Z5. 
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(ir)  (14d&^=-\  .   /,     /.,  i  in.t     w.w6r{jr56 

'"'O*  (£)  o  4  n. 

Joint   ,  N  M  I'  V  i  .      00  IM-  =  o      wi  6  M'G  %  6  7     "!«>/-  |  y^ 

'/6  3N  <*  7  ;  join  //„  ///„. 
(IT)          I  W6M7^67     ";>. 

Joint  (8,  9  X  W)  .     (*)  8  *r  =  o    ^9>.r 

(TT)  9  *  *        £> 

,t(10,lTS).       (£)  io«  =  o    'X  Braced 

Pier 


Joint(78WVUT). 

At  tin'  Mr  hori/ontal  diagonal  bracing  bar  will  !>»• 

called  V,  Vr     At  «  n.l  it  will  !.«•  call*  <1  It,  II.      In  tlu- 

^-diagram  its  stress  will  be  repeated  and  \\ill  anprar  as 

.  the  two  equal  and  opposite  pulls  this  bar  ex< 
en  the  two  JMiit-piiis  at  its  ends.  At  this  joint  tin-  three 
unknown  forces  are  tpv,v,vs,  and  ut,  the  thrust  /_;  =  /,! 
being  already  found.  These  three  are  the  stresses  along  Un- 
bars W  V,  V,  Vt,  and  U  T.  Find  the  traces  in  (TT)  and  (*)  of 
the  plane  containing  WV  and  V,  V,.  Thcv  are  marked  Plan  an< 

.,        ,.  Elevatio 

(wv,  v^j)^  and  (wv,  VjV^in  the  diagrams,  and  are  diawn  stress- 
in  (lush  -dot  (  -----  )  lines.     In  both  (TT)  and  (e)  stress-ilia-  Dia8ran] 
grams  plot  7  f7  ^=  i  *,.     Also  in  both  (TT)  and  (e)  plot  from  /r, 
the  known  stress  r,  w7  alon^  tlu  bar  V  U  ;  thus  (TT)  w  v'  $=  r  n1 

and  (c)  //•  r'  ::   r  /  -ultaiit  nf  the  known 

forces  acting  at  tli«-  joint  in  both  (TT)  and  (e).  Plot  this  back- 
wards from  tin-  joint  in  both  j.lan  and  elevation  of  the  pin-  to 
th«-  ]>oint  marked  *.  In  (TT)  from  ^  draw  a#7||U  T,  meeting 
(wv,  v,  v^  in  ft  and  the  ground-line  in  7.  Project  ft  to  ft' 
on  the  grouml-line,  and  7  t<>  7'  on  (wv,  v,v.;).  Draw  7'$' 
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to  meet  in  77'  the  line  «'  77'  ||  U  T  in  (s).  Project  77'  downwards 
to  i)  on  «  /3.  Then  77'  a'  and  77  a  are  the  (e)  and  (TT)  projections 
of  the  stress  on  U  T.  Then  proceed  thus  :  — 


Joint  (KYX  9,10  S). 

(TT)  s  s'  #  ^,        s'r'-frry         *3%  1  f  y 
2/2r2  +  2/r     r2  r\  41=  vi  *V     Joins  ?v 

This  gives  srl^r/  y2.  The  force-  balance  diagram  in  (TT)  for 
this  joint  is  now  x  9,  10  s  rl  r2  y2  x,  the  last  line  y2  x  being  the 
stress  on  bar  Y  X. 

00    alrJSB    r^r.UBjBJViV,,   or   r.r^v^ 
r2  1  #2   or  r.2  2/2  =)^  r  i/'.     Join  y2  x. 

Check  by  finding  ?/2  x  ||  Y  X.  This  furnishes  the  first  im- 
portant check  on  the  accuracy  of  the  drawing,  although 
throughout  the  previous  construction  many  subsidiary  checks 
have  been  afforded  by  reason  of  a  point  being  able  to  be 
derived  in  either  of  two  ways,  viz.  either  by  projection  to  (s) 
from  (?r)  or  vice  versa,  or  else  by  drawing  parallel  to  a  line  in 
same  view  as  the  point  to  be  found. 

Joint  (VWXYQPON). 

All  the  forces  acting  at  this  joint  have  already  been  found 
except  ^na^  exerted  by  the  horizontal  bracing  diagonal  ;  and  a 
second  check  is  afforded  here  by  finding  that  the  resultant  of 
these  already  determined  forces  is  parallel  to  this  bar.  The 
summation  of  the  forces  is  not  yet  shown  on  the  diagram  ;  in 
order  to  get  them  added  together  consecutively  it  is  necessary 
to  repeat  some  of  them.  Thus,  beginning  with  the  force  v  w, 
there  is  already  plotted  consecutively  vl  w  x  y2  in  both  (TT)  and 
(s)  .  Next  mark  q2  and  p2  coincident  with  2/2  in  both  (TT)  and 
(e),  since  yq  =  o  =  qp. 
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Theii  ill  both  plot  p2  O2  ^po     r,  i^  $=-v  n     n{  o{  ff  /'"• 

Join  o,  o.2  =  the  stress  on  the  horizontal  diagonal.  This 
should  be  found  parallel  to  this  bar  0,  0._,  in  loth  (TT]  and  (e). 
This  cheek  is  therefore  a  dimllt-  one. 

Joint  (KJRSTl'ML».  All  the  stresses  on  the  bars 
acting  at  this  joint  have  already  been  found;  and,  although 
they  an-  not  \ct  built  consecutively  into  a  polygon,  this  can 
be  now  done.  It'  the  drawing  is  accurate  the  polygon  will 
close  in  both  (TT)  and  (e).  The  double  check  obtained  here  is  Braced 
not  really  independent  <»f  that  given  at  the  previous  joint;  if 
this  pn-vious  check  showed  exact  accuracy  the  latter  one 
should  also  do  so  except  for  soni«  occurring  in  the 

necessary  transference  of  the  lines  for  the  making  of  this  la-t 
polygon.     The  polygon  is 

i*i« 

From   the  plan    and  elevation   stress-diagram-    i-   con- 
1  composition    stress-diagram'   in    the    manner 

already  de.-i-rihi  .1.     On  it  the  whole  stress  on  each  bar  in  the  Compnsi- 
turecan  be  read  off  to  scale  along  a  diagonal  line  (not  nTagram 
drawn)  between  two  similarly  named  points  on  the  \.  rtical 
and  horizontal  axes. 

in.  Although  at  one  stage  of  the  construction  of  th. 
figure  it  was  found  impossible  to  pi  '/>»•»•////  from   tin- 

part  of  t  ture  alrt  a  dy  solved  to  a  contiguous  soluble 

joint,  this  diniculty  was  surmount  •  «1   by  n<  \t   taking  two  iso- 
lated soluble  joints  and  from  them  w  up  to  the  point 

at  whit  h  the  difficulty  occurred.     This  sort  of  difficulty  occurs 
occasionally  in  solid  structures,  just  as  it  does  in  plane  ones,  Method 
and  it  cannot  always  be  evaded  in  the  manner  of  th«  sections 

ample.     For  this  reason  recourse  must  sometimes  be  had  to 
%  method  of  solid  sections.'     The  complete  section  of  the 
must  cut  six   bars  only  whose   stresses  have   not 
already  been  determined.     The  whole  external  load  applied 
•    part  of  the  structure  lying  to  either  .^ide  of  the  section 
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is  known,  and  thus  the  problem  is  to  find  the  six  magnitudes 
of  six  forces,  whose  lines  of  action  are  known,  such  as  will 
balance  a  known  load. 

The  following  method  supposes  that  the  six  given  bar-lines 
can  be  taken  in  three  pairs,  each  of  which  pairs  intersects. 
This  is  not  an  hypothesis  invariably  true,  but  it  will  cover 
most  cases  met  in  engineering  practice.  Let  the  three  pairs 
intersect  in  the  three  points  «  ft  7.  Call  the  plane  of  the  pair 
meeting  in  a  by  the  name  A ;  that  of  the  pair  meeting  in  ft 
by  B;  and  that  of  those  meeting  in  7  by  C.  Let  all  the 
known  forces  acting  on  the  structure  on  one  side  of  the  section 
be  compounded  to  a  pair  of  forces,  one,  say  pn,  lying  in  the 
plane  a ft  7 ;  the  other,  say  pv,  perpendicular  to  this  plane. 
The  latter  cuts  the  plane  in  a  certain  point  whose  distances 
from  the  three  lines  a/3,  ft<y,  and  7 a  can  be  measured. 
Method  Imagine  now  the  forces  exerted  by  the  two  bars  in  plane  A 
sections  compounded  into  a  single  force,  say  a,  acting  through  «  ;  and 
this  again  resolved  into  two  components,  one  av  in  the  plane 
«/?7,  and  the  other  av  perpendicular  to  it.  The  distance  of 
the  latter  from  line  ft  7  being  known,  its  magnitude  can  be 
found  because  its  moment  round  ft  7  balances  that  of  pv  round 
the  same  axis.  The  two  pairs  of  stress-forces  acting  at  ft  and 
7  are  similarly  treated,  and  the  components  at  these  points 
perpendicular  to  plane  a  ft  7  found  by  taking  moments  round 
7  «  and  «  ft.  These  moment  calculations  can  each  be  carried 
out  in  the  ordinary  graphic  manner. 

The  component  av  lying  in  plane  a  ft  7  of  the  stress- force 
at  a  can  now  be  resolved  into  two  components,  one  perpen- 
dicular to  the  line  of  intersection  of  plane  A  and  plane  a  ft  7 
and  the  other  along  this  line.  The  former  has  a  definite 
ratio  to  av  already  found  (viz.  it  equals  av  x  cotangent  of 
angle  between  planes  A  and  a  ft  7),  and  can  be  at  once  obtained 
by  graphic  construction.  The  other  acts  along  a  line  of  known 
direction  and  position.  The  problem  is  thus  reduced  to  find- 
ing the  magnitudes  of  three  forces  acting  along  known  lines  in 
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one  plane  a  £7,  such  as  to  balance  a  known  resultant  force  in 
this  plane.  The  solution  of  this  problem  has  already  been 
several  times  used ;  for  instance,  in  the  last  figure.  The 
three  components  of  a  are  now  compounded  into  a  single  force, 
and  this  once  more  resolved  into  two  components  along  the 
two  given  lines  of  the  bars  Iving  in  plane  A  ;  these  last  being 
stresses  on  :irs.  The  stresses  on  the  four  bars 

meeting  at  ft  and  7  aiv  calculated  in  the  same  manner. 
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8vo.  24s. 

SPECTRUM  ANALYSIS  in  its  APPLICATION  to  TERRES- 
TRIAL SUBSTANCES,  and  the  Physical  Constitution  of  the  Heavenly  Bodies. 
By  the  late  Dr.  H.  SCHELLEN.  Translated  by  JANE  and  CAROLINE  LASSELL. 
Edited,  with  Notes,  bv  Capt.  W.  DE  W.  ABNEY,  R.E.  Second  Edition.  With 
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A  TREATISE  on  MAGNETISM,  General  and  Terrestrial.     By 

H.  LLOYD,  D.D.  D.C.L.     8vo.  105.  6d. 

HANDBOOK   of    PRACTICAL    TELEGRAPHY.      By    R.    S. 

CULLKY,  M.Inst.C.E.     Plates  and  Woodcuts.     8vo.  16s. 

POPULAR    LECTURES    on    SCIENTIFIC    SUBJECTS.      By 

Professor  HELMHOLTZ.  Translated  and  Edited  by  EDMUND  ATKINSON 
Ph.D.  F.C.S.  With  a  Preface  by  Professor  TYNDALL,  F.R.S.  and  68  Wood- 
cuts. 2  vols.  crown  8vo.  15s.  ;  or  separately,  7s.  6d.  eich. 

On  the  SENSATIONS  of  TONE  as  a  PHYSIOLOGICAL  BASIS 

FOR  THE  THEORY  OF  MUSIC.  By  Professor  HELMHOLTZ.  Translated 
by  A.  J.  ELLIS,  F.R.S.  Second  English  Edition.  Royal  8vo.  21s. 

THE  CORRELATION  of  PHYSICAL  FORCES.     By  the  Hon. 

Sir  W.  R.  GROVE,  F.R.S.  &c.   Sixth  Edition,  revised  and  augmented.    8vo.  los. 

The   ROTIFERA    or    'WHEEL    ANIMALCULES.'      By  C.   T. 

HUDSON,  LL.D.  and  P.  H.  GOSSK  F.R.S.  6  Parts  4to.  price  10s.  6d.  each. 
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A  COURSE  of  LECTURES  on   ELECTRICITY,  &c.  delivered 

before  the  Society  of  Arts.  By  GKORGB  FORBES,  M.A.  F.R.S.  (L  &  E.) 
Crown  8vo.  5s. 

The  TESTING  of  MATERIALS  of  CONSTRUCTION;  a  Text- 

book  for  the  Engineering  Laboratory,  and  a  Collection  of  the  Results  of 
Experiment.  By  WILLTAM  CAWTHORNE  UNWIN,  F.R.S.  M.Inst.C.E.  Professor 
of  Engineering  at  the  Central  Institution  of  the  City  and  Guilds  of  London 
Institute.  With  5  Plates  and  141  Illustrations  and  Diagrams.  8vo.  21s. 

OLD  and  NEW  ASTRONOMY.     By  RECHARD  A.  PROCTOR. 

***  This  work  will  be  completed  in  twelve  monthly  parts  and  a  supplementary  section.  In  each 
there  will  be  sixty-four  pages,  imperial  octavo,  many  cuts  and  two  plates,  or  one  large  folding  plate. 
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CELESTIAL  OBJECTS  for  COMMON  TELESCOPES.     By  the 

Rev.  T.  W.  WEBB,  M.A.     Map,  Plate,  Woodcu  s.     Crown  8vo.  9s. 

ASTRONOMY  for  AMATEURS :  a  Practical  Manual  of  Tele- 
scopic Research  adapted  to  Moderate  Instruments.  Edited  by  J.  A.  WKSTWOOD 
OLIVER,  with  the  assistance  of  Messrs.  MAUNDER,  GRUBB,  GORR,  DENNING, 
FRANKS,  ELGER,  BURNHAM,  CAPRON,  BACKHOUSE,  and  others.  With  several 
Illustrations.  Crown  8vo.  7s.  6d. 

WEATHER  CHARTS  and  STORM  WARNINGS.      By  ROBERT 

H.  SCOTT,  M.A.  F.R.S.  Secretary  to  the  Meteorological  Council.  With  numer- 
ous Illustrations.  Third  Edition,  Revised  and  Enlarged.  Crown  8vo.  6s. 
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